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XVI. ARISTARCHUS OF SAMOS 
(a) GENERAL 
Aet. 1. 15.5; Doregrophi Graeci, ed. Diels 318, 16-18 
᾿Αρίσταρχ σταρχος Σάμιος μαθηματικὸς ἀκουστὴς 
Στράτωνος φῶς εἶναι τὸ χρῶμα τοῖς ὑποκειμένοις 


ἐπιπίπτον. 
Archim. dren. 1, Archim. ed. Heiberg ii. 918, 7-18 


᾿Αρίσταρχος δὲ ὁ Ἑάμιος ὑποθεσίων τινῶν ἐξ- 
ἔδωκεν γραφάς, ἐν αἷς ἐκ τῶν ὑποκειμένων συμ- 
βαΐνει τὸν κόσμον πολλαπλάσιον εἶμεν τοῦ νῦν 
εἰρημένου. ὑποτίθεται γὰρ τὰ μὲν ἀπλανέα τῶν 
ἄστρων καὶ τὸν ἅλιον μένειν ἀκίνητον, τὰν δὲ νῶν 
περιφέρεσθαι περὶ τὸν ἅλιον κατὰ κύκλου περι- 

pear, ὅς ἐστιν ἐν μέσῳ τῷ δρόμῳ κείμενος, 
τὰν δὲ τῶν ἀπλανέων ἄστρων σιραῖραν περὶ τὸ 





* Strato οἵ Lampsacus was head of the Lyceum from 
288/287 to 270/269 ac. The next extract shows that Aris- 
tarchus formulated his heliocentric hypothesis before 
Archimedes wrote the Sand-Reckoner, which can be shown 
to have been written before 216 a.c. From Ptolemy, Synéaris 
iii. 2, Aristarchus is known to have made an observation of 
the summer solstice in 281/280 uc = He is ranked 
Vitruvius, De Archifectura j. 1. 17 among those rare men, 
such a5 Philolaus, Archytas, Apollonius, Eratosthenes, 
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XVI ARISTARCHUS OF SAMOS 
(a) GENERAL 
Attius 1. 15, 5; Dezographi Grasci, ed. Diels 313. 16-18 


Anistancuus of Samos, a mathematician and pupil 
of Strato, held that colour was light impinging on a 
substratum. 


Archimedes, Sand-Reckonér 1, Archim, ed, Heiberg 
fi, 215, 7-18 

Aristarchus of Samos produced a book based on 
certain hypotheses, in which it follows from the 
premises that the universe is many times greater 
than the universe now so called. His hypotheses are 
that the fixed stars and the sun remain motionless, 
that the earth revolves in the circumference of a 
circle about the sun, which lies in the middle of the 
orbit, and that the sphere of the fixed stars, situated 


lomgrs to oan 
mentioned only casually here. mt full and admirable dis- 
‘on ‘will be found in Heath, Aristarchus of Samos : Tha 
Ancient Copernicus, together with a critical text of Aris- 

tarchus's only extant work. 
3 


GREEK MATHEMATICS 
αὐτὸ κέντρον τῷ ἁλίῳ κειμέναν τῷ μεγέθει ταλι- 


καύταν εἶμεν, ὥστε τὸν κύκλον, καθ' ἂν τὰν γᾶν 
ὑποτίθεται περιφέρεσθαι, τοιαύταν ἔχειν ἀναλογίαν 
ποτὶ τὰν τῶν ἀπλανέων ἀποστασίαν, οἷαν ἔχει τὸ 
κέντρον Tas σψαίρας ποτὶ τὰν ἐπυψάνειαν. ὦ 


Plut. De facie in orb lunae ἃ, 922 y—-025 κα 


Kai ὁ Λεύκιος γελάσας, “" Μόνον," εἶχεν, “ἢ 


τάν, μὴ κρίσιν ἡμῖν ἀσεβείας ἐπαγγείλῃς, ὥσπερ 
A plorapyov wero δεῖν Κλεάνθης τὸν Σάμιον 
ἀσεβείας προσκαλεῖσθαι τοὺς “Ἕλληνας, ὡς κινοῦντα 
τοῦ κόσμου τὴν ἑστίαν, ὅτι τὰ φαινόμενα σῴζειν 
ἀντ : ἔπει iro, μένειν τὸν οὐρανὸν ὑποτιβέμενος͵ 
ἀξελέτες at δὲ κατὰ λοξοῦ κύκλου τὴν γῆν, ἅμα 
καὶ περὶ τὸν αὑτῆς ἄξονα δινουμένην."" 


(6) Distances or ΤῊΝ Sux anp Moox 


Aristarch. Sam. De May. εἰ Dist. Solis of damage, edd, 
τ ioe of Samoa: The Ancient Copernicus) 


«Ὑποθέσειον 
α΄. Τὴν σελήνην παρὰ τοῦ ἡλίου τὸ φῶς λαμβά- 


β΄. Τὴν γῆν σημείου τε καὶ κέντρου λόγον ἔχειν 


πρὸς ν τῆς σελήνης σφαῖραν. 
y- Urav ἢ σελήνη διχότομος ἡμῖν φαίνηται, 


i ὑποθέσεις add, Heath, 


* Aristarchos’s last τὸ hi is, if taken literall Ὡς would 
mean that the sphere of the fixed stars js infinite: 7 AN that 
he implies, however, is that in relation to the distance of the 
+ 


ARISTARCHUS OF SAMOS 


about the same centre as the sun, is so great that 
the circle in which he supposes the earth to revolve 
has such a proportion to the distance of the fixed 
stars as the centre of the sphere bears to its surface. 


Plutarch, On the Face in the Moon 6, 933 r-O23 « 


Lucius thereupon laughed and said: " ae not, my 
good fellow, bring an action against me for impiety 
after the Naty of Cleanthes, who held that the 
Greeks ought to indict Aristarchus of Samos on a 
charge of impiety because he set in motion the hearth 
of the universe ; for he tried to save the phenomena 
by supposing the heaven to remain at rest, and the 
earth to revolve in an inclined circle, while rotating 
at the same time about its own axis.” ° 


(δ) Distances or THE Sun ἀνὰ Moon 
ey rie of Samos, On the Sizes and Distances of the a 


Moon, ed. Heath (4risfarchws of Samos > 
Ancient Copernicus) 352. 1-3-4. 6 


1. The moon receives its light from the sun. 

2, The earth has the relation of a point and centre 
to the sphere in which the moon moves.*_ 

8. When the moon appears to us halved, the great 


fixed stars the diameter of the carth’s orbit may be neglected. 
ts phrase appears to be traditional (r. Aristarchus’s second 


hypothesis, is, infra). 
Heraclides of Pontus (along with Eephantus, a Pytha- 
gorean) had preceded Aristarchus in making the earth 
revolve on itsown axis, but he did not give the earth a motion 
of translation os well. 
* Lit. “ sphere of the oroon.” 
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νεύειν. εἷς τὴν ἡμετέραν ὄψιν τὸν διὸ ζοντα TO Te 
i oat καὶ δ λαμπρὸν τῆς σελήνης μέγιστον 


δ΄. Ὅταν 7 σελήνη διχότομος ἡμῖν φαίνηται, 
τότε αὐτὴν ἀπέχειν τοῦ ἡλίου ἔλασσον τεταρτη- 
μέρος τῷ τοῦ τεταρτὴ ὁρίου τριακοστῷ. 
: Τὸ τῆς σκιᾶς ΚΣ σεληνῶν εἶναι δύο. 
is σελήνην ὑποτείνειν ὑπὸ πεντεκαιδέκατον 


a aro οὖν τὸ τοῦ ἡλίου ἀπόστημα ἀπὸ 
τῆς γῆς τοῦ τῆς σελήνης ἀποστήματος μεῖζον μὲν 
ἢ ὀκτωκαιδεκαπλάσιον, ἔλασσον δὲ ἢ titled 


ipod Bee oy περὶ τὴν ἕως ὑποθέσεως" 
δὲ λόγον ἔχειν τὴν τοῦ ἡλίου. διά Tpor 


"τ τὶ σελή νης es cra τὴν δὲ τοῦ 
πρὸ ἐτρὸν πρὸς τὴν τῆς γῆς ΠΝ 
ἘΠ μὲν λόγον ἔ ἔχειν ἢ ὃν τὰ ιθ πρὸς ὕ, ἐλάσσονα 

er ov pip πρὸς ©, διὰ τοῦ εὑρεθέντος. περὶ τὰ 


ποστήματα λόγου, τῆς (rely περὶ τὴν σκιὰν 
Sealed, καὶ τοῦ τὴν σελήνην ὑπὸ πεντεκαι- 
δέκατον μέρος ζωδίου ὑποτείνειν. 


ἢ. Prop. at ed, Heath S76, 1-380, 25. 
Τὸ ἀπόστημα 6 ἀπέχει ὦ ἥλιος ἀπὸ τῆς γῆς τοῦ 
1 τ odd. Heath. 





a Tit. yee wands our eye.” For" ¥ergzin, ᾿ I. i 
ἰς ὡς plane o eel ag le Pr 


circle is the ¥ prenieat circle” that t can sre ΩΝ ταν 
sphere. 
6 


ARISTARCHUS OF SAMOS 


circle dividing the dark and the bright portions of 
the moon is in the direction of our eye.* | 
4, When the moon ἡ ρων to us halved, its 
distance from the sun is less than a quadrant by 
one-thirticth of a quadrant.* 
5. The breadth of the earth's shadow is that of 
two moons." 
6. The moon subtends one-fifteenth part of a sign 
of the zodiac." 
It may now be proved that the distance of the sun 
the earth is greater than eighteen times, but less than 
trmenty times, the distance of the moon—this follows from 
the hypothesis about the halved moon; that the 
diameter of the sun has the aforesaid ratio to the diameter 
wit moon: and that the diameter of the sun has to the 
ian of the earth a ratio which is greater than 19:3 
but less than 43 :6—this follows from the ratio dis- 
covered about the distances, the hypothesis about 
the shadow, and the hypothesis that the moon sub- 
tends one-fifteenth part of a sign of the zodiac. 


Ihid., Prop. 7, ed. Heath $76, 1-390. 28 
The distance of the sun from the earth is greater than 
_ * it, is less than 00° by 3°, and so is 87°. The true value 


Au” 60". 
“ἐν, the breadth of the earth's shadow where the moon 
traverses it during an eclipse. The figure is pe ure 2 





πᾷ an eclipse. IT 

based on records of eclipses. Hipparchus made the figure 9 
for the time when the moon is at its mean distance, a 
ΜΙΝ a little less than 2} for the time when the moon is at 


(distance. — 
«ja. the 1 lar diameter of the moon is one-fifteenth 
of 30°, or 2°.) The true value is about }", and in the Sand- 


Reckoner (Archim. ed. Heiberg it. 222. 6-5) Archimedes say 

that Aristarchus “ discovered that the sun appeared to 

about ,j,th part of the circle of the Zodiac”; as he believed 
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GREER MATHEMATICS 
dnoorhparos ob ἀπέχει ἡ σελήνη ἀπὸ τῆς γῆς 
μεῖζον μὲν ἐστιν ἢ ὀκτωκαιδεκαπλάσιον, ἔλασσον 
δὲ ἢ εἰκοσαπλάσιον. 

"Ἕστω γὰρ ἡλίου μὲν κέντρον τὸ A, γῆς δὲ τὸ 
Β, καὶ ἐπιζευχθεῖσα ἡ ΑΒ ἐκβεβλήσθω, σελήνης 
δὲ κέντρον διχοτόμου οὔσης τὸ Γ, καὶ ἐκβεβλήσθω 
διὰ τῆς AB καὶ τοῦ Γ᾽ ἐπίπεδον, καὶ ποιείτω 
τομὴν ἐν τῇ σφαίρᾳ, wall ἧς φέρεται τὸ κέντρον 
τοῦ ἡλίου, μέγιστον κύκλον τὸν AAR, καὶ ἐπ- 
εζεύχθωσαν ai ΑΓ, ΓΒ, καὶ ἐκβεβλήσθω ἡ ΒΓ 
ἐπὶ τὸ A. 

Ἔσται δή, διὰ τὸ τὸ Γ᾽ σημεῖον κέντρον εἶναι 
τῆς σελήνης διχοτόμου οὔσης, ὀρθὴ ἡ ὑπὸ τῶν 
that the sun and moon had the same angular diameter he 
must, therefore, have found the approximately correct angular 


diameter.of 4° after writing his trentise On the Sizes and 
Distances of tha Sun ond Afoon, 
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eighteen times, δαὶ less than twenty limes, the distance af 
the moon from the earth. 

For let A be the centre of the sun, B that of the 
earth ; let AB be joined and produced ; let Τ' be the 
centre of the moon when halved; let a plane be 
drawn through AB and I’, and let the section made 
by it in the sphere on which the centre of the sun 
moves be the great circle ΑΔΕ, let AT, ΓΒ be joined, 
and let ΒΓ be produced to A. 

Then, because the point I’ is the centre of the 
moon when halved, the angle AIH will be right, 
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ΑΓΒ. ἤχθω δὴ ἀπὸ τι B τῇ ΒΑ πρὸς ορθὰς 
ἡ ΒΕ. ἔσται δὴ ἡ ἘΔ περιφέρεια τῆς EAA 
περιφερείας λ'" ὑπόκειται γάρ, ὅταν ἡ σελήνη 


ρεσῦμον ἡμῖν φαίνηται, ἀπέχειν ἀπὸ τοῦ ἡλίου 
σσον : μορίου τῷ ἢὋ τοῦ τεταρτημορίου λ΄: 


Sine καὶ ἡ ὑπὸ τῶν EBD yu ges ΜῈ τὲ λ΄, 
συμπεπληρώσθω τὸ AE ὄ LOW, 
ra ἡ ΒΖ. ἔσται δὴ ἡ ὑ ὑπὸ τῶν L. 
See ἡμίσεια gat? τετμήσθω i ὑπὸ τῶν 
E γωνία δίχα τῇ ΒΗ εὐθείᾳ" ἡ ἄρα ὑπὸ τῶν 
HBE γωνία ν μέρος ἐστὶν ὀρθῆς, ἀλλὰ καὶ 
ἡ ὑπὸ τῶν ΑΒΕ γωνία. Ὁ ἐστι μέρος ὀρθῆς" λόγος 
ἄρα τῆς ὑπὸ τῶν ΗΒ Ε γωνίας πρὸς τὴν ὑπὸ τῶν 
ABE γωνίαν ἐστὶν Gv {ἔχει τὰ ΤῈ πρὸς τὰ 
δύο" οἵων “γάρ ἐστιν ὀρθὴ ᾿ via ξ, τοιούτων ἐστὶν 
ἡ μὲν ὑπὸ τῶν HBE τε, δὲ ὑπὸ τῶν ABE δύο. 
καὶ ἐπεὶ ἡ HE πρὸς τὴν ΕΘ μείζονα. Acyor € ἔχει 
ἥπερ 7 ὑπὸ τῶν ΗΒΕ reste πρὸς ἣν ὑπὸ τῶν 
πα γωνίαν, ἡ ἄρα Η πρὸς Mie ταῦ spaces 
rep τὰ Τὲ πρὸς ra β 
ἐστὶν σὴν ἡ BE τῇ EZ, καὶ ἔστιν ὀρθὴ ἡ ἡ Ὅν τῷ E, 
τὸ ἀπὸ τῆς ZB τοῦ ἀπὸ ΒΕ ἱπλάσιόν ἐ ἐστιν" 
ὡς δὲ τὸ ἀπὸ ZB πρὸς τὸ ἀπὸ ΒΕ, οὕτως ἐστὶ 
τὸ ἀπὸ ZH πρὸς τὸ ἀπὸ HE: τὸ dpa ἀπὸ ZH 
τοῦ ἀπὸ HE διπλάσιόν ἐστι. τὰ δὲ μϑ τῶν κε 
ἐλάσσονα ἐστιν 7 διπλάσια, ὥστε τὸ ἀπὸ ΖΗ πρὸς 
τὸ ἀπὸ H πήραν λόγον € ἔχει ἢ (ὃν τὰ δ) pl πρὸς 
ΚῈ' καὶ ἡ ΔῊ ἄρα πρὸς τὴν HE μείζονα λόγον 
- a Ninze a Ἰ 
ἐστὶν add, N . ead a Ξ fye add. Wallis. 
5. Lit. “ chrewmference,” as in several other places in this 


proposition. 
10 
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From B let BE be drawn at right angles to BA. 
Then the are* EA will be one-thirtieth of the arc 
EAA; for, by hypothesis, when the moon appears 
to us halved, its distance from the sun is less than a 
quadrant by one-thirtieth of a quadrant [Hypothesis 
4). Therefore the angle EBT is also one-thirtieth of 
a right angle. Let the parallelogram AE be com- 
pleted, and let BZ be joined. Then the angle ZBE 
will be one-half of a right angle. Let the angle 
ZBE be bisected by the straight line BH; then 
angle HBE is one-1 part of a right angle. But 
the angle ABE is one-thirtieth part of a right angle ; 
therefore angle HBE:angle ABE=15:2; for, of 
those parts of which a right angle contains 60, the 
le HBE contains 15 and the angle MBE contains ®. 
HE : EO> angle HBE : angle ABE,’ 

therefore HE :EO> 15: 2. 

And sinee BE=EZ, and the angle at E is right, 
therefore 


ZEA = ΒΕ, 
But ΕΣ: BE? =ZH?: ΗΕ, 
Therefore ZH? =8HE?, 
Now 40-2. 25, 
eo that ZH? : HE*> 40 : 25. 
Therefore ZH:HE> 7:5, 
» Aristarchus's assumption is equivalent to the theorem 
tina a 
where B<ca<c4}e. Euclid’s proof in Optica Β is given in 
vol. 1. pp. 402-505, 


11 
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ἔχει ἢ Cov") τὰ £ πρὸς τὰ € καὶ συνθέντι ἡ ZE 
ἄρα πρὸς τὴν EH μείζονα λόγον ἔχει 7) ὃν τὰ τῇ 
πρὸς τὰ €, τουτέστιν, ἢ ὃν {τὰν ἃς πρὸς τὰ fe. 


. ἀλλ᾽ ὡς EO πρὸς τὴν OE, οὕτως ἐστὶν 
Γ, διὰ τὴν ὁμοιότητα τῶν τρι- 


| γώνων" καὶ ἡ AB ἄρα τῆς ΒΤ μείζων ἐστὶν ἢ ζῇ. 


7 τῷ Καὶ γωνίαν, καὶ ἐνηρμόσθω ἡ BA 
ἀξὰ μόνου. καὶ ἐπεὶ ἡ ὑπὸ τῶν ABE sli A’ 
ἐστιν ὀρθῆς, καὶ ἡ ὑπὸ τῶν BAK apa λ΄ ἔστιν 
ὀρθῆς" ἡ ἄρα BK περιβέρεια ξ΄ στιν τοῦ ὅλου 


1 ὃν add. Wallis, * τὰ add. Wallis, 
12 
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Therefore, componendo, 41: ΒΗ: 12:5, 
that is, ZK: ΕΗ: 36: 15. 
But it was also proved that 
HE : BO> 1532. 
Therefore, ex aequali® ZE:EO> 36:2, 
that is, ZB: E> 18 1:1. 

Therefore ZE is greater than eighteen times EO, 
And ZE is equalto HE. Therefore BE is also greater 
than eighteen times EO. Therefore BH is much 
greater than eighteen times OF. 

But BO : ΘΕ τ ΔΒ : ΒΓ, 
by similarity of triangles. Therefore AB is also 

eater than eighteen times ΒΓ. And ΔΒ is the 

jtance of the sun from the earth, while ΓΒ is 
the distance of the moon from the earth; therefore 
the distance of the sun from the earth is greater 
than eighteen times the distance of the moon from 
the earth. 

I say now that it is less than twenty times. For 
through A let AK be drawn parallel to EB, and about 
the triangle AKB let the cirele AKB be drawn; its 
diameter will be AB, by reason of the angle at Καὶ 
being right. Let BA, the side of a hexagon, be fitted 
into the circle. Then, since the angle ABE is one- 
thirtieth of a right angle, therefore the angle HAK is 
also one-thirtieth of a right angle. Therefore the arc 
BK is one-sixtieth of the whole circle. But ΒΔ is 
one-sixth part of the whole circle. 

Therefore arc BA=10. arc BR, 

And the are B.A has to the are BR a ratio greater 

* For the proportion ex aeguali, τ. vol. i. pp. 445-451. 
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εὐθεῖα πρὸς τὴν BK εὐθεῖαν. ἡ ἄρα BA εὐθεῖα τῆς 


BK εὐθείας ἐλάσσων ἐστὶν ἢ τ. καὶ ἔστιν αὐτῆς 


διπλῆ ἡ ΒΔ' ἡ ἄρα ΒΔ τῆς BK ἐλάσσων ἐστὶν ἢ 


i. ὡς δὲ ἡ BA π ν ΒΙΚ, AB = ν᾽ 
ΒΓ, Sor ἢ AE 1 ΒΡ Des aoe oe ᾿ 
ral ἔστιν ἡ μὲν AB τὸ ἀπόστημα ὁ ἀπύχει ὁ ἥλιος 
ἀπὸ τῆς γῆς, ἡ δὲ ΒΓ τὸ ἀπόστημα a ἀπέχει Ἶ 
σελήνη ἀπὸ τῆς γῆς" τὸ ἄρα ἀπόστημα ὃ ἀπέχ 
G ἥλιος a ἀπὸ τῆς γῆς τοῦ ἀποστήματος, of a 

ἢ σελ ἤνη ἀπὸ τῆς γῆς, ἔλασσόν ἐστιν ἢ Κ. ἀπέχει 
€ 


καὶ μεῖζον ἢ iy. 
(c) Conrixvep Fractions (?) 
Ibid., Prop. 13, ed. Heath 306, 1-2 
, Ἔχει δὲ καὶ τὰ «ΚᾺκα πρὸς ὃν μείζονα λόγον 
ἥπερ τὰ πῇ πρὸς με. 
Τροία. Prop, 15, ed. Heath 406, 23-24 


: ae Seer 
Ἔχει δὲ καὶ ὁ At jewoe πρὸς M με μείζονα 
λόγον ἢ ὃν τὰ jay πρὸς AL, 
1 τὴν add. Wallis, 
Se τις PE 
4. ‘This is proved in Ptolemy's Syntacis I. 10, ©, infra, pp. 
5439 


‘lf pan is developed as a continued fraction, we obtain 
the eal lta 53. > which is rt Similarly, 


ΤΙ] Τὰ 21261 
Wf aT TeRkO0 OF T5993 is developed os a continued fraction, we 
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than that which the straight line BA has to the 
straight line BK." 


Therefore BA <10. BR. 
And BA=2 BA. 
Therefore BA —90.BK. 
But BA: BR=AB: Br, 
Therefore ΑΒ φῦ. Br. 


And AB is the distance of the sun from the earth, 
while BI is the distance of the moon from the earth ; 
therefore the distance of the sun from the earth is 
less than twenty times the distance of the moon from 
the earth. And it was proved to be greater than 
eighteen times. 


(c) Contixven Fracrions (1) 
Ibid., Prop. 13, ed. Heath $96. 1-2 


But 7921 has to 4050 a ratio greater than that which 
88 has to 45, 


Itid., Prop. 15, ed. Heath 406. 23-24 


But 71755875 has to 61735500 a ratio greater than 
that which 45 has to 37." 
1 I 43 


obtain the approximation 1 + ἘΣ ἃ δ᾽ δ᾿ The latter result 
was first noticed in 1823 by the Comte de Fortia D'Urban 
(Traité d'Aristarque de Samos, p. 186 n. 1), who added: 
* Ainsi les Grocs, malgré l'impericction de leur numération, 
avaient des méthodes semblables aux ndétres.” Though 
these relations are hardly sufficient to enable us to say that 
the Greeks knew how to develop continued fractions, they 
lend some support to the theory developed by D'Arcy W. 
Thompson in Mind, xxxvill. pp. 45-55, 1929. 
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XVII. ARCHIMEDES 


(a2) GENERAL 
Tretzes, Chil. ti. 103-144 


A ᾿Αρχιμήδη σοφύῦς, μηχανητὴς ἐκεῖνος, 

ὦ γένει πο ὔτωναι ἦν, γέρων γεωμέτρης, 
Xp νοός τὲ ἑβδομήκοντα καὶ πέντε παρελαύνων, 
- "ὥστις. εἰργάσατο πολλὰς μηχανικὰς δυνάμεις, 

Καὶ τῇ τρισπάστῳ μηχανῇ χειρὶ λαιᾷ καὶ μόνῃ 
hide ag Sad er καϑείλκυσεν ὁλκάδα 


Καὶ τοῦ Μαρκέλλου ἀτρατηγοῦ more δὲ τῶν 
“Ῥωμαίων 

Τῇ Συρακούσῃ κατὰ γῆν προσβάλλοντος καὶ 
πόντον, 


Tiras per πρῶτον μηχαναῖς ἀνείλκυσεν ὁλκάδας 
Kai πρὸς τὸ Συρακούσιον τεῖχος μετεωρίσας 
Αὐτάνδρους πάλιν τῷ Bullen κατεπέμπεν. αϑρύως, 
Μαρκέλλου δ᾽ ἀποστήσαντος μικρόν τι τὰς ὑλκάδας 


‘O γέρων πάλιν ἅπαντας ποιεῖ sree 


* A life of Archimedes was written by a certain Heraclides 
—perhaps the Heraclides who is men ond by Archimedes 
himself in the preface to his book On Bpirils: (Archim. ed, 
Heiberg ii. 2. oye payin token his hooks to Dositheus, We 
know this from two references by Eutocius (Archim. ed 
Hatheter πὴ 228, 20, Apollon. ed, Heiberg ii, 168. 3, where, 
however, the name i6 given os “HpawAmos), but it has not 
survived. The surviving wri! of Archimedes, together 
with the commentaries of Evutocius of Ascalon (A. aco, 520), 
hove been edited by J. Li. Helberg in three volumes of the 
Teubner series (references in this volume are to the 2nd ed., 
Leipzig, 1910-1915). cn te been put into mathematical 
notation by T. L. ὁ Works of Archimedes (Cam- 
18 


XVI. ARCHIMEDES α 
[ἃ] GENERAL 
Tzetzes, Book of Histories fi. 103-144 » 


Ancumepes the wise, the famous maker of engines, 
was a Syracusan by race, and worked at geometry 
till old age, surviving five-and-seventy-years δ: he 
reduced to his service many mechanical powers, and 
with his triple-pulley device, using only his left 
hand, he drew a vessel of fifty tho παρ τα πὶ 
paren: Once, when Marcellus, the Roisiart general, 
was assaulting Syracuse by land and sea, first by his 
engines he drew up some merchant-vessels, lifted 
them up against the wall of Syracuse, and sent them 
in a heap again to the bottom, crews and all. When 
Mareellus had withdrawn his ships a little distance, 
the old man gave all the Syracusans power to lift 


bridge, 1897), ap lemented by The Method of Archimedes 
agg and παν been transla into French 
τόδε ΑΝ Tooke, fee ucres complites εἰ Archimedes 
eels. 1921). 
» The lines which follow are an example of the “ political" 
 silevag popular) verse which prevail in Byzantine times. 
e name is given to verse composed by accent instead of 
quantity, with an accent on the Inst syllable but one, 
an iambic verse of fifleen syllables. The twelfth- 
century = “antine pedant, John Tzetees, preserved in his 
Sook of Histories a great treasure of literary, historical, 
theological and scientific detail, but it needs to be used with 
caution. The work is often called the Chiliades from its 
arbitrary division by its first editor (N. Gerbel, 1546) into 
books of 1000 lines cach—it actually contains 12,674 lines, 
© As he perished in the sack of Syracuse in 212 o.c., he 
wos therefore born about 247 s.c. 
19 
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Merewpilew δύνασθαι λίθους ἅμαξιαίους 

Kai τὸν καθένα πέμποντας' βυθίζειν τὰς ὁλκάδας, 
Ὡς Μάρκελλος δ᾽ ἀπέστησε βολὴν ἐκείνας τύξου, 
᾿Εξάγωνόν τι κάτοπτρον ἐτέκτηνεν ὦ γέρων, 
"Amo δὲ διαστήματος συμμέτρου τοῦ κατόπτρου 
Mixpa τοιαῦτα κάτοπτρα Geis τετραπλᾶ γωνίαις 
Κινούμενα λεπίσι τε καὶ τισι γιγγλυμίοις ; 


Meéoov ἐκεῖνο τέθεικεν ἀκτίνων τῶν 


Μεσημβρινῆς καὶ ἢερινῆς καὶ χειμεριωτάτης. 
᾿Ανακλωμένων δὲ λοιπὸν εἰς τοῦτο τῶν ἀκτίνων 


ote ἤρθη φοβερὰ πυρώδης ταῖς ὁλκάσι, 
αἱ ταύτας ἀπετέφρωσεν € ἐκ μήκους τοξοβόλου. 
Otro νικᾷ τὸν Μάρκελλον ταῖς μηχαναῖς ὁ γέρων. 


"Ἔλεγε δὲ καὶ δι λιτέ φωνῇ Συρακουσίᾳ" 
“Πᾶ βῶ, καὶ χαριστίωνι τὰν γᾶν κινήσω πᾶσαν." 


* πέμποντας Cary, πέμποντα codd, 


* * Unfortunately the rei ‘ue for this story is 
Licion, FS — a, “Ap ) τὰς τῶν παλεμίων 
Tpuipet ξ area olso found in Galen, 

pag. Hil. 2, and: Zeige xiv. 3 relates it on the authority 
- of Dion Cassius, but makes Procius the hero of it 

* Further evidence js given by Tgetres, Chil. xii. 905 and 
Eutocius (Archim. ed. Heiberg iii, 159, 5-6) that Archimedes 
wrote in the Doric dialect, but the extant text of his best- 
known works, Gn fhe Sphera and Cylinder and the Measure 
men! of a Circle, retains “ one genuine trace of its original 
Doric—the form oe eee ses have occurred in other 
books, the Sand-. lad hiviaw τι τὴ least. The sub- 
ject is fully treated by rap apt Dia baat Archimedens, 
Fe ere ane Preven Sp nd volume of his edi- 

π of Archimedes he indicates the words which he has 
restored to their Doric form despite the manuscripts; his 
text is path ϑτ ῆρὴ in this selection, 

The loss of the original Dorie is not the only defect in the 
20) 
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stones large enough τὸ ἀρ [πα rk storage ea 
them one after the other, to sink the ships. When 
Marcellus withdrew them a  Soieatink the old man 
constructed a kind of hexagonal mirror, and at an 
interval proportionate to the size of the mirror he set 
similar small mirrors with four edges, moved by links 
and by a form of hinge, and made it the centre of 
the sun's beams—its noon-tide beam, whether in 
summer or in mid-winter. Afterwards, when the 
beams were reflected in the mirror, a fearful kindling 
of fire was raised in the ships, and at the distance of 
a bow-shot he turned them into ashes.* In this way 
did the old man prevail over Marcellus with his 
weapons. In his Doric * dinlect, and in its Syracusan 
variant, he declared : “ If I have somewhere to stand, 
I will move the whole earth with my charistion."* 


text. The hand of an interpolator—often not particularly 
skilful—ean be repeatedly detected, and there are m loose 
expressions w hich Archimedes would not have weet ate 
eens of an essential step in his his argument 
Sometimes the ral aoa text can be inferred 
mentaries written by Eutocius, but these extend only to 
the books On the Sphere and δ inder, the Measurement 
if a Cirela, and See lane Howie jums. A partial loss of 
forms had already occurred by the time of Eutocius, 
ὩΣ it is believed that the works most widely read were com- 
plete! recast a litth later in the school of [sidorus of Miletus 
# them more easily sagan to at ep 
© The instrument is otherwise me ry Sim) ilicius be 
Aristot, Phys, ed. Diels 1110. 9.5) and it is {πὶ | that 
was used for weighing: ταύτῃ δὲ τῇ τοῦ κινοῦντος cal 
Ii Acoutshes uel vor Sarrinuates +8 coruh Lor ὄργανον τὸν 
τῆν ἀνλορᾶ προχωρεύτης ase ἀκα τα ot τὲ po sa 
: yl ΕΠ CAT 7 
κινιῶ τὰν γᾶν." As Τχεῖσεξ in another Ῥίμαον (Chal. tii. G1: 
ὅ γῆν ἀνασπῶν μηχανῇ τῇ τ Sera Bab καὶ σαλείσω 
τὴν χθόνα ") writes of a triple-pul ley device in the the same con- 
nexion, it may be presumed to have been of this nature. 
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Οὗτος, κατὰ Διόδωρον, ς ξυρακούσης ταύτης 
Π τοῦ πρὸς τὸν Μάρκελλον Ea pbwe vero itd 
Eire. κατὰ τὸν Δίωνα, “Ρωμαίοις πορθηθε 
᾿Αρτέμιδι τῶν πολιτῶν τότε ,παννυχιζόντων, 
Τοιουτοτρύπως τέθνηκεν ὑπὸ τινὸς Ῥωμαίου. 
"Hy κεκυφώς, διάγραμμα μηχανωκόν τε γράφων, 
Τὶς δὲ Ρωμαῖος ἐπιστὰς εἷλκεν αἰχμαλωτίξων. 
"Ὃ δὲ τοῦ διαγράμματος ὅλος ὑπάρχων τότε, 
Τίς ὦ καθέλκων οὐκ εἰδιῶς, ἔλεγε πρὸς ἐκεῖνον" 
“ΤΑ πόστηβι, ὦ ἐμ ἄνθρωπε, ToL διαγράμματός pow.’ ᾿ 
Ὡς O° εἷλκε τοῦτον συστραφεὶς καὶ γνοὺς 
᾿Ρωμαῖον εἶναι, 
‘EBéa, “" τὶ μηχάνημα τὶς τῶν ἐμῶν μοι δότω." 
'O δὲ Ῥωμαῖος πτοηθεὶς εὐθὺς ἐκεῖνον κτείνει, 
"Avépa σαθρὸν καὶ γέροντα, δαιμόνιον τοῖς ἔργοις. 


Plot. Marcellus xiv. 7-xvii. 7 


Καὶ μέντοι καὶ ᾿Αρχιμήδης, “Ἱέρωνι τῷ βασιλεῖ 
ς ὧν καὶ φίλος, ἔγρωψεν (ὡς τῇ doled 
58 Sa ἡ δοθὲν κινῆσαι δυνατόν ἐστι" καὶ 
νεανιευσάμενος, ὡς φασι, ριώμῃ τῆς ἀποδείξεως 
παν ὦ ἐδ εἰ “γῆν pon ἑτέραν, ἐκίνησεν τ era 
μεταβὰς εἰς testa θαυμάσαντος δὲ τοῦ "] Ἱέρωνος, 
θέντος εἰς ΩΝ ἐξαγαγεῖν ie Be ας 
καὶ δεῖξαί τι τῶν μεγάλων κινούμενον og ς 
ἴω oad ὁλκάδα τριάρμενον τῶν Peon tre 
μεγάλῳ καὶ χειρὶ πολλῇ νεωλκὴ εἰσ : 
ἀνθρώπους τε πολλοὺς καὶ τὸν συνήθη Sonos 
αὐτὸς ἄπωθεν καθήμενος, οὐ pera σπουδῆς, ἀλλὰ 
Ee 


" Diod. Sic. Frag. Book xxvi. 
* The account of Dion Cassius has not survived, 
as * Zonaras ix. 5 adds that when he heard the enemy were 
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Whether, as Diodorus® asserts, Syracuse was betrayed 
and the citizens went in a body to Marcellus, or, as 
Dion © tells, it was plundered by the Romans, while 
the citizens were keeping a night festival to Artemis, 
he died in this fashion at the hands of one of the 
Romans. He was stooping down, drawing some 
diagram in mechanics, when a Roman came up and 
began to drag him away to take him prisoner. But 
he, being wholly intent at the time on the diagram, 
and not perceiving who was tugging at him, said to 
the man: “ Stand away, fellow, from my diagram." ἢ 
As the man continued pulling, he turned round and, 
realizing that he was a Roman, he cried, “ Somebod 
give me one of my engines.” But the Roman, scared, 
straightway slew him, a feeble old man but wonderful 
in his works. 


Plutarch, Marcellus xiv. 7—xvii. T 

Archimedes, who was a kinsman and friend of King 
Hiecro, wrote to him that with a given force it was 
possible to move any given weight ; and emboldened, 
as it is said, by the strength of the proof, he averred 
that, if there were another world and he could go to 
it, he would move this one. Hiero was amazed and 
besought him to give a practical demonstration of the 
problem and show some great object moved by a 
amall force: he thereupon chose oa three-masted 
merchantman among the king's ships which had been 
hauled ashore with great labour by a large band of 
men, and after putting on board many men and the 
usual cargo, sitting some distance away and without 
any special effort, he pulled gently with his hand at 
coms cre . i at Hey [ "καὶ rer! πὶ i rt ta Tak 

thes ores my head," he said, Hut ποι at my line." 
23 
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ἠρέμα τῇ χειρὶ σείων ἀρχήν 3 ταν πολυσπάστου 


προσηγάγετο λείως καὶ ἀπταΐστως καὶ ὥσπερ 
διὰ θαλάττης ἐπιθέουσαν. ἐκπλαγεὶς οὖν ὁ βασι- 
λεὺς καὶ συννοήσας τῆς τέχνης τὴν δύναμιν, 
ἔπεισε τὸν "Ἄρχιμ ν ὅπως αὐτῷ τὰ μὲν ἄμυνο- 
μένῳ, τὰ δ᾽ ἐπιχειροῦντι μηχανήματα κατασκευάσῃ 
πρὸς πᾶσαν ἰδέαν πολιορκίας, οἷς αὐτὸς μὲν οὐκ 
ἐχρήσατο, τοῦ βίου τὸ πλεῖστον ἀπόλεμον καὶ 
ρικὸν βιώσας, τότε δ᾽ thrij ὑπῆρχε τοῖς Συρα- 
κουσίοις ies ἡ πορασκευὴ καὶ μετὰ τῆς 
παρασκευῆς 
“Os οὖν προσέβαλον οἱ ol “Ῥωμαῖοι διχόθεν, ἔκ- 
πλι gts ἦν τῶν Συρακουσίων καὶ σιγὴ διὰ δέος, 
μη ἂν ἀνθέξειν πρὸς βέαν καὶ δύναμιν οἰομένων 
. σχάσαντος δὲ τὰς μηχανὰς τοῦ ᾿Αρχι- 
μήδους ἅμα τοῖς μὲν πεζοῖς ἀπήντα τοξεύματά 
τε ama καὶ λίθων ὑπὲρ κα μεγέθη, ῥοίζῳ 
καὶ τάχει καταφερομένων ἀπίστῳ, καὶ μηδενὸς 
ὅλως τὸ βρῖθος στέγοντος ἀθρόους ἀνατρεπόντων 
τοὺς ὑποπίπτοντας καὶ τὰς τάξεις συγχεύντων, 
ταῖς δὲ ναυσὶν ἀπὸ τῶν 7x ὧν ἄφνω ὑπεραμωυρουύ- 
μεναι κεραῖαι τὰς μὲν ὑπῇ ΓΞ om ἔζοντος 
ἄνωθεν ὠθοῖσαι κατέδυον ΕἾΝ ἃς δὲ χερσὶ 
σιδηραῖς ἢ στόμασιν tial σος Shcieds ἄνα- 
σπῶσαι πρῴραθεν ὀρθὰς ἐπὶ πρύμναν Serre 





S ihameidinriie Galen, ia Hi . De Artic, iv. 47 uses the 

ame word. Tretzes Aca cit, aes of a triple-pulley 
evice {τῇ τὶ in the SAIL anew ΤᾺ 

OM Cot ent See βασι ς μοί τς ΤΑΝ 
invention of Picea he say that it was so called 
because it had three ropes, but Vitruvios says it was thus 
named because ft had wheels. Athenseus ¥, 207 a-b 
says that a Asliz was used. ‘Heath, The Works of Archimedes, 
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the end of a compound pulley * and drew the vessel 
smoothly and evenly towards himself as though she 
were running along the surface of the water. 
Astonished at ‘this, and understanding the power of 
his art, the king persuaded Archimedes to construct 
for him engines to be used in eve type of siege 
warfare, some defensive and some offensive ; he had 
not himself used these engines because he spent the 
greater part of his life remote from war and amid the 
rites of peace, but now his apparatus proved of great 
advantage to the Syracusans, and with the apparatus 
its inventor.* 

Accordingly, when the Romans attacked them from 
two elements, the Syracusans were struck dumb with 
fear, thinking that nothing would avail against such 
violence and power. But Archimedes began to work 
his engines and hurled against the land forces all 
sorts of missiles and huge masses of stones, which 
came down with incredible noise and speed ; no 
at all could ward off their weight, but they knocke 
down in heaps those who : in the way and threw 
the ranks into disorder. Furthermore, beams were 
suddenly thrown over the ships from the walls, and 
some o the ships were sent to the bottom by means 
of weights fixed to the beams and plunging down 
from above ; others were drawn up by iron claws, or 
crane-like beaks, attached to the prow and were 


Ῥ. xx, suggests that the vessel, once started, was kept in 

motion ὯΝ the system of pulleys, but the first frre san 

by a machine similar to the κοχλίας ἃ by 

'appus ἐπ ed. Hultsch 1066, 1108 ff., in which a cog-wheel 

ae cave teeth moves on a cylindrical helix turned by 

handle, 

κα Similar stories of Archimedes’ part in the defence are 

told by Polybius viii. 5. 3-5 and Livy xxiv. 94. 
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ἢ δι᾽ ἀντιτόνων ἔνδον ἐπιστρεφόμεναι καὶ περιαγό- 
μεναι τοῖς ὑπὸ τὸ τεῖχος πεφυκύσι κρημνοῖς καὶ 
σκοπέλοις προσήρασσον, ἅμα φθόρῳ πολλῷ. τῶν 
ἐπιβατῶν συντριβομένων. eS a δὲ μετέωρος 
ἐξαρθεῖσα ναῦς ἀπὸ τῆς θαλάσσης δεῦρο κἀκεῖσε 
περιδινουμένη καὶ κρεμαμένη θέαμα φρικῶδες ἦν, 
μέχρι οὗ τῶν ἀνδρῶν ἀπορριφέντων, καὶ διασῴεν- 
δονηθέντων ΚΕΡῚ προσπέσοι τοῖς τείχεσιν ἢ περι- 
ολίσθοι τῆς λαβῆς ἀνείσης. ἣν δὲ ὁ Μάρκελλος 
ἀπὸ τοῦ ξεύγματος ἐπῆγε μηχανήν, σαμβύκη μὲν 
ἐκαλεῖτο δι᾽ ὁμοιότητά τινα σχήματος πρὸς τὸ 
μουσικὸν ὄργανον, ἔτι δὲ ἅπωθεν αὐτῆς προσφερο- 
μένης πρὸς τὸ τεῖχος ἐξήλατο Aiflos δεκατάλαντος 
ὁλκήν, εἶτα ἕτερος ἐπὶ τούτω καὶ τρίτος, ὧν οἵ 
μεν αὐτῇ" ἐμπεσόντες μεγάλῳ κτύπῳ. καὶ κλύδωνι 


τῆς. μηχανῆς τὴν τε βάσιν συνηλόησαν καὶ τὸ 
μὰ διέσεισαν καὶ διέσπασαν τοῦ ζεύγματος, 


ὥστε τὸν Μάρκελλον ἀπορούμενον αὐτὸν ΤῈ ταῖς 
ναυσὶν ἀποπλεῖν ν κατὰ τάχος καὶ τοῖς melois ἃ ἀᾶ- 
χώρησιν re ts 

Βουλευομένοις δὲ ἔδοξεν αὐτοῖς ἔτι νυκτός, ἂν 
δύνωνται, προσμῖξαι τοῖς τείχεσι" τοὺς γὰρ τόνους, 
οἷς χρῆσθαι τὸν ᾿Αρχιμήδην, ῥύμην ἔχοντας 
ὑπερπετεῖς ποιήσεσθαι τὰς τῶν βελῶν ἀφέσεις, 

ev δὲ καὶ τελέως ἀπράκτους εἶναι διάστημα 
τῆς τος οὐκ ἐχούσης. ὁ δ' ἦν, ὡς ἔοικεν, ἐπὶ 
ταῦτα πάλαι παρεσκευασμένος ὀργάνων τε συμ- 
μέτρους πρὸς πᾶν διάστημα κινήσεις καὶ Ae ee 
βραχέα, καὶ διὰ {τὸ τεῖχος οὐ μεγάλων, πολλῶν 
* αὐτῇ Coraés, αὐτῆς codd. 


5 τὸ τεῖχος add, Sinte ex Polyb. 
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plunged down on their sterns, or were twisted round 
and turned about by means of ropes within the city, 
and dashed against the cliffs set by Nature under the 
wall and against the rocks, with great destruction of 
the crews, who were crushed to pieces. Often there 
was the fearful sight of a ship lifted out of the sea into 
mid-air and whirled about as it hung there, until the 
men had been thrown out and shot in all directions, 
when it would fall empty upon the walls or slip from 
the grip that had held it. As for the engine which 
Marcellus was bringing up from the platform of ships, 
and which was called sambuca from some resemblance 
in its shape to the musical instrument,® while it was 
still some distance away as it was being carried to the 
wall a stone ten talents in weight was discharged at 
it, and after this a second and a third ; some of these, 
falling upon it with a great erash and sending up a 
wave, crushed the base of the engine, shook the 
framework and dislodged it from the barrier, so that 
Marcellus in perplexity sailed away in his ships and 
the word to his land forces to retire. 

In a council of war it was decided to approach the 
walls, if they could, while it was still night ; for they 
thought that the ropes used by Archimedes, since 
they gave a powerful impetus, would send the missiles 
over their heads and would fail in their object at 
close quarters since there was no space for the cast. 
But Archimedes, it seems, had long ago prepared for 
ΕἸ ΕΙΣ ΟΟΣΣΙΟΚΕΙΚῪ engines adapted to all distances and 
missiles of short range, and through openings in the 
8 The copfdey was a triangular musical instrument with 
four strings, Polybius (viii. 6) states that Marcellus had 
eight quinqueremes in pairs locked together, and on cach 

ir of “sambuca " had been erected ; it served a5 a pent- 
Bouse for raising soldiers on to the battlements. - 
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δὲ καὶ συνεχῶν τρημάτων (ovrwe'>, of σκορπίοι 
βραχύτονοι μέν, ἐγγύθεν δὲ πλῆξαι παρεστήκεσαν 
ἀόδρατοι τοῖς πολεμίοις. | 

‘Os οὖν προσέμιξαν οἱόμενοι λανθάνειν, αὖθις αὖ 
βέλεσι πολλοῖς ἐντυγχάνοντες καὶ πληγαῖς, πετρῶν 
μὲν ἐκ κεφαλῆς ἐπ᾿ αὐτοὺς φερομένων ὥσπερ πρὸς 
κάθετον, τοῦ δὲ τείχους τοξεύματα πανταχόθεν 
ἀναπέμποντος, ἀνεχώρουν ὀπίσω. κἀνταῦθα πάλιν 
αὐτῶν εἷς μῆκος ἐκτεταγμένων, βελῶν ἐκθεόντων 
καὶ καταλαμβανόντων ἀπιόντας ἐγίνετο πολὺς μὲν 
αὐτῶν φθόρος, πολὺς δὲ τῶν νεῶν συγκρουσμός, 
οὐδὲν ἀντιδρᾶσαι τοὺς πολεμίους δυναμένων. τὰ 
γὰρ πλεῖστα τῶν ὀργάνων ὑπὸ τὸ τεῖχος ἐσκευο- 
gai ας τῷ ᾿Αρχιμήδει, καὶ θεομαχοῦσιν ἐῴκεσαν 





οἱ “Ρωμαῖοι, μυρίων αὐτοῖς κακῶν ἐξ ἀφανοῦς 
ἐπιχεομένων. 

Οὐ μὴν ἀλλ᾽ ὁ Μάρκελλος ἀπέφυγέ τε καὶ τοὺς 
σὺν ἑαυτῷ σκώπτων τεχνίτας καὶ μ χανοποιοὺς 
ἔλεγεν. “od παυσόμεθα πρὸς τὸν Κὐῤηιτεοηη 
τοῦτον Βριάρεων πολεμοῦντες, ὃς ταῖς μὲν ναυσὶνῖ 

μῶν κυαθίξει ἐκ τῆς θαλάσσης, τὴν δὲ σαμβύκην 
βαπέζων᾽ μετ᾽ αἰσχύνης ἐκβέβληκε, τοὺς δὲ μυθικοὺς 
ἐκατόγχειρας ὑπεραίρει τοσαῦτα βάλλων ἅμα βέλη 
καθ' ἡμῶν; " τῷ γὰρ ὄντι πάντες οἱ λοιποὶ Συρα- 
κούσιοι σῶμα. τῆς ᾿Αρχιμήδους παρασκευῆς ἦσαν, 
ἡ δὲ κινοῦσα πάντα καὶ στρέφουσα ψυχὴ μία, τῶν 
μὲν ἄλλων ὅπλων ἀτρέμα κειμένων, μόνοις δὲ τοῖς 
ἐκείνου τότε τῆς πόλεως χρωμένης καὶ πρὸς 
ἄμυναν καὶ πρὸς ἀσφάλειαν. τέλος δὲ τοὺς 
“Ρωμαίους οὕτω περ ὄβους γεγονότας ὁρῶν ¢ 
Μάρκελλος ὥστ᾽, εἰ καλῴδιον ἢ ξύλον ὑπὲρ τοῦ 
om ' ὄντων add. Sintenis ex Polyb. 
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wall, small in size but many and continuous, short- 
ran ged engines called scorpions could be trained on ob- 
jects close at hand without being scen by the enemy, 

When, therefore, the Romans approached the walls, 
thinking to escape notice, once again they were met 
by the impact of many missiles; stones fell down 
on them almost perpendicularly, the wall shot out 
arrows at them from all points, and they withdrew 
to the rear. Here again, when they were drawn up 
some distance away, missiles flew forth and caupht 
them as they were retiring, and caused much destruc- 
tion among them; many of the ships, also, were 
dashed together and they could not retaliate upon 
the enemy. For Archimedes had made the greater 
part of his engines under the wall, and the Romans 
seemed to be fighting against the gods, inasmuch as 
countless evils were poured upon them from an 
Unseen Source. 

Nevertheless Marcellus escaped, and, twitting his 
artificers and craftsmen, he said: “ Shall we not 
cease fighting against. this eometrical Briareus, who 
uses our ships like cups to ladle water from the sea, 
who has whipped our sambuca and driven it off in 
disgrace, and who outdoes all the bundred-handed 
monsters of fable in hurling s0 many missiles against 
us all at once?” For in reality all the other Syra- 
cusans were only a body for Archimedes’ i ae 
and his the one soul moving and turning everythin 
all other weapons lay idle, and the city then used ἢ 
alone, both for offence and for defence, In the end 
the Romans became so filled with fear that, if they 
saw a little ama of rope or of wood proj ecting over 


Se 





© ταῖς μὲν νὰ . βαπίξζων απ anonymous vorrection from 


hs a Τὰς μὴν, μιᾶς ἡμῶν καθίζων πρὸς τὴν θάλασσαν παίζων 
ay 
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τείχους μικρὸν ὀφθείη ροτεινόμενον, τοῦτο ἐκεῖνο, 
μηχανήν τινα κινεῖν ἐπ᾿ αὐτοὺς ᾿Άρχιμ ἴὅη βοῶντας 
ἀποτρέπεσθαι καὶ φεύγειν, ἀπέσχετο μὲ χῆς ἁπάσης 
καὶ προσβολῆς, τὸ λοιπὸν ἐπὶ τῷ χρόνῳ τὴν 
πολιορκίαν θέμενος. 

Τηλικοῦτον μέντοι φρόνημα καὶ Adios ψυχῆς 
καὶ τοσοῦτον ἐκέκτητο θεωρημάτων πλοῦτον 
᾿Αρχιμήδης dere, ἐφ' οἷς ovopa καὶ δόξαν οὐκ 
μθρωπίνης, ἀλλὰ δαιμονίου τινὸς ἔσχε συνέσεως, 
μηθὲν ἐθελῆσαι σύγγραμμα, περὶ τούτων ἀπολιπεῖν, 
iMa τὴν περὶ τὰ μηχανικὰ πραγματείαν καὶ πᾶσαν 
ὅλως τέχνην χρείας ἐφαπτομένην ἀγεννῇ καὶ 
βάναυσον ἡγησάμενος, εἰς ἐκεῖνα καταθέπσβαι μόνα 
τὴν αὑτοῦ φιλοτιμιάν οἷς τὸ καλὸν καὶ περιττὸν 
ἀμιγὲς τοῦ ἀναγκαίου πρόσεστιν, dev ριτὰ μὲν 
ὄντα τοῖς ἄλλοις, ἔριν δὲ παρέχοντα πρὸς ἐν ὕλην 
τῇ ἀποδείξει, τῆς μὲν τὸ μέγεθος καὶ τὸ κάλλος, 
τῆς δὲ τὴν ἀκρίβειαν καὶ τὴν δύναμιν ὑπερφυῆ 
παρεχομένης" οὐ γὰρ ἔστιν ἐν γεωμετρίᾳ χαλεπι- 
τέρας καὶ βαρυτέρας ὑποθέσεις ἐν ἀπλουστεβοις 
λαβεῖν καὶ καθαρωτέροις στοιχείοις γραφομένας. 
καὶ τοῦθ᾽ οἱ μὲν εὐφυΐᾳ τοῦ ἀνδρὸς προσάπτουσιν, 
οἱ δὲ ὑπερβολῇ τινι πόνου νομίζουσιν ἀπόνως 
Pontes Kal ῥᾳδίως ἕκαστον ἐοικὸς γεγονέναι. 
τῶν μὲν γὰρ οὐκ ἄν τις εὖροι δι᾿ αὐτοῦ τὴν 
ἀπόδειξιν, han δὲ τῇ μαθήσει παρίσταται δόξα 
τοῦ κἂν αὐτὸν εὑρεῖν: οὕτω λείαν ἀδὸν ayer’ καὶ 
ταχεῖαν ἐπὶ τὸ δεικνύμενον. οὔκουν οὐδὲ ἀπιστῆσαι 
τοῖς περὶ αὐτοῦ λεγομένοις ἐστίν, ὡς ὑπ' οἰκείας 
δή τινὸς καὶ συνοίκου θελγόμενος ἀεὶ σειρῆνος 
ἐλέληστο καὶ σίτου καὶ θεραπείας σώματος ἐξΐ- 
ἔλειπε, βίᾳ δὲ πολλάκις ἑλκόμενος ἐπ᾿ ἄλειμμα καὶ 
30 
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the wall, they cried, “ There it is, Archimedes is 
training some engine upon us,” and fed; seeing this 
Marcellus abandoned all fighting and assault, and for 
the future relied on a long siege. 

Yet Archimedes possessed so lofty a spirit, so pro- 
found a soul, and such a wealth of scientific inquiry, 
that although he had acquired through his inventions 
a name and reputation for divine rather than human 
intelligence, he would not deign to leave behind a 
single writing on such subjects. Regarding the 
business of mechanics and every utilitarian art as 
ignoble and vulgar, he gave his zealous devotion only 
to those subjects whose elegance and subtlety are 
untrammelled by the necessities of life; these sub- 
jects, he held, cannot be compared with any others ; 
in them the subject-matter vies with the demonstra- 
tion, the former possessing strength and beauty, the 
latter precision and surpassing power; for it is not 
possible to find in pemactry more difficult and weighty 
questions treated in simpler and purer terms. Some 
attribute this to the natural endowments of the man, 
others think it was the result of exceeding labour that 
everything done by him appeared to have been done 
without labour and with ease. For although by his 
own efforts no one could discover the proof, yet as 
soon as he learns it, he takes credit that he could have 
discovered it: so smooth and rapid is the path by 
which he leads to the conclusion. For these reasons 
there is no need to disbelieve the stories told about 
him—how, continually bewitched by some familiar 
siren dwelling with him, he forgot his food and 
neglected the care of his body ; and how, when he 
was dragged by main force, as often happened, to the 

4 ἄγει Bryan, ἄγειν codd., : 
ὃ] 
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λουτρόν, ἐν ταῖς ἐσχάραις ἐγραῴε σχήματα τῶν 
γεωμετρικῶν, καὶ τοῦ σιύματος ἁλῃ ; υ͵ διῆγε 
τῷ δακτύλῳ γραμμάς, ὑπὸ ἡδονῆς wey 
θῆναι καὶ τῶν συγγενῶν ὅπως αὐτοῦ ellis 
τελευτὴν ἐπιστήσωσι τῷ τάφῳ τὸν περιλαμβάνοντα 

Φαῖραν ἐντὸς κύλινδρον, ἐπιγράψαντες τὸν 
A τῆς ὑπεροχῆς τοῦ περιέχοντος στερεοῦ πρὸς 








Τί. xix, 44 


ἂν β pb 
βλημα καὶ καταστῆσαι πρὸς τὴν ἀπόδειξιν, ἃ δὲ 
ὀργισθεὶς καὶ σπασάμενος ξίῤος ἀνεῖλεν αὐτόν. 


ἀποκτενοῦντα ἢ ἤρη τὸν 'Ρωμαῖον, ἐκεῖνον a 
ἰδόντα δεῖσθαι τοὶ ἀντιβολεῖν ἀναμεῖναι βραχὺν 
χρόνον, ὡς μὴ καταλίπῃ τὸ ζητούμενον ἀτελὲς 
καὶ ἀθεώρητον, τὸν δὲ οὐ φροντίσαντα διαχρή- 
σασθαι. καὶ τρίτος ἐστὶ Ad , ὡς κομίζοντι 
πρὸς Μάρκελλον αὐτῷ τῶν μαθηματικῶν ὀργάνων 
σκιόθηρα καὶ σφαίρας καὶ γωνίας, ale ἐναρμόττει 
a SR τῖτι τὸς or 


* Cicero, when quaestor in Sicily, found this tomb over- 
og 
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place for bathing and anointing, he would draw geo- 
metrical figures in the hearths, and draw lines with his 
finger in the oil with which his body was anointed, 
being overcome by great pleasure and in truth in- 
spire? of the Muses. And eee made many 
elegant discoveries, he is said to have besought his 
friends and kinsmen to place on his grave after his 
death a cylinder enclosing a sphere, with an inscrip- 
tion giving the proportion by which the including 
solid exceeds the included.* 


~ [bid. xix. 4-6 


But what specially grieved Maréellus was the death 
of Archimedes. For it chanced that he was alone, 
examining a diagram closely ; and having fixed both 
his mind and his eyes on the objent of his inquiry, he 
perceived neither the inroad of the Romans nor the 
taking of the city. Suddenly a soldier came up to 
him and bade him follow to Marcellus, but he would 
not go until he had finished the problem and worked 
it out to the demonstration, Thereupon the soldier 
became enraged, drew his sword and dispatched 
him, Others, however, say that the Roman came 
upon him with drawn sword intending to kill him at 
once, and that Archimedes, on seeing him, besought 
and entreated him to wait a little while so that he 
might not leave the question unfinished and only 
partly investigated ; but the soldier did not under- 
stand and slew him. There is also a third story, that 
as he was carrying to Marcellus some of his mathe- 
matical instruments, such as sundials, spheres and 
grown with veg but still bearing the eylinder with 
the sphere, and he restored it (Tusc, Disp, v. 64-66), The 
theorem proving the proportion is given infra, pp. 124-127. 
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τὸ τοῦ ἡλίου μέγεθος πρὸς τὴν ὄψιν, στρατιῶται 


περιτυχόντες καὶ χρυσιὸν ἐν τῷ τεύχει δόξαντες 
φέρειν ἀπέκτειναν. ὅτι μέντοι ΤΡ δῶ γα ἤλγησε 
καὶ τὸν αὐτόχειρα τοῦ ἀνδρὸς ἀπεστράφη καθάπερ 
ἐναγῆ, τοὺς ἢ οἰκείους ἀνευρὼν ἐτίμησεν, ὅμο- 
λογεῖται. 
Papp. Coll. viii. 11. 19, ed. Hultsch 1060. 1-4 

ins αὐτῆς δέ ἐστιν θεωρίας τὸ δοβὲν βάρος τῇ 
δοθείσῃ δυνάμει κινῆσαι" τοῦτο yap ᾿Αρχιμήδους 
μὲν εὕρημα [λέγεται)" μηχανικόν, ἐφ᾽ ᾧ λέγεται 
εἰρηκέναι" " δός μοί φησι) ποῦ στῶ καὶ κινῶ τὴν 
γῆν. 

Diod. Sic. i. 34.9 


Ποταμόχωστος γὰρ οὖσα καὶ κατάρρυτος πολ- 
λοὺς καὶ πανταδαποὺς ἐκφέρει καρπούς, τοῦ μὲν 
ποταμοῦ διὰ τὴν κατ' ἔτος ἀνάβασιν νεαρὰν ἰλὺν 
ἀεὶ καταχέοντος, τῶν δ᾽ ἀνθρώπων ῥᾳδίως ἅπασαν 
ἀρδευόντων διά τινὸς μηχανῆς, ἦν ἐπενόησε μὲν 
᾿Αρχιμήδης ὁ Συρακόσιος, ὀνομάζεται δὲ ἀπὸ τοῦ 
σχήματος κοχλίας. 

Ibid. ¥. 87.3 


Τὸ πάντων παραδοξότατον, ἀπαρύτουσι τὰς 
ῥύσεις τῶν ὑδάτων τοῖς Αἰγυπτιακοῖς λεγομένοις 
κοχλίαις, οὖς "᾿Αρχιμήδης ὁ Συρακόσιος εὗρεν, 
ὅτε παρέβαλεν. εἰς Αἴγυπτον. 

λέγεται om. Hultsch. 


oe Ὁ ον Ὁ σον 
* Diodorus ks re of the island in the delta of the Nile. 
* It may be inferred that he Studied with the successors 
of Euclid at Alexandria, and it was. there Perhops that he 
made the acquaintance of Conon of Samos, to whom, aa 
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angles adjusted to the apparent size of the sun, some 
soldiers fell in with him and, under the impression 
that he carried treasure in the box, killed him, What 
is, however, agreed is that Marcellus was distressed, 
and turned away from the slayer as from a polluted 
person, and sought out the relatives of Archimedes to 
do them honour. 


Pappus, Collection viii. 11. 19, ed, Hultsch 1060, 1-4 


To the same type of inquiry belongs the problem: 
To move a given weight by a given force, ‘This is one 
of Archimedes’ discoveries in mechanics, whereupon 
he is said to have exclaimed: “ Give me somewhere 
to stand and | will move the carth.” 


Diodorus Siculus i, 34. 2 


As it is made of silt watered by the river after 
being deposited, it® bears an abundance of fruits of 
all kinds; for in the annual rising the river continn- 
ally pours over it fresh alluvium, and men easily 
irrigate the whole of it by means of a certain instru- 
ment conceived by Archimedes of Syracuse, and 
which gets its name because it has the form of a 
spiral or sere. 

Thid. ¥. 37.3 


Most remarkable of all, they draw off streams of 
water by the so-called Egyptian serews, which 
Archimedes of Syracuse invented when he went by 
ship to Egypt." 
the preface to his books On the Sphere and Cylinder shows, 
he ed to communicate his discoveries before publication, 
and Eratosthenes of Cyrene, to whom he sent the Method 
and probably the Caftle Problem. 

δῷ 
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Vitr. De Arch. ix., Proef. 9.19 


Archimedis vero cum multa miranda inventa et 
varia fuerint, ex omnibus etiam infinita sollertia id 
quod exponam videtur esse expressum. Nimium 
Hiero Syracusis auctus regia potestate, rebus bene 
festis cum auream coronam votivam diis immortalibus 
in quodam fano constituisset ponendam, manupretio 
locavit faciendam et aurum ad sacoma adpendit re- 
demptori, Is ad tempus opus manu factum subtiliter 
regi adprobavit et ad sacoma pondus coronae visus 
est praestitisse. Posteaquam indicium est factum 
dempto auro tantundem argenti in id coronarium 
opus admixtum esse, indignatus Hiero se contemptum 
esse neque inveniens qua ratione id furtum depre- 
henderet, rogavit Archimeden uti insumeret sibi de 
εὸ cogitationem, Tunc is cum haberet ejus rei 
curam, casu yenit in balincum ibigue cum in solium 
descenderet, animadvertit quantum corporis sui in eo 
insideret tantum aquae extra solium effluere. Idque 
cum cius rei rationem explicationis ostendisset, non 
est moratus sed exsiluit gnudio motus de solio et 
nudus vadens domum versus significabat clara voce 
Invenisse quod quaereret. Nam currens identidem 
graece clamabat eijpyxa cipyxa, 

Tum vero ex ¢o inventionis ingressu duas fecisse 
dicitur massas aequo pondere quo etiam fuerat 
corona, Unam ¢x auro et alteram ex argento, Cum 
ita fecisset, vas amplum ad summa labra implevit 








*"T have found, I have found." 
36 


Vitruvius, On Architecture ix., Preface 9-1 


Archimedes made many wonderful discoveries of 
different kinds, but of all these that which 1 shall now 
explain seems to exhibit a boundless ingenuity. When 
Hiero was greatly exalted in the royal power at 
Syracuse, in return for the success of his policy he de- 
termined to set up in a certain shrine a golden crown 
as a votive offering to the immortal gods. He let out 
the work for a stipulated payment, and weighed out 
the exact amount of gold for the contractor. At the 
appointed time the contractor brought his work skil- 
lly executed for the king's approval, and he seemed 
to have fulfilled exactly the requirement about the 
weight of the crown. Later information was given 
that gold had been removed and an equal weight of 
silver added in the making of the crown. Hiero was 
indignant at this disrespect for himself, and, being 
unable to discover any means by which he might un- 
mask the fraud, he asked Archimedes to give it his 
attention. While Archimedes was turning the pro- 
blem over, he chanced to come to the place of bathing, 
and there, as he was sitting down in the tub, he 
noticed that the amount of water which flowed over 
the tub was equal to the amount by which his body 
was immersed. This indicated to him a means of 
solving the problem, and he did not delay, but in his 
ΤΥ leapt out of the tub and, rushing naked towards 
his home, he cried out with a loud voice that he had 
found what he sought. For as he ran he repeatedly 
shouted in Greek, Aewreta, Aewreka.* 

Then, following up his discovery, he is said to have 
made two masses of the same weight as the crown, 
the one of gold and the other of silver. When he had 
so done, he filled a large vessel right up to the brim 

aT 
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aqua, in quo demisit argenteam massam. Cuius 
quanta magnitudo in vase depressa est, tantum aquac 
effluxit. Ita exempta massa quanto minus factum 
fuerat refudit sextario mensus, ut eodem modo quo 
prius fuerat ad labra aequarctur. Ita ex eo invenit 
quantum pondus argenti ad certam aquae mensuram | 
responderet. 

Cum id expertus esset, tum auream massam simi- 
liter pleno vase demisit ct ea exempta eadem ratione 
mensura addita invenit deesse aquae non tantum sed 
minus, quanto minus magno corpore eodem pondere 
auri massa esset quam argenti. Postea vero repleto 
vase in eadem aqua ipsa corona demissa invenit plus 
aquae defluxisse in coronam quam in auream eodem 
pondere massam, et ita ex co quod defuerit plus 
aquae in corona quam in massa, ratiocinatus depre- 
hendit argenti in auro mixtionem et manifestum 
furtum ih sea 





* The method maybe thus expressed analytically. 
ἐδ be theweiget t oft he crown, and let it be made up of 
a weight w, of gold and a weight w, of silver, so that 


em, +i. 
Let the c crown displace a volume τὶ of water. 
Let the weight w of gold displace a volume τὶ of water; 


then a weight i, of gold displaces a volume 2 . ©, of water. 
| Let the weight w of silver displace a volume δι of water ; 
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with water, into which he dropped the silver mass. 
The amount by which it was immersed in the vessel 

was the amount of water which overflowed, Takin 
out the mass, he poured back the amount by whicl 
the water had been depleted, measuring it with a pint 
pot, so that as before the water was made level with 
the brim. In this way he found what weight of silver 
answered to a certain measure of water. 

When he had made this test, in like manner he 
dropped the golden mass into the full vessel. Taking 
it out again, for the same reason he added a meas 
quantity of water, and found that the deficiency ‘of 
water was not the same, but less: and the amount 
by which it was less corresponded with the excess of 
a mass of silver, having the same weight, over 
a mass of gold. After filling the vessel again, he 
then dropped the crown itself into the water, and 
found that more water overflowed in the case of the 
erown than in the case of the golden mass of identical 
weight ; and so, from the fact that more water was 
needed to make up the deficiency in the case of the 
crown than in the case of the mass, he calculated and 
detected the mixture of silver with the gold and the 
contractor's fraud stood revealed.* 


then a weight w, of silver displaces a volume =, v, of water, 


It follows that στε ας ον +"? ey 


wie, ae, 
---. ἢ i a? 


μ᾿ ἘΜ, * 
ἢ ©, _%- Tt 
so that ar 


For an alternative method of solving the problem, vr. injra, 
pp. 248-2451, 
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(6) Suarace axnp VoLuME oF THE CYLINDER AND 
SPHERE 


Archim, J Sphaera et hgh age ed. Heiberg 
i. 2-133. 


᾿Αρχιμήδης Δοσιθέῳ χαίρειν 

Πρύτερον μὲν ἀπέσταλκά σοὶ τῶν ὑφ᾽ ἡμῶν 
τεθεωρημένων γράψας μετὰ ἀποδείξεως, ὅτι πᾶν 
τμῆμα τὸ περιεχόμενον ὑπό τε εὐθείας καὶ ὀρθο- 
γωνίου κώνου "τομῆς ἐπίτριτόν ἐστι τριγώνου τοῦ 
βάσιν τὴν a ἣν ἔχοντος τῷ τμήματι καὶ ὕψος 
ἔσον" ὕστερον. ἑ ἡμῖν ὑποπεσόντων Βθεωρὴ των 
ἀξίων λόγου! Ten γματεύμεθα περὶ τὰς ἀπαβείξεις 
αὐτῶν. ἔστιν δὲ. τάδε" πρῶτον μέν, ὅτι dons 
σφαίρας ἡ ἦ ἐπιφάνεια τετραπλασία ἐστὶν τοῦ μεγί- 
στου rd Το τῶν ἐν αὐτῇ" ἔπειτα δέ, 6 ὅτι παντὸὺς 
τμήματος σφαίρας τῇ ἐπιφανείᾳ i ἴσος ἐστὶ κύκλος, 


οὗ ἡ ἐκ τοῦ κέντρου ἔσῃ ἐστὶ τῇ εὐθείᾳ τῇ απὸ 
τῆς κορυψῆς Tob τμήματος ἄγο ἐπὶ τὴν περι- 
φέρειαν τοῦ κύκλον, ὃς ἐστι βάσις τοῦ τμήματοξ" 


. ἀξίων λόγον ood, ἀνελέγκττων ἐν Heath, 


7 eee chief results of this book are described in the pre- 
coat ete er sa ga ate selection as much os 
is given of what is essential to finding the proportions 
pom ἢ the surface and slide of tis bat ἐπα nee crocs 
and volume ἐπ ΜΕ Ἐν aie evlinder, which Archimedes 
as achievement (awpra, p. 32). In 
the case of the euitece § the while series of propositions is 
reproduced so that the reader may follow in detail majestic 
chain of reasoning by which Archimedes, startin 
seemingly remote premises, reaches the desired cone Accom, 
in the case of the volume only the final proposition (34) can 
be given, for reasons of space, but the reader will be able to 
prove the omitted theorems for himself. Peri possu with 
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(δ) Sunrace axp Votume or THe CYLINDER AND 
SPHERE 


Archimedes. On the Sphere and Cylinder i, Archim, ed. 
Heiberg 1. 2-([32. 3% 


Archimedes to Dositheus greeting 


On a previous occasion I sent you, together with 
the proof, so much of my investigations as I had set 
down in writing, namely, that any segment hounded by ἃ 
straight line and a section of α right-angled cone ia four- 
thirds of the triangle having the same base as the segment 
and equal height.” Subsequently certain theorems de- 
serving notice occurred to me, and I have worked out 
the proofs. They are these : first, that the surface af 
any sphere is four times the greatest of the circles in ut 
then, that ἢ a i af any segment of sphere ἐξ 
one to a circle whose radius is equal to the straight line 

rawn_from the vertex of the segment to the circumference 
af the circle which is the base of the segment*; and, 
this demonstration, Archimestes finds the surface and volume 
of any segment of a sphere, The method in each case is to 
inscribe in the sphere or segment of a sphere, and to circum- 
scribe about it, figures composed of cones and frusta of 
cones, The sphere or segment of a sphere is intermediate in 
surface and volume between the Inscribed and circumscribed 
firures, and in the limit, when the number of sides in the 
inseribed and circumscribed figures is indefinitely increased, 
it would become identical withthem. It will read 
ciated that Archimedes’ method is fundamentally the sa 
integration, and on p. 116-0, 6 this will be shown trigono- 
metrically. 

This is proved in Props. 17 and 24 of the Quadrature of 
the Parahota, sent to Dositheus of Pelusium with a prefatory 
letter, τὶ pp. 225-243, fara, 

* Pie Sphoera at Cyl, i. 580, “ The greatest of the circles,” 
here and elsewhere, is equivalent to" a great circle.” 

4 hed. i, 42, 43. 
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βάσιν μὲν ἔχων ἴσην τῷ μεγίστῳ κύκλῳ τῶν ἐν τῇ 
σφαίρᾳ, ὕψος δὲ ἴσον τῇ διαμέτρῳ τῆς σφαίρας 
αὐτὸς τε ἡμιόλιός ἐστιν τῆς σφαίρας, καὶ ἡ ἐπι- 
wea αὐτοῦ τῆς ἐπυῤανείας τῆς σφαίρας. ταῦτα 
é τὰ συμπτώματα τῇ φύσει προυπτῆρχεν περὶ τὰ 
εἰρημένα σχήματα, ἡγνοεῖτο δὲ ὑπὸ τῶν πρὸ ἡμῶν 
περὶ γεωμετρίαν ἀνεστραμμένων οὐδενὸς αὐτῶν 
ἐπινενοηκότος, ὅτι τούτων τῶν σχημάτων ἐστὶν 
συμμετρία... . ἐξέσται δὲ περὶ τούτων ἐπι- 
σκέμασθαι τοῖς δυνησομένοις. ὥφειλε μὲν οὖν 
Κόνωνος ἔτι ζῶντος ἐκδίδοσθαι ταῦτα: τῆνον γὰρ 
ὑπολαμβάνομέν που μάλιστα ἂν δύνασθαι κατα- 
ταῦτα καὶ τὴν ἁρμόζουσαν ὑπὲρ αὐτῶν 
ἀπόφασιν ποιήσασθαι" δοκιμάζοντες δὲ καλῶς 
ἔχειν μεταδιδόναι τοῖς οἰκείοις τῶν μαθημάτων 
Fao ae ρα σοι τὰς ἀποδείξεις ἀναγράμαντες, 
ὑπὲρ ὧν ἐξέσται τοῖς περὶ τὰ μαθήματα ἀναστρε- 
ἤρμενοις ἐπισκέψασθαι. ἐρρωμένως. 
ράφονται πρῶτον τά τε ἀξιώματα καὶ τὰ λαμβα- 
νόμενα εἰς τὰς ἀποδείξεις αὐτῶν. 


πρὸς δὲ τούτοις, ὅτι πάσης σφαίρας 6 κὐλινῶρος ὅ 


᾿Αξιώματα 
α΄. Εἰσί τινες ἐν ἐπιπέδῳ καμπύλαι γραμμαὶ 


πεπερασμέναι, al τῶν τὰ πέρατα ἐπιζευγνυομσῶν 
αὐτῶν εὐθειῶν ἤτοι ὅλαι ἐπὶ τὰ αὐτά εἶσιν Ὦ οὐδὲν 
ἔχουσιν ἐπὶ τὰ ἕτερα. 

BY. "Emi τὰ αὐτὰ δὲ κοίλην καλῷ τὴν τοιαύτην 
γραμμήν, ἐν 7) ἐὰν δύο σημείων λαμβανομένων 
Fa IPS a are 

* De Sphaera et Cyl, i. 34 coroll, The surfac of th 
cvlinder here includes ‘the bases. ΠΣ Ξ 
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further, that, ἐπὶ the case of any sphere, the cylinder 
having its base equal to the re of the circles in the 
sphere, and height equal to the diameter of the sphere, u 
one-and-a-half times the sphere, and ils surface is one- 
and-a-half times the surface of the sphere.* Now these 
properties were inherent in the nature of the figures 
mentioned, but they were unknown to all who studied 
geometry before me, nor did any of them suspect such 
arelationship in these figures.” . . . But now it will be 
possible for those who have the capacity to examine 
these discoveries of mine, They ought to have been 
blished while Conon was still alive, for I opine that 
e more than others would have been able to grasp 
them and pronounce a fitting verdict upon them ; 
but, holding it well to communicate them to students 
of mathematics, I send you the proofs that I have 
written out, which proofs will now be open to those 
who are conversant with mathematics. Farewell, 
In-the first place, the axioms and the assumptions 
used for the proofs -of these theorems are here 
set out. 


AXTOMS © 


1. There are in a plane certain finite bent lines 
which either lie wholly on the same side of the " 
straight lines joining their extremities or have no part 
on the other side. 

2. Τ call concave ἐπὶ the same direction a line such that, 
if any two points whatsoever are taken on it, either 


* In the omitted passage which follows, Archimedes com- 
| his discoveries with those of Eudoxus; it has already 


wen given, vol. i BP M8411. 
“1 ΔΗ so-called axioms are more in the nature of de- 
finitions. 
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ὁποιωνοῦν αἵ μεταξὺ τῶν σημείων εὐθεῖαι ἤτοι 


πᾶσαι ἐπὶ τὰ αὐτὰ πίπτουσιν τῆς γραμμῆς, ἢ 
τινὲς μὲν ἐπὶ τὰ αὐτά, τινὲς δὲ κατ᾽ a js, ἐπὶ τὰ 
ἕτερα δὲ μηδεμία. 

γ΄. "Ὁμοίως δὴ καὶ ἐπιφάνειαί τινές εἰσιν πε- 
περασμέναι, αὐταὶ μὲν οὐκ ἐν ἐπιπέδῳ, τὰ Be 
πέρατιι ἔχουσαι ἐν ἐπιπέδῳ, at τοῦ ἐπιπέδου, ἐν 
τ τὰ πέρατα ἔχουσιν, ἤτοι ὅλαι ἐπὶ τὰ αὐτὰ 
ἔσονται ἢ οὐδὲν ἔχουσιν ἐπὶ τὰ ἕτερα. | 

δ΄. "Emi τὰ αὐτὰ δὴ κοίλας καλῶ τὰς τοιαύτας 
ἐπιφανείας, ἐν αἷς ἂν δύο σημείων λαμβανομένων 
αἱ μεταξὺ τῶν σημείων εὐθεῖαι ἤτοι πᾶσαι ἐπὶ τὰ 
atta πίπτουσιν τῆς ἐπιφανείας, ἢ τινὲς μὲν ἐπὶ 
τὰ αὐτά, τινὲς δὲ Kar’ αὐτῆς, ἐπὶ τὰ ἕτερα δὲ 
μηδεμία. 

ε΄. Τομέα δὲ στερεὸν καλῶ, ἐπειδὰν σφαῖραν 
κῶνος τέμνῃ κορυφὴν ἔχων πρὸς τῷ κέντριω 
τῆς σφαίρας, τὸ ἐμπεριεχόμενον σχῆμα ὑπό τε 
τῆς ἐπιφανείας τοῦ κώνου καὶ τῆς ἐπιφανείας τῆς 
opdipas ἐντὸς τοῦ κιώνου. 

τ΄, ᾿Ρόμβον δὲ καλῶ στερεῦν, ἐπειδὰν Sto κῶνοι 
τὴν αὐτὴν βάσιν ἔχοντες τὰς κορυφὰς ἔχωσιν ἐφ᾽ 
ἑκάτερα τοῦ Snentbov τῆς βάσεως, ὅπως of ἄξονες 
αὐτῶν ἐπ᾽ εὐθείας ὦσι κείμενοι, τὸ ἐξ ἀμφοῖν τοῖν 
κώνοιν συγκείμενον στερεὸν σχῆμα. 


Λαμβανόμενα 
Λαμβάνω δὲ ταῦτα" 


α΄, Τῶν τὰ αὐτὰ πέρατα ἐχουσῶν γραμμῶν 
ἐλαχίστην εἶναι τὴν εὐθεῖαν. 
th 
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all the straight lines joining the points fall on the 
same side of the line, or some fall on one and the 
same side while others fall along the line itself, but 
none fall on the other side. 

$. Similarly also there are certain finite surfaces, 
not in a plane themselves but having their extremities 
in a plane, and such that they will either lie wholly 
on the same side of the plane containing their ex- 
tremities or will have no part on the other side. 

4. [call concave in the same direction surfaces such 
that, if any two points on them are taken, either the 
straight lines between the points all fall upon the 
same side of the surface, or some fall on one and 
the same side while others fall along the surface 
itse If, but none falls on the other side. 

5. When a cone cuts a sphere, and has its vertex at 
the centre of the sphere, I call the figure compre- 
hended by the surface of the cone and the surface of 
the sphere within the cone a solid sector, 

6. When two cones having the same base have 
their vertices on opposite sides of the plane of the 
base in such a way that their axes lic in a straight 
line, I call the solid figure formed by the two cones 
a solid rhombus, 

POSTULATES 

I make these postulates : 

1, Of all lines which have the same extremities the 
straight line is the least." 


βχιμ ΓΝ i τραμμὴν ἐλαγέσταν τῶν τὰ αὐτὰ 
Sr Selb ag 9 gm sag AP αν, τά ate ἦγ τὰς 
κεῖται τοῖς ἐφ' ἑαυτῆς σημείοις, διὰ τοῦτο ἐλαχίστη. τῶν» τὰ 
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β΄. Τῶν δὲ ἄλλων γραμμῶν, ἐὰν ἐν ἐπιπέδω 


οὖσαι τὰ αὐτὰ πέρατα ἔχωσιν, ἀνίσους εἶναι τὰς 
τοιαύτας, ἐπειδὰν ὧδιν ἀμφότεραι ἐπὶ τὰ αὐτὰ 
κοῖλαι, καὶ ἦτοι ὅλη περιλαμβάνηται ἡ ἑτέρα 
αὐτῶν ὑπὸ τῆς ἑτέρας καὶ τῆς εὐθείας τῆς τὰ 
αὐτὰ πέρατα ἐχούσης αὐτῇ, ἢ τινὰ μὲν περιλαμ- 
βάνηται, τινὰ δὲ κοινὰ ἔχῃ, καὶ ἐλάσσονα εἶναι 
γ΄. Ὅμοίως δὲ καὶ τῶν ἐπιφανειῶν τῶν τὰ 


᾿ ‘5 


ὑπὸ τῆς ἑτέρας ἡ ἑτέρα ἐπυῤάνεια. καὶ τῆς ἐπιπέδου 
Tis τὰ αὐτὰ πέρατα ἐχούσης αὐτῇ, ἣ τινὰ μὲν 
περιλαμβάνηται, τινὰ δὲ κοινὰ ἔχῃ, καὶ ἐλάσσονα 


Τούτων δὲ ὑποκειμένων, ἐὰν εἰς κύκλον πολύγω- 
νὸν ἐγγραφῇ, φανερόν, ὅτι ἡ περίμετρος τοῦ 
ἐγγραῴφέντος πολυγώνου ἐλάσσων ἐστὶν τῆς τοῦ 
κύκλου περιφερείας" ἑκάστη γὰρ τῶν τοῦ ποαλυ- 
γώνου πλευρῶν ἐλάσσων ἐστὶ τῆς τοῦ κύκλου 
περιφερείας τῆς ὑπὸ τῆς αὐτῆς ἀποτεμνομένης. 

“ This famous “ Axiom of Archimedes " is, in fact, gener- 
ally used by him in the alternative form in which it is proved 
49 








2. Of other lines lying in a plane and having the 
same extremities, [any two] such are unequal when 
both are concave in the same direction and one is 
either wholly included between the other and the 
straight line having the same extremities with it, or 
is partly included by and partly common with the 
other ; and the included line is the lesser. 

$. Similarly, of surfaces which have the same 
extremities, if those extremities be in a plane, the 
plane is the least. 

4. Of other surfaces having the same extremities, 
if the extremities be in a plane, [any two] such are 
unequal when both are concave in the same direction, 
and one surface is either wholly included between 
the other and the plane having the same extremities 
with it, or is partly included by and partly common 
with the other ; and the included surface is the lesser, 

5. Further, of unequal lines and unequal surfaces 
and unequal solids, the greater exceeds the less by 
such o magnitude as, when added to itself, can be 
made to exceed any assigned magnitude among those 
comparable with one another.* 

With these premises, if a polygon be inscribed in a 
circle, it is clear that the perimeter of the inscribed polygon 
ts less then the circumference of the circle; for each of 
the sides of the polygon is less than the are of the 
circle cut off by it. 
in Fuelid x. 1, for which τ. vol. i, 4524155. The axiom 
can be shown to be equivalent to Dedekind’s principle, that 
# section of the rational points in which they are divided into 
two classes is made by a single point. Applied to straight 
lines, it ik equivalent to saying that there is a complete 
correspondence between the aggregate of real numbers and 
the aggregate of points in a straight line; υ, E. W. Hobson, 
fred cory of Functions of a Heal Variable, 2nd ed., vol. |. 
p. δὲ 
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f 
a 


"Edy περὶ κύκλον πολύγωνον περιγραφῇ, ἦ τοῦ 
περιγραφέντος πολυγώνου περίμετρος μείζων ἐστὶν 
τῆς περιμέτρου. τοῦ κύκλου. 

Περὶ γὰρ κύκλον πολύγωνον περιγεγραφθω τὸ 
ὑποκείμενον. λέγω, ὅτι ἡ περίμετρος τοῦ πολυ- 
γώνου μείζων ἐστὶν τῆς περιμέτρου τοῦ κύκλου. 

Ἐπεὶ γὰρ συναμφότερος ἡ BAA μείζων ἐστὶ 
τῆς ΒΛ περιφερείας διὰ τὸ τὰ αὐτὰ πέρατα 
ἔχουσαν περιλαμβάνειν τὴν περιφέρειαν, ὁμοίως 
ὃὲ καὶ συναμφότερος μὲν ἡ ΔΙ᾽, ΓΒ τῆς ΔΒ, 
συναμφότερος δὲ ἡ AK, ΚΘ τῆς ΑΘ, συναμῴό- 
repos δὲ ἡ ZHO τῆς ZO, ἔτι δὲ συναμφότερος ἡ 
AE, EZ τῆς AZ, ὅλη dpa ἡ περίμετρος τοῦ 
πολυγώνου μείζων ἐστὶ τῆς περιφερείας τοῦ 


κύκλου. 





* It is here indicated, as in Prop. 3, that Archimedes added 
a figure to his own demonstration, 
18 
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Prop. 1 


If a polygon be circumscribed about a circle, rag 
neler of the circumscribed polygon ts greater than the 
circumference of the cirele. 

For let the polygon be circumscribed about the 
circle as below.* I say that the perimeter of 
the polygon is greater than the circumference of 
the circle, 





For since BA+AA> are BA, 


owing to the fact that they have the same extremities 
as the arc and include it, and similarly 


A+R > [are] ΔΒ, 
AK +KO@=> [farc}) AQ, 
2H +HO> [are] 78), 
and further AE+E2Z > |are} AZ, 
therefore the whole perimeter of the polygon fs 
greater than the circumference of the aier 
VOL, II E 49 
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Β΄’ 

Δύο μεγεθῶν ἀνίσων δοθέντων δυνατόν ἐστιν 
εὑρεῖν δύο εὐθείας ἀνίσους, ὥστε τὴν μείζονα 
εὐθεῖαν πρὸς τὴν ἐλάσσονα λόγον ἔχειν ἐλάσσονα 
ἢ τὸ μεῖξον μέγεθος πρὸς τὸ ἔλασσον. ι' 
Ἕστω S00 μεγέθη ἄνισα τὰ AB, A, καὶ ἔστω 
μεῖζον τὸ ΑΒ, λέγω, ὅτι δυνατόν ἐστι δύο 
εὐθείας ἀνίσους εὑρεῖν τὸ εἰρη- 
μένον ἐπίταγμα ποιούσας. 

Μείσθω διὰ τὸ β΄ τοῦ α΄ τῶν 
Εὐκλείδου τῷ ἃ ἴσον τὸ BI, καὶ 
κείσθω τις εὐθεῖα γραμμὴ ἡ ZH- 
τὸ δὴ ΓᾺ ἑαυτῷ ἐπισυντιθέμενον 
ὑπερέξει τοῦ ἃ. πεπολλαπλασι- 
ἄσθω οὖν, καὶ ἔστω τὸ AG, καὶ 
ὁσαπλάσιδν ἐστι τὸ AO τοῦ AT, 
A| τοσαυταπλάσιος ἔστω ἡ ZH τῆς 

HE- ἔστιν ἄρα, ὡς τὸ OA πρὸς 
AD, οὕτως ἡ ZH πρὸς HE: καὶ 
ἀνάπαλίν ἐστιν, ὡς ἡ EH πρὸς 
HZ, οὕτως τὸ AI" πρὸς AQ. 
καὶ ἐπεὶ μεῖζόν ἐστιν τὸ AO τοῦ 
ἃ, τουτέστι τοῦ TB, τὸ ἄρα ΤᾺ 
πρὸς τὸ ΑΘ' λόγον ἐλάσσονα ἔχει 
ἥπερ τὸ A πρὸς TR. ἀλλ᾽ ὡς 
τὸ TA πρὸς ΑΘ, οὕτως ἡ EH πρὸς HZ: ἡ EH 
ἄρα πρὸς HZ ἐλάσσονα ραν ἔχει ἥπερ τὸ ΓᾺ 
πρὸς ΓΒ’ καὶ συνθέντι ἡ ἘΠῚ [ἄρα]! πρὸς ZH 
ἐλάσσονα λόγον ἔχει ἥπερ τὸ AB πρὸς ΒΓ [διὰ 
ἀῆμμα]." ἴσον δὲ τὸ Br τῷ A- ἡ EZ dpa πρὸς 
ἴσσονα λόγον ἔχει ἧπερ τὸ AB πρὸς τὸ ἃ. 
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Prop. 2 

Given tro unequal magnitudes, it is possible to Sind ae 
unequal straight lines such that the greater strarght line 
κα ds the lest a pete leew then the grecior'sagustuda had 
to the less. 

Let AB, A be two unequal magnitudes, and let 
AB be the greater. I say that it is possible to find 
two tera § straight lines satisfying the aforesaid 
requirement. 

B the second proposition in the first book of 
Euclid let BE be placed equal to ἃ, and let ΖΗ be 
any straight line; then ΤΑ, if added to itself, will 
exceed A. [Post, 5,] Let it be multiplied, there- 
fore, and let the result be AO, and as AO is to AY, 
so let ZH be to HE; therefore | 

BA: AT=4ZH:HE [ef. Eucl. v. 15 
and conversely, EH: ΗΖ ὦ AI’: AQ. 
[Euel. v. 7, coroll. 


And since AB> A 

>TR, , 
therefore TA: ΑΘ ΓᾺ : TB. [Euel. v. 8 
But rA:AQ=EH: HZ; 
therefore EH: HZ<rA:TH; 
componenda, EZ: ZH «ΑΒ Br 
therefore EZ: ZH<AB: A, 


* This and related propositions are proved by Eutocius 
[Archim. ed. Heiberg li. 16. 11-18, 99] and by cia ptr Coll. 
ed. Hultsch 684. 20 ff. It may be simply proved thus. If 
arb<cer:d, it is required to prove that a+6:6<0¢ +d: ἢ. 
Let θὲ taken sothata:S:e:d. Thena:d<e:d, There- 
fore ἐπε, and a+¢d:rd<e+d:d. Bute:d:d=a+46:6 (ex 
hypoliest, compensda), Therefore ἃ Ὁ ὁ τ b<e4+ dt εἰ. 


8 ἄρα om. Heiberg. Sid λῆμμα om. Halbes: 
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Εὐρημέναι εἰσὶν dpa δύο εὐθεῖαι ἄνισοι ποιοῦσαι 
εἰρημένον ἐπίταγμα [τουτέστιν τὴν μείζονα 
πρὸς τὴν ἐλάσσονα v ἔχειν ἐλάσσονα ἢ τὸ 
μεῖζον μέγεθος πρὸς τὸ ἔλασσον]. 
᾽ν" 

Δύο μεγεθῶν ἀνίσων δοθέντων καὶ κύκλου δυνα- 
τὸν ἐστιν εἰς τὸν κύκλον πολύγωνον ἐγγράψαι καὶ 
ἄλλο περιγράψαι, ὅπως ἡ τοῦ περιγραφομένου 

Avyawou πλευρὰ πρὸς τὴν τοῦ ἐγγραφομένου 
πολυγώνου πλευρὰν ἐλάσσονα λόγον ἔχῃ ἢ τὸ 
μεῖζον μέγεθος πρὸς τὸ ἔλαττον. 

Ἕστω τὰ δοθέντα δύο μεγέθη τὰ A, Β, o δὲ 
δοθεὶς κύκλος ὁ ὑποκείμενος. λέγω οὖν, ὅτι 
δυνατόν ἐστι ποιεῖν τὸ ἐπίταγμα. 

Εὐρήσθωσαν γὰρ δύο εὐθεῖαι αἱ Θ, ΚΑ, ὧν 
μείζων ἔστω ἡ Θ, ὥστε τὴν Θ᾽. πρὸς τὴν KA 





δῷ 
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Accordingly there have been discovered two un- 
equal straight lines fulfilling the aforesaid require- 
ment, 

Prop. 3 


Given (wo unequal magnitudes and a circle, it is possible 
fo inserthe a [regular] polygon in the circle and to circwm- 
serthe another, in such a manner that the side of the 
pit hpnna polygon Ἦν fo ie sue of the tnacribed 

gon a rate less than that which the greater magnitude 
ere less, ᾿ ony 

Let A, B be the two given magnitudes, and let the 





Z 


given circle be that set out below, I say then that 
it is possible to do what is required. 

For let there be found two straight lines 0, KA, of 
which 6 is the greater, such that Θ᾽ has to KA a ratio 


Hake oem fAgecos verba subditiva cone suspicatur 
δ 
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ἐλάσσονα λόγον ἔχειν ἢ τὸ μεῖξον μέγεθος πρὸς τὸ 
ἔλαττον, καὶ ἤχθω ἀπὸ τοῦ A τῇ AK πρὸς ὀρθὰς 
ἡ AM, καὶ ἀπὸ τοῦ K τῇ © ton κατήχθω ἡ ΚΜ 
Natok yap τοῦτο], καὶ ἤχθωσαν τοῦ κύκλου 
το διάμετροι πρὸς ὀρθὰς ἀλλήλαις αἵ ΓΕ, AZ. 
τέμνοντες οὖν τὴν ὑπὸ τῶν AHT γωνίαν δίχα 
καὶ τὴν tui αὐτῆς δίχα καὶ αἰεὶ τοῦτο 
ποιοῦντες λεύμομέν τινα γωνίαν ἐλάσσονα ἢ ὃι- 
ὑπὸ NHI’, καὶ ἐπεζεύχθω ἡ NI: ἡ ἄρα NI 
πολυγεύνου ἐστὶ πλευρὰ ἰσοπλεύρου [ἐπείπερ ἡ 
ὑπὸ ΝΗΓ γωνία μετρεῖ τὴν ὑπὸ ΔΗΓ ὀρϑὴν 
οὖσαν, καὶ ἡ ΝΙ᾽ ἄρα περιφέρεια μετρεῖ τὴν ΓΔ 
τέταρτον οὖσαν κύκλου: ὥστε καὶ τὸν κύκλον 
μετρεῖ. πολυγώνου = ἐστὶ πλευρὰ ἰσοπλεύροιι" 
φανερὸν γάρ ἐστι τοῦτο] καὶ τετμήσθω ἡ ὑπὸ 
ΓΗΝ γωνία δίχα τῇ ΗΞ εὐθείᾳ, nat “πὸ a a 
ἐφαπτέσθω τοῦ κύκλου ἡ OEII, καὶ ἐκβεβλή- 
σθωσαν αἱ HNIT, ΗἩΓΌ- ὥστε καὶ ἡ ΠΟ πολυ- 
γώνου ἐστὶ πλευρὰ τοῦ περιγραφομένου περὶ τὸν 
κύκλον καὶ ἰσοπλεύρου φανερόν, ὅτι καὶ ὁμοίου 
τῷ Sryaboping, ἀνα GNI? excl ἢ 
ἐλάσσων ἐστὶν ἢ διπλασία ἡ ὑπὸ NHI τῆς ὑπὸ 
AKM, διπλασία δὲ τῆς ὑπὸ THY, ἐλάσσων ἄρα 
ἡ ὑπὸ ΤΗΓ τῆς ὑπὸ AKM. καί εἰσιν ὀρθαὶ αἱ 
πρὸς τοῖς A, Τ' ἡ ἄρα MK πρὸς AK μείζονα λόγον 
ἔχει ἥπερ ἡ ΓῊ πρὸς HT. ἴση δὲ ἡ TH τῇ HE: 
ὥστε ἡ ΗΞ πρὸς ΗΤ ἐλάσσονα λόγον ἔχει, του- 
τέστιν ἡ ΠΟ πρὸς NI, ἥπερ ἡ MK πρὸς ΚΑ 
ἔτι δὲ ἡ MK πρὸς ΚΛ ἐλάσσονα λόγον ἔχει ἥπερ 
τὸ πρὸς τὸ Β, καί ἐστιν ἡ μὲν ΠΟ πλευρὰ 


δ. 
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less than that which the greater magnitude has to 
the less [Prop. a}, and from .A let AM be drawn at 
right angles to AK, and from K let KM be drawn 
equal to Q, and let there be drawn two diameters of 
the circle, Ῥ ‘EK, AZ, at right angles one to another. 
If we bisect the angle AHT and then bisect the half 
and so on continually we shall leave a certain angle 
less than double the angle ARM. Let it be left and 
let it be the angle NHT’, and let NT be joined ; then 
NI is the side of an equilateral polygon. Let the 
angle [HN be bisected by the straight | line HE, and 
through Ξ let the tangent OSIL be drawn, and let 
HNO, ΗΓῸ be produced; then IO is a side of an 
equilateral polygon circumscribed about the circle. 
Since the angle NHI is less than double the a 5 
AKM and is double the angle THI’, therefore » 
angle THI is less than the angle ΔΚΜ. And the 
angles at ἡ, Ἴ are right ; therefore 


MK: AK>PH : HT. 


But rH= He, 
Therefore HE: HT<ME: KA, 
that is, TO: ND <ME: RAP 
Further, MEK: KA<A: 6.* 


[Therefore MO: ND <A: B] 
"This is proved BY, Eutocius and is equivalent to the 
assertion that if a<Bs3. cosec αὶ > cosec a. 


shee HE: HT= 0; NT, since He: ἩΤ ΞΩΞ: ΓῚ Ξ 
205: 3TT=00; FN. 
r "For by hypothesis @: KA<A: B, and @=MK. 


1 δυνατὰν., . τοῦτο om, Heiberz. 
Ξ ἐπεί . . τοῦτο om. Helberg 


* βΔανερό - ἡ NI om. Heiberg. 


GREEK MATHEMATICS 


τοῦ περιγραφομένον πολυγώνου, ἡ δὲ ΓΝ τοῦ 
ραφομένου" ὅπερ προέκειτο εὑρεῖν. 


* 


€ 
Κύκλου δοθέντος καὶ δέο μεγεθῶν ἀνίσων περι- 
γράψαι περὶ τὸν κύκλον πολύγωνον καὶ ἄλλο 
ράψαι, ὥστε τὸ περιγραφὲν πρὸς τὸ ἐγγραφὲν 
i κεῖθι λόγον ἔχειν ἢ τὸ μεῖζον μέγεθος πρὸς 
τὸ ἔλασσον. 


Ἑκκείσθω κύκλος 6 A καὶ δύο μεγέθη ἄνισα 








A 
— H 








ta E, Δ wal petlov τὸ ἘΠ δεῖ οὖν πολύγωνον 
ἐγγράψαι εἰς τὸν κύκλον καὶ ἄλλο περιγράψαιι, 
ἵνα γένηται τὸ ἐπιταχθέν. 

᾿ ἄνω γὰρ dio εὐθείας ἀνίσους τὰς Γ, A, 
ὧν μείζων ἔστω ἡ Γ, ὥστε τὴν Γ πρὸς τὴν ἃ 
ὅθ 
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And TIO is a side of the circumscribed polygon, ΓΝ of 


the inscribed ; which was to be found. 


Prop. 5 

Given a circle and two unequal magnitudes, to circum- 
scribe a polygon about the circle and to inscrike another, 
0 that the circumscribed polygon has to the inscribed 
polygon a ratio less than the greater magnitude has to 
the less. 

Let there be set out the circle A and the two un- 
equal magnitudes FE, 2, and let E be the preater; 
it is therefore required to inscribe a polygon in the 
circle and to circumseribe another, so that what is 
required may be done. 

For I take ἔνα unequal straight lines Τ', A, of 


which let Γ be the greater, so that I has to Aa ratio 
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ἘΝ ἘΠῚ oe ake) τὴν E πρὸς τὴν Ζ" καὶ 
τῶν I’, ἃ μέση iat ες ληφθείσης τῆς ἢ μείξων 
ἄρα καὶ ἡ Τ' τῆς Η, sph, 3 δὴ περὶ 
κύκλον πολύγωνον καὶ ἄλλο ἐγγεγράφθω, dere 

᾿ τοῦ becasue seni ΤῊΣ ρος 


ἐστί, καὶ. τοῦ μὲν τῆς προ πρὸς, τὴν asec 

διπλάσιός ἐστι 6 τοῦ πολυγώνου πρὸς τὸν πολύ- 

γωνον ὅμοια γάρ], τῆς δὲ I πρὸς τὴν H ὁ τῆς 

I" πρὸς τὴν A+ καὶ τὸ περιγραφὲν ἄρα Soa 

πρὸς τὸ ἐγγραῤὲν ἐλάσσονα λόγον ἔχει ἧπερ ἡ 
πρὸς τὴν A: πὸ ἄρα τὸ neva pes τὸ 

ἐγγρο δι ἐλάσσονα λόγον ἔχει ἧπερ τὸ Ἐ πρὸς 


ἊΝ 
᾿Ἐὰν περὶ κῶνον ἰσοσκελῇῆ πυραμὶς περιγραφῇ, 
ἡ ἐπιφάνεια τῆς πυραμίδος χωρὶς τῆς βάσεως torn 
στὶν τριγώνῳ βάσιν μὲν ἔχοντι τὴν ἴσην τῇ περι- 
μέτρῳ τῆς βάσεως, ὕψος δὲ τὴν πλευρὰν τοῦ 


κεώνου. ‘2 © 


a 


‘Eay Kavou τινὸς ἰσοσκελοῦς els τὸν κύκλον, 
és ἐστι βάσις τοῦ κώνου, εὐθεῖα γραμμὴ ἐμπέσῃ, 
ἀπὸ δὲ τῶν περάτων αὐτῆς εὐθεῖαι +ypa 
ἀχθῶσιν ἐπὶ τὴν κορυφὴν τοῦ κώνου, τὸ περιληφθὲν 
τρίγωνον td τε τῆς ἐμπεσούσης καὶ τῶν ἐπι- 


Sennen ἐπὶ τὴν κορυφὴν ἔλασσον ἔσται τῆς 
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less than that which E has to Z [Prop. 2]; if a mean 
roportional H be taken between I’, A, then I’ will 
fe greater than H [Eucl. vi. 13]. Let a polygon be 
circumscribed about the circle and another inscribed, 
so that the side of the circumscribed polygon has to 
the side of the inscribed polygon a ratio less than 
that which T° has to H [Prop. 3]: it follows that the 
duplicate ratio is less than the duplicate ratio. Now 
the duplicate ratio of the sides is the ratio of the 
polygons [Fucl. vi. 20], and the duplicate ratio of 
to Η is the ratio of [ to A [Euel. v. Def. 9] ; there- 
fore the circumscribed polygon has to the inscribed 
polygon a ratio less than that which [ has to 4; by 
much more therefore the circumscribed polygon has 
to the inscribed polygon a ratio less than that which 
E has to 4. 
Prop. 8 


If a pyramid be circumscribed about an isosceles cone, 
the surface of the pyramid without the base ts equal fo a 
triangle having its fase equal to the perimeter of the base 
[of the pyramid] and us height equal to the mde of the 
CONE: « . 3" 


Prop. 9 


If im an isosceles cone a straight line [chord] fall in the 
circle which ts the base of the cone, and from tls extremi- 
tes straight lines be drawn to the vertex of the cone, the 
triangle formed by the chord and the lines joining it to 
© The “ side of the cone" is erator. The proof is 
ΩΣ Ὁ ΠΟ a gen Γ δ proof 
"Tpit pp om Helberg 
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pavetas τοῦ κιώνου ry erate τῶν ἐπὶ τὴν 
Tis 7 


κορυφὴν ἐπιϊζευγθεισῶν. 

cl et Se Oe βάσις ¢ ABI κύκλος, 
κορυφὴ δὲ vo A, καὶ διήχθω τις εἷς αὐτὸν εὐθεῖα 
ἡ AD, καὶ ἀπὸ τῆς κορυφῆς ἐπὶ τὰ A, Γ ἐπεζεύ- 
χθωσαν αἱ AA, ΔΙ᾽: λέγω, ὅτι τὸ AAT τρίγωνον 


A 





ἔλασσόν ἔστιν τῆς ἐπιφανείας τῆς κωνικῆς τῆς 
μεταξὺ τῶν AAT, ιν 
Τετμήσθω ἡ ABT περιφέρεια δίχα κατὰ τὸ B, 
καὶ ἐπεζεύχθωσαν ai AB, ΓΒ, AB+ ἔσται δὴ τὰ 
ABA, ΒΓΔ τρίγωνα μεέξονα τοῦ AAT τριγιύνου." 


ᾧ δὴ ὑπερέχει τὰ εἰρημένα τρίγωνα τοῦ AAT 
Tplywrou, ἕστιω τὸ 2. τὸ i {Ἱ} ἤτοι Tile AB, 


BD τμημάτων ἔλασσόν ἐστιν ἢ οὔ. 
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the vertex will be less than the surface af the cone between 
the lines draven to the vertex. 

Let the circle ABT be the base of an isosceles cone, 
let A be its vertex, let the straight line AT be drawn 
in it, and let AA, AT be drawn from the vertex to 
A, I; I say that the triangle AAT is less than the 
surface of the cone between AA, AT. 

Let the are ABI be bisected at B, and let AB, 
ΓΒ, AB be joined ; then the triangles ABA, ΒΓΔ will 
be greater than the triangle AAI'* Let 6 be the 
excess by which the aforesaid triangles exceed the 
triangle AAT. Now @ is either less than the sum of 
the segments AB, BI or not less. 


. ἘΠΕ if A be the sere ofa gpencrator of the isosceles cone, 
ABA= 3h. AB, triangle BPA=§4. ΒΓ, triangle 
ca aA. AY, and AB+Br=> Ar. 





δ fora. . τριγώνου: ἐχ Eutocho videtur Archimedem 


scripsisse : μείζονα dpa ἐστὶ τὰ ABA, BAT τρίγωνα τοῦ AAT 
τριγώνου, 
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"Eorw μὴ ἔλασσον πρότερον. ἐπεὶ οὖν bio 
εἰσὶν ἐπιφάνειαι ἢ τε κωνικὴ ἡ μεταξὺ τῶν AAB 
μετὰ τοῦ AEB τμήματος καὶ ἡ τοῦ ΑΔΒ τριγώνου 
τὸ αὐτὸ πέρας ἔχουσαι τὴν περίμετρον τοῦ τρι- 
γώνου τοῦ Ce τοῦ Ἧς uh ἡ προ βηβάνοῦσα 

ἧς περιλαμβανομένης" μείζων ἄρα ἐστὶν ἡ κωὶ 
ἀκα ἡ μεταξὺ τῶν AAB μετὰ τοῦ “ARE 
τμήματος τοῦ ABA τριγώνου. ὁμοίως δὲ καὶ ἡ 
μεταξὺ τῶν BAT pera τοῦ ΓΖΒ τμήματος μείζων 
ἐστὶν τοῦ BAD τριγώνου" ὅλη ἄρα ἡ κωνικὴ 
ἐπιφάνεια μετὰ τοῦ O χωρίου μείζων ἐστὶ τῶν 
εἰρημένων τριγώνων. τὰ δὲ εἰρημένα τρίγωνα 
ἴσα ἐστὶν τῷ τε AAT τ ἐγιώνῳ καὶ τῷ © χωρίῳ. 
κοινὸν ἀφῃρήσθω τὸ χωρίον" λοιπὴ ἄρα ἡ 
κωνικὴ ἐπιφάνεια ἡ aerate τῶν AAD μείζων 
ἐστὶν τοῦ AAT τριγώνου. 

“Eorw δὴ τὸ © ἔλασσον τῶν AB, ΒΓ τμημάτων. 
τέμνοντες δὴ τὰς ΑΒ, BI περιφερείας δίχα καὶ 
τὰς ἡμισείας αὐτῶν δίνα λείῴψομεν τμήματα 
ἐλάσσονα ὄντα τοῦ © χωρίου. λελείφθω τὰ ἐπὶ 
τῶν AE, EB, BZ, Zr εὐθειῶν, καὶ ἐπεζεύχθωσαν 
at AE, ΔΖ. πάλιν τοίνυν κατὰ τὰ αὐτὰ ἡ μὲν 
ἐπιφάνεια τοῦ κώνου ἢ μεταξὺ τῶν AAE μετὰ 
τοῦ ἐπὶ τῆς AE τμήματος μείζων ἐστὶν τοῦ AAR 
τριγώνου, ἡ δὲ μεταξὺ τῶν EAB μετὰ τοῦ ἐπὶ 
τῆς EB τμήματος μείζων ἐστὶν τοῦ EAR τρι- 
γώνου" ἡ ἄρα ἐπιφάνεια ἡ μεταξὺ τῶν ΑΔΒ μετὰ 
τῶν ἐπὶ τῶν ΑΒ, ΕΒ τμημάτων μείζων ἐστὶν 
τῶν ΑΔΕ, EBA τριγώνων. ἐπεὶ δὲ τὰ AEA, 
AEB τρίγωνα μείζονά ἔστιν τοῦ ΑΒΔ τριγώνου, 
καθὼς δέδεικται, πολλῷ dpa ἢ ἐπιφάνεια τοῦ 
κώνου ἡ μεταξὺ τῶν AAB μετὰ τῶν ἐπὶ τῶν AE, 
62 
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Firstly, let it be not less, Then since there are 
two surfaces, the surface of the cone between AA, 
AB together with the segment AEB and the triangle 
ΑΔΒ, having the same extremity, that is, the peri- 
meter of the triangle AAB, the surface which includes 
the other is greater than the included surface © 
[Post. 8]: therefore the surface of the cone between 
the straight lines AA, AB together with the segment 
AEB is greater than the triangle ABA, Similarly the 
[surface of the cone] between BA, AD together with 
the segment [ZB is greater than the triangle BAT ; 
ned the whole surface of the cone together with 
the area © is greater than the aforesaid triangles. 
Now the aforesaid triangles are equal to the triangle 
AAD and the area O. Let the common area 6 be 
taken away; therefore the remainder, the surface 
of the cone between AA, AD is greater than the 
triangle AAT’. 

Now let Ὁ be less than the segments AB, BI’. 
Bisecting the ares AB, BI’ and then bisecting their 
halves, we shall leave segments less than the area 0 
[Eucl. xii. 2]. Let the segments so left be those on 
the straight lines AE, EB, BZ, ZIP’, and let AE, AZ be 
joined. Then once more by the same reasoning the 
surface of the cone between Ad, ΔῈ together with 
the segment AF is greater than the triangle AAE, 
while that between EA, ΔΒ together with the seg- 
ment EB is greater than the triangle EAB; therefore 
the sietens bekwoet AA, AB together with the seg- 
ments AK, EB is greater than the triangles AAK, 
EBA, Now since the triangles AEA, AEB are 
greater than the triangle ABA, as was proved, by 
much more therefore the surface of the cone between 
AA, AB together with the segments AE, EB is 
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EB τμημάτων μείζων ἐστὶ τοῦ ΑΔΒ τριγώνου. 
διὰ τὰ αὐτὰ δὴ καὶ ἡ ἐπιφάνεια ἡ μεταξὺ τῶν 
BAD μετὰ τῶν ἐπὶ τῶν BZ, ΖΓ τμημάτων μείζων 
ἐστὶν τοῦ BAT τριγώνου" ὅλη ἄρα ἡ ἐπιφάνεια ἡ 
μεταξὺ τῶν AAT μετὰ τῶν εἰρημένων τμημάτων 
μείξων ἐστὶ τῶν ABA, ΔΒΓ τριγώνων. ταῦτα 
δέ ἐστιν ἴσα τῷ AAT τριγώνῳ καὶ τῷ Θ χωρΐίω" 
ὧν τὰ εἰρημένα τμήματα ἐλάσσονα τοῦ Ὁ χιωρίου" 
λοιττὴ ἄρα ἡ ἐπιφάνεια ἡ μεταξὺ τῶν AAT μείζων 


ἐστὶν τοῦ AAT τριγώνου, 


εἰ 
"Edy ἐπιψαύουσαι ἀχθῶσιν τοῦ κύκλου, ὅς ἐστι 
βάσις τοῦ κώνου, ἐν τῷ αὐτῷ ἐπιπέδεν οὖσαι τῷ 
κύκλῳ καὶ συμπίπτουσαι ἀλλήλαις, ἀπὸ δὲ τῶν 
addy καὶ τῆς συμπτώσεως ἐπὶ τὴν κορυφὴν τοῦ 
κώνου εὐθεῖαι ἀχθῶσιν, τὰ περιεχόμενα τρίγωνα 
ὑπὸ τῶν ἐπυμαυουσῶν καὶ τῶν ἔπὶ τὴν κορυφὴν 
τοῦ κώνου ἐπιζευχθεισῶν εὐθειῶν μείζονά ἔστιν 
THS τοῦ κώνου ἐπιφανείας τῆς ἀπολαμβανομένης 
ὑπ᾽ αὐτῶν. . .. 
ἫΝ 
- + + Τούτων δὴ δεδειγμένων φανερὸν [ἐπὶ μὲν 
τῶν προειρημένων], ὅτι, ἐὰν els κῶνον ἰσοσκελῇ 
πυραμὶς ἐγγραφῇ, ἡ ἐπιφάνεια τῆς πυραμίδος 
χωρὶς τῆς βάσεως ἐλάσσων ἐστὶ τῆς κωνικῆς 
πιφανείας [ἕκαστον yap τῶν περιεχόντων τὴν 
πυραμίδα τριγώνων ἔλασσόν ἐστιν τῆς κωνικῆς 
ἐπιφανείας τῆς μεταξὺ τῶν τοῦ τριγώνου πλευρῶν' 
ὥστε καὶ ὅλη ἡ ἐπιφάνεια τῆς πυραμίδος χωρὶς τῆς 
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greater than the triangle AAD, By the same reason- 
ing the surface between BA, AI’ together with the 
segments HZ, ZT is greater than the triangle BAT’ ; 
therefore the whole surface between AA, AT together 
with the aforesaid segments is greater than the 
triangles ABA, ABT. Now these are equal to the 
triangle AAT and the area 0; and the aforesaid 
segments are less than the area ©; therefore the 
remainder, the surface between AA, AT is greater 
than the triangle AAT, 


Prop. 10 
If tangents be drawn to the circle which is the base of 
an [isosceles] cone, being in the same plane as the circle 
and meeting one another, and from the points of contact 
and the point of meeting straight lines be drain to the 
vertex of the cone, the triangles formed by the tangents 
and the lines drawn to the vertex of the cone are tagether 
greater than -s eh niga of the surface of the cone included 
by them. . 
Prop. 12 
» From what has been proved it is clear that, if 
a pyramid is inseribed in an isosceles cone, the surface 
of the pyramid without the base is less than the 
surface of the cone [Prop. 9], and that, if a pyramid 


* The proof is on lines similar to the preceding proposition. 
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βάσεως ἐλάσσων ἐστὶ τῆς ἐπιφανείας τοῦ κώνου 


χωρὶς τῆς βάσεως), καὶ ὅτι, ἐὰν περὶ κῶνον 
ἰσοσκελῆ πυραμὶς περιγρωῤψῇ, ἡ ἐπιφάνεια τῆς 
πυραμίδος χωρὶς τῆς βάσεως μείξων ἐστὶν τῆς 
ἐπιφανείας τοῦ κώνου χωρὶς τῆς βάσεως [κατὰ τὸ 
συνεχὲς ἐκείνῳ]. Ἶ ι | 

Φανερὸν δὲ ἐκ τῶν ἀποδεδειγμένων, ὅτι τε, ἐὰν 
εἰς κύλινδρον ὀρθὸν πρίσμα ἐγγραφῇ, % ἐπυῤάνεια 
τοῦ πρίσματος ἡ ἐκ τῶν παραλληλογράμμων 
υγκειμένη ἐλάσσων ἐστὶ τῆς ἐπιφανείας τοῦ 
υλίνδρου χωρὶς τῆς βάσεως [ἔλασσον γὰρ ἕκαστον 
παραλληλόγραμμον τοῦ πρίσματός ἐστι τῆς καθ᾽ 
αὐτὸ τοῦ κυλίνδρου ἐπυῤανείας)," καὶ ὅτι, ἐὰν περὶ 
κύλινδρον ὀρθὸν πρίσμα περιγραφῇ, ἡ ἐπιφάνεια 
τοῦ πρίσματος ἡ ἐκ τῶν παραλληλογράμμων συγ- 
κειμένη μείζων ἐστὶ τῆς ἐπιφανείας τοῦ κυλίνδρου 

ς τῆς βάσεως. 





ἐγ" 


Παντὸς κυλίνδρου ὄρθοῦ ἡ ἐπιῤάνεια χωρὶς τῆς 
βάσεως ἴση ἐστὶ κύκλῳ, οὗ ἡ ἐκ τοῦ κέντρου μέσον 
λόγον ἔχει τῆς πλευρᾶς τοῦ κυλίνδρου καὶ τῆς 
διαμέτρου τῆς βάσεως τοῦ κυλίνδρου. 

᾿Βστω κυλίνδρου τινὸς ὀρθοῦ βάσις ὁ A κύκλος, 
καὶ ἔστω τῇ μὲν διαμέτρῳ τοῦ A κύκλου ἴση ἡ 
ΓΔ, τῇ δὲ πλευρᾷ τοῦ κυλίνδρου ἡ ΕΖ, ἐχέτω δὲ 
«ἔσον λόγον τῶν AT, EZ ἡ H, καὶ κείσθω κύκλος, 
οὗ ἡ ἐκ τοῦ κέντρου ἴση ἐστὶ τῇ H, ἃ B: δεικτέον, 
ὅτε ὁ Β κύκλος ἴσος ἐστὶ τῇ ἐπιφανείᾳ τοῦ κυλίνδρου 
χωρὶς τῆς βάσεως. 

γὰρ μή ἔστιν ἴσος, Fro μείζων ἐστὶ ἢ 
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is circumscribed about an isosceles cone, the surface 
of the pyramid without the base is greater than the 
surface of the cone without the base [Prop. 10). 

From what has been demonstrated it is also cleat 
es if if ht prism be Scena a cylinder, the 
suriace of the prism composed of the parallelograms 
is less than the surface of the eves excluding 
the bases * [Prop. 11], and if a right prism be circum- 
scribed about a cylinder, the surface of the prism 
composed of the parallelograms is greater than the 
surface of the cylinder ateliding the bases. 


Prop. 13 
The surface of any right cylinder excluding the bases ὃ 
is equal to a circle whose radius ἐν a mean proportional 
belmeen the side of the cylinder and the diameter of’ the 
base of the cylinder, 

Let the circle A be the base of a right eylinder, let 
PA be equal to the diameter of the circle A, let EZ 
be equal to the side of the cylinder, let H be a mean 
proportional between AI’, EZ, and let there be set 
out a circle, B, whose radius is equal to H; it is 
required to prove that the circle B is equal to the 
surface of the cylinder excluding the bases.’ 

For if it is not equal, it is either greater or less, 

* Here, and in other places in this and the next proposi- 
tion, Archimedes oust have written χωρὶς τῶν βάσεων, not 

Ἐ ἕκαστον. .. βάσεως, Heiberg suspects that thia de- 
monstration is fabeerictedl Whe atte a aiken of aire 

is 

2 word... ἐκείνῳ om. Heiberg. 

᾿ cor . 5 Woden, Nalitey suspects that this 
proof is interpolated. 
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ἐλάσσων. ἔστω πρότερον, ef Sovardy, ἔλάσσων. 
δύο δὴ μεγεθῶν ὄντων ἀνίσων τῆς τε ἐπιφανείας 
τοῦ κυλίνδρου καὶ τοῦ Β κύκλου δυνατόν ἔστιν εἰς 
τὸν Β κύκλον ἰσόπλευρον πολύγωνον ἐγγράψαι 
καὶ ἄλλο περιγράψαι, ὥστε τὸ περιγραφὲν πρὸς 
τὸ ἐγγραφὲν ἐλάσσονα λόγον ἔχειν τοῦ, ὃν ἔχει 
ἡ ἐπιφάνεια τοῦ κυλίνδρου πρὸς τὸν Β κύκλον. 
νοείσθω δὴ περιγεγραμμένον καὶ ἐγγεγραμμένον, 
καὶ περὶ τὸν A κύκλον περιγεγράφθω εὐθύγραμμον 
ὅμοιον τῷ περὶ τὸν Β περιγεγραμμένῳ, καὶ 
ἀναγεγράφθω ἀπὸ τοῦ εὐθυγράμμου πρίσμα" ἔσται 
δὴ περὶ τὸν κύλινδρον περιγεγραμμένον. ἔστω 
δὲ καὶ τῇ περιμέτρῳ τοῦ εὐθυγράμμου τοῦ περὶ 

* One ms, has the marginal note, “equalis altitudinis 
chylindro,” on which Heiberg comments: “nee hoe 


omiserat Archimedes,” Heiberg notes several places in 
which the text is clearly not that written by Archimedes, 
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Let it first be, if possible, less. Now there are two 
unequal magnitudes, the surface of the cylinder and 
the circle B, and it is possible to inscribe in the circle B 
an equilateral polygon, and to circumseribe another, 
so that the circumscribed has to the inscribed a ratio 


=k A 








less than that which the surface of the cylinder has 
to the circle B[Prop. 8]. Let the circumscribed and 
inscribed polygons be imagined, and about the circle 
A let there be circumscribed a rectilineal figure 
similar to that circumscribed about B, and on the 
rectilineal figure let a prism be erected *; it will be 
circumscribed about the cylinder. Let KA be equal 
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τὸν A κύκλον ἴση ἡ KA καὶ τῇ KAT ἡ AZ, τῆς 
δὲ TA Suboeis: δότω ἡ rT. ἔσται δὴ τὸ KAT 
τρίγωνον ἴσον τῷ περιγεγραμμένῳ εὐθυγράμμῳ 
περὶ τὸν κύκλον [ἐπειδὴ βάσιν μὲν ἔχει τῇ περι- 

τρῳ ἴσην, ὕψος δὲ ἴσον τῇ ἐκ τοῦ κέντρου τοῦ 
A κύκλου), τὸ δὲ EA παραλληλόγραμμον τῇ 
ἐπιφανείᾳ τοῦ πρίσματος τοῦ περὶ τὸν κύλινδρον 
περιγεγραμμένου [ἐπειδὴ περιέχεται ὑπὸ τῆς 
πλευρᾶς τοῦ κυλίνδρου καὶ τῆς ἴσης τῇ wePtHer pw 
τῆς βάσεως τοῦ πρίσματος} κείσθω δὴ τῇ OE 
ἔση ἡ ἘΡ- ἴσον ἄρα ἐστὶν τὸ ZPA τρίγωνον τῷ 
ΕΛ παραλληλογράμμῳ, ὥστε καὶ τῇ ἐπιφανείᾳ 
τοῦ πρίσματος. καὶ ἐπεὶ ὅμοιά ἔστιν τὰ εὐθε- 
Ῥαμμα τὰ περὶ τοὺς A, B κύκλους περιγεγραμ- 
ee τὸν αὐτὸν ἕξει λόγον [τὰ εὐθύγραμμα], παρ 
αἱ ἐκ τῶν κέντρων δυνάμει: ἔξει ἄρα τὸ KTA 
τρίγωνον πρὸς τὸ περὶ τὸν Β κύκλον εὐθύγραμμον 
λόγον, ὧν ἡ TA πρὸς H δυνάμει [at γὰρ TA, H 
ἴσαι εἰσὶν ταῖς ἐκ τῶν κέντρων]. ἀλλ᾽ ὃν ἔχει 
λόγον ἡ ΤΔ πρὸς Η δυνάμει, τοῦτον ἔχει τὸν λόγον 
ἦ TA πρὸς PZ μήκει [ἡ yap H τῶν TA, PZ μέση 
ἐστὶ ἀνάλογον διὰ τὸ καὶ τῶν TA, EZ- πῶς δὲ 
τοῦτο; ἐπεὶ γὰρ ἴση ἐστὶν ἡ per AT τῇ ΤΙ, ἡ 
δὲ PE τῇ EZ, διπλασία ἄρα Bats ἢ ΓΔ τῆς TA, 
καὶ ἡ py τῆς PE- ἔστιν dpa, ὡς ἡ AT πρὸς AT, 
οὕτως ἡ PZ πρὸς ZE. τὸ ἄρα ὑπὸ τῶν ΓΔ, EZ 
igor ἐστὶν τῷ ὑπὸ τῶν TA, PZ. τῷ δὲ ὑπὸ τῶν 
ΓΔ, EZ ἴσον ἐστὶν τὸ ἀπὸ Η- καὶ τῷ thro τῶν 
TA, PZ ἄρα ἴσον ἐστὶ τὸ ἀπὸ τῆς Η, ἔστιν ἄρα, 

ἐπειδὴ. . . κύκλου om. Helberg, 
. ἐπειδὴ - + 5 πρίσματος OM. Heiberg, 
ἢ τὰ εὐθύγραμμα om, Torellius, 
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to the perimeter of the rectilineal figure about the 
circle A, let AZ be equal to KA, and let T'T be half 
of TA; then the triangle KAT will be equal to the 
rectilineal figure circumscribed about the circle ἡ. 
while the parallelogram EA will be equal to the 
surface of the prism cireumseribed about the evlinder." 
Let EP be set out equal to EZ; then the triangle 
ZPA is equal to the parallelogram EA [Eucl. i. 41], 
and so to the surface of the prism. And since the 
rectilineal figures cireumseribed about the circles A, 
Bare similar, they will stand in the same ratio as the 
squares on the radii*; therefore the triangle KTA 
will have to the rectilineal figure circumscribed about 
the circle Β the ratio ΤΑΣ : H®. 

But ΤΑΣ; H®=TA: PZ4 


* Because the base KA is equal to the imeter of the 
polygon, and the altitude AT is equal to the radius of the 
cle A, ἕο, to the diculars drawn in the centre of 
A to the sides. of the poygon. 
ὃ Bese τος ofthe μοὶ ΠΕΠΟ ΘΗ͂ΒΑΙ riba aot - is equal 
n formin se of the prism, 
while we beuigenn i polyes al to the 1 e of the cylinder and 
thercfore to the he 


" Eutoclus sup ies a of the prim on Eucl. xii. 1, which 
proves a similar theorem for ΕΣ figures. 
“ For, by hypothesis, H? = 
Sars ἽΡΖ 
=TS 


ea would delete the demonstration in the text on the 
ground of excessive verbosity, as Nizze had already percelyed 
to be necessary, 
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ὡς ἡ TA πρὸς H, οὕτως ἡ Η πρὸς PZ: ἔστιν ἄρα, 
εἰς ee mpos PZ, τὸ ἀπὸ τῆς TA πρὸς τὸ ἀπὸ 

ἧς H+ ἐὰν γὰρ τρεῖς εὐθεῖαι ἀνάλογον ὦσιν, ἔστιν, 
ὡς ἡ πρώτη πρὸς τὴν τρίτην, τὸ ἀπὸ τῆς πρώτης 
εἶδος πρὸς τὸ ἀπὸ τῆς δευτέρας εἶδος τὸ ὅμοιον καὶ 
ὁμοίως ἀναγεγραμμένον)". ὃν δὲ A you ἔχει ἡ TA 
πρὸς PZ μήκει, τοῦτον ἔχει τὸ KTA τρίγωνον 
πρὸς τὸ PAY, [ἐπειδήπερ ἴσαι εἰσὶν αἱ KA, AZ) 
τὸν αὐτὸν ἄρα λόγον ἔχει τὸ KTA τρέγωνον πρὸς 
τὸ εὐθύγραμμον τὰ περὶ τὸν B κύκλον περιγεγραμ- 
μένον, ὅνπερ τὸ Τ τρίγωνον πρὸς τὸ PZA 
τρίγωνον. ἴσον ἄρα ἐστὶν τὸ ZAP τρίγωνον τῷ 
περὶ τὸν B κύκλον περιγεγραμμένω εὐθυγράμμῳ" 
ὥστε καὶ ἡ ἐπιῤάνεια τοῦ πρίσματος τοῦ περὶ τὸν 
A κύλινδρον περιγεγραμμένου τῷ εὐθυγράμμῳ τῷ 
περὶ τὸν Β κύκλον ἴσὴ ἐστίν. καὶ ἐπεὶ ὀλάσσομα 
λόγον ἔχει τὸ εὐθύγ' μμὸν τὸ περὶ τὸν Β' κύκλον 
πρὸς τὸ ἐγγεγραμμένον ἐν τῷ κύκλῳ τοῦ, ὃν ἔχει 
ἐπιφάνεια τοῦ A κυλίνδρου πρὸς τὸν B κύκλον, 
ἐλάσσονα λόγον ἕξει καὶ ἡ ἐπιφάνεια τοῦ πρίσματος 
τοῦ περὶ τὸν κύλινδρον περιγεγραμμένου πρὸς τὸ 
εὐθύγραμμον τὸ ἐν τῷ κύκλῳ τῶ "φραθοθῖν ἀρ ρπις 
ἥπερ ἡ ἐπιφάνεια τοῦ κυλίνδρου πρὸς τὸν B κύκλον. 
καὶ ἐναλλάξ' ὅπερ ἀδύνατον [ἢ μὲν γὰρ ἐπιφάνεια 
τοῦ πρίσματος τοῦ περιγεγραμμένου περὶ τὸν 
κύλινδρον μείζων οὖσα δέδεικται τῆς ἬΡΡΒΡΙ 
τοῦ κυλίνδρου, τὸ δὲ ἐγγεγραμμένον εὐθύγραμμον 
ἐν τῷ EB κύκλῳ ἔλασσόν ἐστιν τοῦ B κύκλου]." 
οὐκ ἄρα ἐστὶν ὁ Β κύκλος ἐλάσσων τῆς ἐπιφανείας 
τοῦ κυλίνδρου. | 


Ὁ ἡ γάρ τ ὁμοίως ἀραγεγραμμ évor orm. Heiberg, 
7 amcudiren -α' ἃ KA, AS {ΠΠ|᾿. Heiberg, - 
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And TA: P4é=triangle KTA : triangle PAZ.* 


Therefore the ratio which the triangle KTA has to 
the rectilineal figure circumseribed about the circle B 

is the same as the ratio of the triangle TKA to the 
triangle PZA. Therefore the triangle TKA is equal 
to the rectilineal figure circumscribed about the 
cirele B [Eucl. y, 9]; and so the surface of the prism 
circumseribed about the cylinder A is equal to the 
rectilineal figure about B. And since the rectilineal 
figure about the circle B has to the inscribed figure 
in the circle a ratio less than that which the surface 
of the cylinder A has to the circle B [er Aypothesi], 
the surface of the prism circumscribed about the 
eylinder will have to the rectilineal figure inscribed 
in the circle B a ratio less than that which the 
surface of the cylinder has to the circle B; and, 
permutando, [the prism will have to the cylinder a 
ratio less than that which the rectilineal figure in- 
scribed in the circle B has to the circle B)*; which 
is absurd.* Therefore the cirele B is not less than 
the surface of the ane 


r pes τδδον thse’ βαρεῖ a ik ΟΝ aicdones las ΡΟΣ Than thee μεν τὰ 

of the cylinder [Prop. 19], but the inseribed figure is leas than 
the circle B; the explanation in our text to this effect is 
shown to be an interpolation by the fact that Eutocius sup- 
plies a proof in his own words, 


ἢ way... τοῦ es om. Helberg ex Butoclo, | 
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πολύγωνον ὅμοιον τῷ els τὸν B κύκλον ἐγγεγραμ- 
μένω, καὶ πρίσμα ἀραγτ μάθω ἀπὸ τοῦ ἐν τῶ 
κιΐκλι ee ἔνε τολυγεῶ ᾿ 


ΚΔ ἔστω τῇ περιμέτρῳ τοῦ εὐθυγράμμου τοῦ 


αὐτῇῷ ἔστω. ἔσται δὴ τὸ μὲν KTA τρίγωνον 
μειξον τοῦ εὐθυγράμμου τοῦ ἐν 7 A κύκλῳ ἐγ- 
γεγραμμένου [διότι βάσιν μὲν ἔχει τὴν περίμετρον 
αὐτοῦ, ὕψος δὲ μεῖζον τῆς ἀπὸ τοῦ κέντρου ἐπὶ 
play πλευρὰν τοῦ πολυγώνου ἀγομένης καθέτου], 
τὸ δὲ ΕΛ παραλληλόγραμμον ἴσον τῇ ἐπιφανείᾳ 
τοῦ πρίσματος τῇ ἐκ τῶν παραλληλογράμμων 
πνκειμένῃ [διότι περιέχεται ὑπὸ τῆς πλευρᾶς τοῦ 
κυλώνδέου καὶ τῆς ἴσης τῇ περιμέτρῳ τοῦ εὐθυ- 
γράμμου, 6 ἐστιν βάσις τοῦ πρίσματος)" ὥστε καὶ 
τὸ PAZ τρίγωνον ἴσον δστὶ τῇ ἐπιφανείᾳ τοῦ 
πρίσματος. καὶ ἐπεὶ ὅμοιά ἐστι τὰ εὐθύγραμμα 
τὰ ἐν τοῖς A, B κύκλοις ἐγγεγρα ἕνα, τὸν αὐτὸν 
ἔχει λόγον πρὸς ἄλληλα, ἂν αἱ ἐκ τῶν κέντρων 
αὐτῶν δυνιεμει, ἔχει δὲ καὶ τὰ ΚΤΔ, ZPA 
τρίγωνα πρὸς ἄλληλα λόγον, ὃν αἱ dx τῶν κέντρων 


i 


τῶν κύκλων δυνάμει" τὸν αὐτὸν dpa λόγον ἔχει 
| Sire... καθέτου om, Heiberg. 
* For the base KA is ¢ ual to the perimeter of the polyron 


and the altitude AT, which js equal to the radius of the 
T4 
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Now let it be, if possible, greater. Again, let there 


be imagined a rectilineal figure inscribed in the 
circle B, and another circumscribed, so that the cir- 
cumscribed figure has to the inscribed a ratio less 
than that which the circle B has to the surface of 
the cylinder [Prop. 5], and let there be inscribed in 
the cirele A a polygon similar to the figure inscribed 
in the circle B, and let a prism be erected on the 
polygon inscribed in the circle [A]; and again 
let be equal to the perimeter of the rectilineal 
figure inscribed in the circle A, and let ZA be equal 
to it. Then the triangle KTA will be ὐεκῖες than 
the rectilineal figure inscribed in the circle A,* and 
the parallelogram EA will be equal to the surface 
of the prism composed of the parallelograms*; and 
so the triangle PAZ is equal to the surface of the 
prism, And since the rectilineal figures inscribed 
in the circles A, B are similar, they have the same 
ratio one to the other as the squares of their radii 
[ἔπιε]. xii. 1). But the triangles KTA, ZPA have 
one to the other the same ratio as the squares of the 
radii®; therefore the rectilineal figure inscribed in 


cirele A, is greater than the perpendiculars drawn from the 
centre of the circle to the sides of the polygon; but Heiberg 

δε the explanation to this effect in the text as an inter- 
polation, 

* Because the base ZA is made equal to KA, and so is 
equal to the perimeter of the polygon forming the base of 
the prism, while-the altitude, M4 is equal to the side of the 
cylinder and therefore to the height of the prism, 

© For triangle KTA: triangle 2PA=TA: ZP 

=TA'; Ht 
[τ p. Tl ἢ ἃ. 


But Τὰ is equal to the radius of the circle A, and H to the 
radius of the circle B, 


TS 


GREEK MATHEMATICS 


τὸ εὐθύν μὸν τὸ ἐν τῷ Α κύκλῳ ἐγγεγραμμένον 
πρὸς τὸ εὐθύγραμμον τὸ ἐν τῷ B δ γε ραμμένον 
καὶ τὸ KTA τρίγωνον πρὸς τὸ AZP τρίγωνον, 
ἔλασσον δὲέ ἐστι τὸ εὐθύγραμμον τὸ ἐν τῷ A κύκλῳ 
ἐγγεγραμμένον τοῦ ΚΊ Δ τριγώνου- ἔλασσον apa 
καὶ τ ead ypappov τὸ ἐν τῷ B κύκλω ἐγγεγραμ- 
μένον τοῦ ZPA τριγώνου" ὥστε καὶ τῆς ἐπιφανείας 
τοῦ πρίσματος τοῦ ἐν τῷ κυλίνδρῳ ἐγγεγραμμένου" 
ὅπερ ἀδύνατον [ἐπεὶ γὰρ ἐλάσσονα λόγον ἔχει τὸ 
περιγεγραμμένον εὐθύγραμμον περὶ τὸν Β κύκλον 
πρὸς TO ἐγγεγραμμένον ἢ ὁ Β κύκλος πρὸς τ 

Φφάνειαν τοῦ κυλίνδρου, καὶ ἐναλλάξ, μεῖζον δέ 
ἐστι τὸ περιγεγραμμένον περὶ τὸν Β κύκλον τοῦ Β 






κύκλου, μεῖζον ἄρα ἐστὶν τὸ ραμμένον ἐν 

τῷ Β κύκλῳ τῆς ἐπιφανείας τοῦ κυλίνδρου. Gare 

καὶ τῆς ἐπιῤανείας τοῦ πρίσματος} οὐκ ἄρα 
i ra 


μείζων ἐστὶν ὁ B κύκλος τῆς ἐπιφανείας τοῦ 
κυλίνδρου. ἐδείχθη δέ, ὅτι οὐδὲ ἐλάσσων" ἴσος 


corer. 
inf 


Παντὸς κώνου ἱπσοασκελοῦς + ωρὶς τῆς βάσεως 
ἡ ἐπιφάνεια ἴση ἐστὶ κύκλῳ, οὗ ἡ ἐκ τοῦ κέντρου 
μέσον λόγον ἔχει τῆς πλευρᾶς τοῦ κώνου καὶ τῆς 
ἐκ τοῦ κέντρον τοῦ κύκλου, ὅς ἐστιν βάσις τοῦ 

κιώνου. 
"Ἕστω κῶνος ἰσοσκελής, οὗ βάσις ὁ A κύκλος, 
ἡ δὲ ἐκ τοῦ κέντρου ἕστω ἡ Γ, τῇ δὲ πλευρᾷ τοῦ 
ὁ Gre... πρίαματος om. Heiberg, 


. For sinos the ure circumseribed about " circle Ei Ἢ 
to the inscribed fans a ratio less than that which the cirele B 
has to the surface of the cylinder [ex hypothest|, and the 
circle B is less than the circumscribed figure, therefore the 
τὸ 
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the cirele A has to the rectilineal figure inscribed 
in the circle B the same ratio as the triangle ΚῚ Δ 
has to the triangle ΑΖΡ, But the rectilineal figure 
inscribed in the circle A is less than the triangle 
KTA; therefore the rectilineal figure inseribed in 
the circle B is less than the triangle ZPA ; and soit 
is less than the surface of the prism inscribed in the 
eylinder; which is impossible.* Therefore the circle 
B is not greater than the surface of the evlinder. 
But it was proved not to be less, Therefore it is 
equal, 


Prop. 14 

The surface af any cone without the base is equal to 
a circle, whose radius is a mean proportional betireen 
the side of the cone and the radius of the circle which is 
the base of the cone. 

Let there be an isosceles cone, whose base is the 
circle A, and let its radius be I’, and let A be equal 
inscribed figure is greater than the surface of the cylinder, 
and ἃ fortiori is greater than the surface of the prism [Prop. 
12]. An explanation on these lines is found in our text, but 
as the corresponding proof in the first half of the proposition 
was unknown to Eutocius, this also must be presumed an 


interpolation, 
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ae ας τοι πε ts νῶρ ἰδὲ Γ, Δ μέση ἀνάλογον 
ἡ E, 6 δὲ Β κύκλος ἐχέτω τὴν ἐκ τοῦ κέντρου 
τῇ E tony: λέγω, ὅτι ὁ Β κύκλος ἐστὶν ἴσος τῇ 
ἐπιφανείᾳ τοῦ κώνου χωρὶς τῆς βάσεως. 

Et γὰρ μή ἐστιν ἴσος, ἤτοι μείζων ἐστὶν ἢ 
ἐλάσσων. ἔστω πρότερον ἐλάσσων. ἔστι δὴ δύο 
μεγέθη ἄνισα ἢ τε ἐπυῤάνεια τοῦ κώνου καὶ d B 
κύκλος, καὶ μείζων ἡ ἐπιφάνεια τοῦ κώνου" δυνα- 
τὸν apa eis τὸν Β κύκλον πολύγωνον ἰσόπλευρον 
ἐγγράψαι καὶ ἄλλο περιγράψαι ὅμοιον τῷ ἐγγε- 
γραμμένῳ, wore τὸ περιγεγραμμένον πρὸς τὸ ἐγ- 
γεγραμμένον ἐλάσσονα λόγον ἔχειν τοῦ, ὃν ἔχει Ἢ 
ἐπιφάνεια τοῦ κῶνον πρὸς τὸν Β ξύλον: νοείσθω 
δὴ καὶ περὶ τὸν Α κύκλον πολύγωνον περιγε- 
γραμμένον ὅμοιον τῷ περὶ τὸν Β κύκλον περι- 
γεγραμμένῳ, καὶ ἀπὸ τοῦ περὶ τὸν Α κύκλον 
περιγεγραμμένου πολυγώνου πυραμὶς ἀνεστάτω 
ἀναγεγραμμένη τὴν αὐτὴν κορυφὴν ἔχουσα τῷ 


κώνῳ. ἐπεὶ οὖν ὅμοιά ἐστιν τὰ πολύγωνα τὰ πε pi 
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to the side of the cone, and let E be a mean propor- 
tional between I’, 4, and let the circle B have its 





radius equal to E; I say that the circle B is equal to 
the surface of the cone without the base. 

For if it is not equal, it is cither greater or less. 
First let it be less. Then there are two unequal 
pence, the surface of the cone and the circle B, 

nd the surface of the cone is the greater; it is 
therefore possible to inscribe an equilateral polygon 
in the circle B and to cireumscribe another similar 
to the inseribed polygon, so that the circumscribed 
polygon has to the inseribed polygon a ratio less than 
that which the surface of the cone has to the circle Β 
[Prop. 5]. Let this be imagined, and about the 
circle A let a polygon be circumscribed similar to 
the polygon circumscribed about the cirele B, and on 
the polygon circumscribed about the circle A let a 
pyramid be raised having the same vertex as the 
cone, Now since the polygons circumscribed about 
τὸ 
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τοὺς A, Β κύκλους περιγεγραμμένα, τὸν αὐτὸν 
ἔχει λόγον πρὸς ἄλληλα, ὃν αἱ ἐκ τοῦ κέντρου 
δυνάμει πρὸς ἀλλήλας, τουτέστιν dv ἔχει ἡ Γ' πρὸς 
Εἰ δύναμει, τουτέστιν ἡ Γ πρὸς ἃ μήκει. ἂν δὲ 
λόγον ἔχει ἡ Τ' πρὸς A μήκει, τοῦτον ἔχει τὸ 
περιγεγραμμένον πολύγωνον περὶ τὸν Α κύκλον 
πρὸς τὴν ἐπιφάνειαν τῆς πυραμίδος τῆς περι- 
γεγραμμένης περὶ τὸν κῶνον [ἡ μὲν yap Γ' ἴση 
ἐστὶ τῇ ἀπὸ τοῦ κέντρου καθέτῳ ἐπὶ μίαν πλευρὰν 
τοῦ πολυγώνου, ἡ δὲ A τῇ πλευρᾷ τοῦ κώνου" 
κοινὸν δὲ ὑῴος ἡ περίμετρος τοῦ πολυγώνου πρὸς 
τὰ ἡμίση τῶν ἐπιφανειῶν])" τὸν αὐτὸν ἄρα λόγον 
ἔχει τὸ εὐθύγραμμον τὸ περὶ τὸν A κύκλον πρὸς 
τὸ εὐθύγραμμον τὸ περὶ τὸν B κύκλον καὶ αὐτὸ τὸ 
εὐθύγραμμον πρὸς τὴν ἐπιφάνειαν τῆς πυραμίδος 
τῆς περιγεγραμμένης περὶ τὸν κῶνον. ὥστε ἴση 
ἐστὶν ἡ ἐπιφάνεια τῆς πυραμίδος τῷ εὐθυγράμμῳ 
τῷ περὶ τὸν Β κύκλον περιγεγραμμένω, ἐπεὶ οὖν 
ἐλάσσονα λόγον ἔχει τὸ εὐθύγραμμον τὸ περὶ τὸν B 
κύκλον περιγεγραμμένον πρὸς τὸ ἐγγεγραμμένον 
ἥπερ ἡ ἐπιφάνεια τοῦ κώνου πρὸς τὸν B κύκλον, 
ἐλάσσονα λόγον ἕξει ἡ ἐπιφάνεια τῆ; πυραμίϑος 
τῆς περὶ τὸν κῶνον περιγεγραμμένης πρὸς τὸ 
εὐθύγραμμον τὸ ἐν τῷ ἢ κύκλῳ ἐγγεγραμμένον 
ἥπερ ἡ ἐπιφάνεια τοῦ κώνου πρὸς τὸν Β κύκλον" 
ὅπερ ἀδύνατον [ἡ μὲν γὰρ ἐπιφάνεια τῆς wupa- 
pelos μείζων οὖσα δέδεικται τῆς ἐπιφανείας τοῦ 
κώνου, τὸ δὲ ἐγγεγραμμένον εὐθύγραμμον ἐν τῷ B 
κύκλῳ ἔλασσον ἔσται τοῦ Β κύκλου]. οὐκ ἄρα ὦ B 
κύκλος ἐλάσσων ἔσται τῆς ἐπιφανείας τοῦ κώνου. 
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the circles A, B are similar, they have the same ratio 
one toward the other as the square of the radii have 
one toward the other, that is ΓΞ: EY, or 2A | Buel. 
vi. 20, coroll, 9]. But I’: Ais the same ratio as that 
of the polygon circumscribed about the circle A to 
the surface of the pyramid circumscribed about the 
cone *; therefore the rectilineal figure about the 
circle A has to the rectilineal figure about the cirele B 
the same ratio as this rectilineal figure [about A] has 
to the surface of the pyramid circumseribed about the 
cone; therefore the surface of the pyramid is equal 
to the rectilineal figure circumscribed about the 
circle B, Since the rectilineal figure circumseribed 
about the circle B has towards the inscribed [recti- 
lineal figure] a ratio less*than that which the surface 
of the cone has to the cirele B, therefore the surface 
of the pyramid circumscribed about the cone will 
have to the rectilineal figure inscribed in the circle B 
a ratio less than that which the surface of the cone 
has to the circle B ; which is impossible." Therefore 
the circle B will not be less than the surface of the 
cone. 

* For the circumscribed poly, is equa! , ᾿ 
whose base is equal to tha ph eretee of the pines ea 
whose height is equal to I, while the surface of the pyramid 
is equal to a triangle having the same base and height A 
[Peep 8], ‘There is an explanation to this effect in the Greek, 
but ἘΠ ΝΣ ΠΗ͂Σ wo that Heiberg attributes it to an 
interpolator. 
ot ne Boe ἘΝ ΜΠ ta esta he nfo 

he cone pp + while the inseribed 0 
than'the cies Be ae 





ὁ ἡ μὲν... ἐπιῤανειῶν om. Helberg, 
" ἡ μὲν . ahs sara thi Heiberg. 
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Λέγω δή, ὅτι οὐδὲ μείζων. εἰ γὰρ δυνατόν 
ἐστιν, ἔστω μείζων. πάλιν δὴ νοείσθω εἰς τὸν B 
κύκλον πολύγωνον ἐγγεγραμμένον καὶ ἄλλο περι- 
γεγραμμένον, ὥστε τὸ περιγεγραμμένον πρὸς τὸ 
ἐγγεγραμμένον ἐλάσσονα λόγον ἔχειν τοῦ, ὃν ἔχει 
ὦ Β κύκλος πρὸς τὴν ἐπιφάνειαν τοῦ κώνου, καὶ 
εἰς τὸν A κύκλον νοείσθω ἐγγεγραμμένον πολύ- 
γῶνον ὅμοιον τῷ εἰς τὸν B κύκλαν ἐγγεγραμμένῳ, 
καὶ ἀναγεγράφθω ἀπ᾽ αὐτοῦ πυραμὶς τὴν αὐτὴν 
κορυφὴν ἐ ἔχουσα τῷ κώνῳ. ἐπεὶ οὖν ὅμοιά ἐστι 
τὰ ἐν τοῖς A, Β κύκλοις ὁ ἐγγεγρᾳμμένα, τὸν αὐτὸν 
ἕξει λόγον πρὸς ἄλληλα, ὧν αἱ ἐκ τῶν κέντρων 
δυνάμει πρὸς ἀλλήλας" τὸν αὐτὸν ἄρα λόγον ἔχει 
τὸ πολύγωνον πρὸς τὸ πολύγωνον καὶ ἡ Γ πρὸς 
τὴν ἃ μήκει. ἡ δὲ Γ πρὸς τὴν Δ μείζονα λόγον 
ἔχει ἢ τὸ πολύγωνον τὸ ἐν τῷ A κύκλῳ ἐγγεγραμ- 
μένον πρὸς τὴν ἐπιφάνειαν τῆς πυραμίδος τῆς 
ἐγγεγραμμένης εἷς τὸν κῶνον [ἡ γὰρ ἐκ τοῦ κέν- 
τρου τοῦ A κύκλου πρὸς τὴν πλευρὰν τοῦ κώνου 
peilova λόγον ἔχει Ἧπερ ἡ ἀπὸ τοῦ κέντρου ἀγο- 
μένη κάθετος ἐπὶ μίαν πλευρὰν τοῦ πολυγώνου 
πρὸς τὴν ἐπὶ τὴν πλευρὰν τοῦ πολυγώνου κάθε- 
τὸν ἀγομένην ἀπὸ τῆς κορυφῆς τοῦ κώνου ᾽" μεί- 

δ ἡ γόρ.,, τοῦ κώνου om. Heiberg. 


a=! 





* Eutocius suppl aproof. ZK is the polygon inscribed 
in the circle A (of centre A), AH is drawn perpendicular to 
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I say now that neither will it be greater, For if it 
is possible, let it be greater. Then again let there 
be imagined a polygon inscribed in the circle B and 
another circumscribed, so that the circumscribed has 
to the inscribed a ratio less than that which the 
circle B has to the surface of the cone [Prop. 5], and 
in the circle A let there be imagined an inscribed 
polygon similar to that inscribed in the circle B, and 
on it let there be drawn a pyramid having the same 
vertex as the cone. Since the polygons inscribed in 
the circles A, B are similar, therefore they will have 
one toward the other the same ratio as the squares of 
the radii have one toward the other: therefore the 
one polygon has to the other polygon the same ratio 
as I’ to 4 [Euel. vi. 20, coroll, 2], But I’ has to Aa 
ratio greater than that which the polygon inscribed 
in the circle A has to the surface of the pyramid 
inscribed in the cone *; therefore the polygon in- 


KO and meets the circle in M, A is 
the vertex of the isosceles cone (so 
that AH is perpendicular to Ko), 
and ΗΝ is drawn parallel to MA to 
meet AAin N. ‘Then the area of the 
polygon inseribed in the circle=} 
perimeter of polygon. AH, and the 
area of the pyramid inseribed in 
the come=4 perimeter of poly 
gon. AH, so that the area of the 
polygon has to the area of the 
Rubs the ratio AH: AH. Now, 

y similar triangles, AM: ΜᾺ τ 
AH: HN,and AH: HN>AH: HA, ἃ; 
for HAHN. Therefore AM: ΜᾺ" Md 


A 
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fora ἄρα λόγον ἔχει τὰ πολύγωνον τὸ ἐν τῷ A 
κύκλῳ ἐγγεγραμμένον πρὸς τὸ πολύγωνον τὸ ἐν 
τῷ Ὦ ἐγγεγραμμένον ἢ αὐτὸ τὸ πολύγωνον πρὸς 
ἣν ἐπιφάνειαν τῆς πυραμίδας. ποίσω τ ἃ ἐστὶν 
ἡ ἐπ a τῆς πυραμίδος τοῦ ἐν τῷ B πολυγώ- 
vou ἐγγεγραμμένου. ἐλάσσονα δὲ λόγον ἔχει τὸ 
πολύγωνον τὸ περὶ τὸν Β κύκλον περιγεγραμμέ- 
vor πρὸς τὸ ἐγγεγραμμένον ἢ ὦ Β κύκλος πρὸς τὴν 
ἐπιφάνειαν τοῦ κώνου: πολλῷ ἄρα τὸ πολύγωνον 
τὸ περὶ τὸν B κύκλον περιγεγραμμένον πρὸς τὴν 
ἐπιφάνειαν τῆς πυραμίδος τῆς ἐν τῷ κώνῳ ἐγ- 
γεγραμμένης ἐλάσσονα λόγον ἔχει ἢ ὁ Β κύκλος 
πρὸς τὴν ἐπυῤάνειαν τοῦ κώνου" Sr are 
τὸ μὲν γὰρ περιγεγραμμένον πολύγωνον μεῖζάν 
Sail aoe λαοῦ φῇ 4 82 erubdvers τῆς nese καὶ 
τῆς ἐν τῷ κώνῳ ἐλάσσων ἐστὶ τῆς ἐπιφανείας τοῦ 
Kwvov].’ οὐκ ἄρα οὐδὲ μείζων ἐστὶν ὁ κύκλος τῆς 
ἐπιφανείας τοῦ κώνου. ἐδείχθη δέ, ὅτι οὐδὲ 


ts 

_ “Edy κῶνος ἰσοσκελὴς ἐπιπέδῳ τμηθῇ παραλ- 
λήλῳ τῇ βάσει, τῇ μεταξὺ τῶν ΡΣ 
πέδων ἐπιφανείᾳ τοῦ κώνου ἴσος ἐστὶ κύκλος, οὗ 
ἡ ἐκ τοῦ κέντρου μέσον λόγον ἔχει τῆς τε πλευρᾶς 
τοῦ κώνου τῆς μεταξὺ τῶν παραλλήλων ἐπιπέδων 
καὶ τῆς ἴσης ἀμφοτέραις ταῖς ἐκ τῶν κέντρων τῶν 
κύκλων τῶν ἐν τοῖς παραλλήλοις Bielice:. 

Ἕστω κῶνος, οὗ τὸ διὰ τοῦ ἄξονος τρίγωνον 
ἴσον τῷ ABD, καὶ τετμήσθω παραλλήλῳ ἐπιπέδω 
τῇ βάσει, καὶ ποιείτω τομὴν τὴν AE, ἄξων δὲ τοῦ 
κώνου ἔστω 6 BH κύκλος δέ τις ἐκκείσθω, οὗ ἡ 
Β4 
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scribed in the circle A has to the polygon inscribed in 
the circle B a ratio greater than that which the same 
polygon [inseribed in the cirele A] has to the surface 
of the pyramid; therefore the surface of the pyramid 
is greater than the polygon inscribed in b. Now 
the polygon circumscribed about the circle B has to 
the inseribed polygon a ratio less than that which 
the circle B has to the surface of the cone ; by much 
more therefore the polygon circumscribed about the 
circle B has to the surface of the pyramid inscribed 
in the cone a ratio less than that which the cirele B 
has to the surface of the cone ; which is impossible.s 
‘Therefore the circle is not greater than the surface 
of the cone. And it was proved not to be less; 
therefore it is equal. 


Prop. 16 


[f an isosceles cone be cut by a plane parallel to the 
base, the portion of the surface of the cone between the 
parallel planes is equal to a circle whose radius is a mean 
proportional betmeen the portion of the side of the cone 
between the parallel planes and ἃ straight line equal to 
the sum of the radu of the circles in the parallel planes, 

Let there be a cone, in which the triangle through 
the axis is equal to ABT, and let it be cut by a plane 
paralle] to the base, and let [the cutting plane] make 
the section AE, and let BH the axis of the cone, 


“ For the circumscribed polygon is greater than the 
circle B, but the surface of the inscribed pyramid is less than 
the surface of the cone Sais 1} the explanation to this 
effect in the text is attributed by Heiberg to an interpolator, 





1 χὸ μὲν, τοῦ κώνου om. Helberg. 
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ἐκ τοῦ κέντρου μέση ἀνάλογόν ἐστι τῆς τε ἈΔ καὶ 
συναμφοτέρου τῆς AZ, HA, ἔστω δὲ κύκλος ὁ Ὁ. 


A 





λέγω, ὅτι 6 © κύκλος ἴσος ἐστὶ TH ἐπιφανείᾳ τοῦ 


κύκλου, τὸ δὲ ὑπὸ τῆς AA καὶ συναμφοτέρου τῆς 


ὥστε καὶ ὁ A κύκλος ἴσος ἐστὶ τοῖς K, © κύκλοις. 


δύ 
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and let there be set out a circle whose radius is a 
mean proportional between AA and the sum of δ, 
HA, and let 6 be the circle ; I say that the circle 8 
is equal to the portion of the surface of the cone 
between AF, AT’. 

For let the circles A, K be set out, and let the 
square of the radius of K be equal to the rectangle 
contained by BA, AZ, and let the square of the radius 
of A be equal to the rectangle contained by BA, AH; 
therefore the cirele A is equal to the surface of the 
cone ABI’, while the circle Καὶ is equal to the surface 
of the cone AEB [Prop. 14]. And since 


BA. AH=BA,AZ+AA. (AZ +AH) 


because AZ is parallel to AH,* while the square of 
the radius of A is equal to AB. AH, the square of the 
radius of Καὶ is equal to BA. AZ, and the square of 
the radius of 6 is equal to AA.(AZ + AH), therefore the 
square on the radius of the circle A is equal to the 
sum of the squares on the radii of the circles K, 0; 
so that the circle A is equal to the sum of the circles 


* The proof is given by Eutocius as follows: 
BA: AH=BA; AZ 


as BA. AZ=BA, AH, {Euecl. vi. 18 
But BA.AZ=BA, ἀπ Ἐλὰ. AZ, (Fuel. fi. 1 


ὑπ BA.AH=BA,.AZ4 AA. AZ. 

Let AA. AH be added to both siles, 

Then BA. AH +AA+ AH, 

fads BA.AH=BA ,AZ+AA.AZ%4+ AA. ΛΗ, 
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ἀλλ᾽ ὅ μὲν A ἴσος ἐστὶ τῇ ἐπιφανείᾳ τοῦ BAT 
κώνου, ὁ δὲ K τῇ ἐπυῤανείᾳ τοῦ ABE κώνου- 
λοιπὴ dpa ἡ ἐπυιῤάνεια τοῦ κώνον ἢ μεταξὺ τῶν 
ἀρὰ ere ἐπιπέδων τῶν AE, ΑΓ ἴσῃ ἐστὶ τῷ 
© κύκλῳ. 


εἶ 


Ἐὰν εἰς κύκλον πολύγωνον ἐγγραφῇ ἄρτιο- 
πλευρὸν τε καὶ ἰσόπλευρον, καὶ aba εὐθεῖαι 
ἐπιζευγνύουσαι τὰς πλευρὰς τοῦ πολυγώνου, ὥστε 
αὐτὰς παραλλήλους εἶναι μιᾷ ὁποιαοῦν τῶν ὑπὸ 
δύο πλευρᾶς τοῦ πολυγώνου ὑποτεινουσῶν, αἱ ἐπι- 
ζευγνύουσαι πᾶσαι πρὸς τὴν τοῦ κύκλου διάμετρον 
τοῦτον ἔχουσι τὸν λόγον, ὃν ἔχει ἡ ὑποτείνουσα τὰς 
μιᾷ ἐλάσσονας τῶν ἡμίσεων πρὸς τὴν πλευρὰν τοῦ 

αι vow. 

“Eorw κύκλος 6 ΑΒΓΔ, καὶ ἐν αὐτῷ πολύγωνον 
ἐγγεγράφθω τὸ AEZBHOTMNAAK, καὶ dx 
εζεύχθωσαν αἱ EK, ZA, BA, ΗΝ, @M- δῆλον δή, 
art παράλληλοί εἶσιν τῇ ὑπὸ duo πλευρὰς τοῦ 
τολυγώνου ὑποτεινούσῃ". ey οὖν, ὅτι αἱ εἰρημέναι 
πᾶσαι πρὸς τὴν τοῦ κύκλου διά ἐτρὸν τὴν AT’ τὸν 
αὐτὸν λάγον ἔχουσι τῷ τῆς ΓΕ πρὸς ΕΑ. 

᾿Επεζεύχθωσαν yap ai ZK, AB, HA, ΘΝ: 
πα ἄλληλος ipa ἡ μὲν ZK τῇ EA, ἡ δὲ BA τῇ 
ZK, καὶ ἔτι ἡ μὲν AH τῇ BA, ἡ δὲ ΟΝ τῇ AH, 
καὶ ἡ ΓΜ τῇ ΘΝ [καὶ ἐπεὶ δύο παράλληλοί εἰσιν 
ai EA, KZ, καὶ δύο διηγμέναι εἰσὶν αἱ EK, AO}: 
ἔστιν apa, ws ἡ ἘΞ πρὸς EA, 6 KE πρὸς =O. 
ὡς δ' ἡ KE πρὸς EO, ἡ ZI πρὸς MO, ὡς δὲ 


1 καὶ ἐπεὶ. . . EK, AO om. Heiberg. 
ΒΒ 
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K,®. But A is equal to the surface of the cone BAT, 
while Καὶ is equal to the surface of the cone ABE; 
therefore the remainder, the pertion of the surface 
of the cone between the parallel planes AK, AI’, is 
equal to the circle 6, 


Prop. 21 


If α regular polygon with an even number of sides he 
mscribed tn a circle, and stright lines be draren joing 
the angles ® of the polygon, in such a manner as to be 
parallel to any one whatsoever of the lines subtended bry 
two sides Ψ he polygon, the sum of these connecting lines 
bears to the diameter of the circle the same ratio as the 
straight line subtended by half the sides less one bears to 
the nde of the polygon. 

Let ΑΒΓΔ be a circle, and in it let the polygon 
AEZBHOTMNAAK be inscribed, and let EK, ZA, 
BA, HN, OM be joined; then it is clear that they 
are parallel to a straight line subtended by two sides 
of the polygon"; I say therefore that the sum of the 
aforementioned straight lines bears to AI’, the dia- 
meter of the circle, the same ratio as ΓΕ bears to EA. 

For let ZK, AB, HA, ON be joined; then ZK is 
parallel to EA, BA to ZK, also AH to BA, ΘΝ to AH 
and ΓΜ to ON *: therefore 


ἘΞΊΞΑ =KE: Eo, 
But KE: 20 -Ζ2Π: Πῦ, [Euel. vi. 4 


*“ Sides" according to the text, but Heiberg thinks 
Archimedes probably wrote γωνίας where we have ἐς hae 
* For, because the arcs KA, EZ are equal, sEKZ =: KZA 
[Eucl. iii, 27]; therefore EK is parallel to AZ; and so on. 
* For, as the ares AK, ἘΠῚ are equal, cAEK =: EKZ, 
and therefore AE is parallel to ZK ; and so on. 
Bg 
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ἡ 4211 πρὸς ΠΟ, ἡ AIT πρὸς ΠΡ, ὡς δὲ ἡ ΛΠ 
πρὸς ΠΡ, οὕτως ἡ ΒΣ πρὸς ΣΡ, καὶ ἔτι, ὡς ἡ 
μὲν BE πρὸς =P, ἡ ἊΣ πρὸς ἜΤ, ὡς δὲ ἡ ΔῈ 
πρὸς ΣΤ, ἡ HY πρὸς YT, καὶ ἔτι, ὡς ἡ μὲν HY 





πρὸς TT, ἡ NY πρὸς YO, ὡς δὲ ἡ NY πρὸς ὙΦ, 
ἡ OX πρὸς ΧΦ, καὶ ἔτι, ὡς μὲν ἡ OX πρὸς ΧΦ, ἡ 
MX ΤΣ MI" [καὶ πάντα apa πρὸς πάντα ἐστίν, 
ὡς εἷς τῶν λόγων πρὸς ἔνα)" ὡς apa ἡ E= πρὸ 

SA, οὕτως αἱ EK, ZA, BA, HN, ΘΜ πρὸς tie 
AD’ διάμετρον. ὡς δὲ ἡ ES πρὸς EA, οὕτως ἡ 
ΓΕ πρὸς BA- σῆς dpa καί, ὡς ἡ TE πρὸς EA, 
οὕτω πᾶσαι ai EK, ZA, BA, HN, ΟΜΝ πρὸς 
τὴν AD διάμετρον. 


7 καὶ π πὰ ia om. Heiberg. 
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while £1; ΠῸ ATL: ΠΡ, [efnd. 
and AIl : P=BE : SP, [ἐδ 
Again, Ὁ Ρ mA: Τ᾽ [abet 
while AS ΣΤ «HY YT: [ἤν 
Again, HY: YT=NY : Yb, [εὐϊά. 
while NY: ¥b=0X : Xe. ΓΟ 
Again, OX ἈΦ ΜΧ XT, [νη 
therefore ‘EE: BA =EK +7A+BA4+HN + 
OM: ΑΓ.» [Euel, ν᾿ 12 
But E=:5A=TE:EA: [Eucl. vi. 4 
therefore TE: EA=EK +ZA +BA+HN + 
OM: ΑΓ.» 


* By adding all the antecedents and consequents, for 
EZ:EA=ES+KE+204+AN+BE4+Ar +HY+NT+6x% + 
MX; SA ἜΞΟ ἘΠῸ ΠΡ ΣΡ ΣΤ Υ̓Τ ὙΦ 
ἐᾷ ὙΓ 


=ER+ZA+BHA+HN+0M: AP, 
* If the polygon has 4n sides, then 


ALE, τ i. ἘΠΊ, τ πα Ἐ 
cEIK=5, and ἘΚ: ΑΓ -τῖν 5, 


er 
ΓΑ ΜΝ ἢ == and 4A: AT =ain oo 


ΕΘΓΜ =(2n- 1) and ΟΜ τ ΑΓ τὸ sin (2m -- 1) ξ΄. 

ATR - ῬΑ -- -- 

Further, -ATE= ἘΣ ΠΝ] TE: EA=cot ταν 
Therefore the proposition shows that 

ee ἄρ: τὴν 

sin δ t8in 5+. . -+8in (2-1), =cot 
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Ky 
Ἔστω ἐν σφαίρᾳ μέγιστος κύκλος 6 ΑΒΓΔ, καὶ 


4 


ἐγγεγράφθω εἰς αὐτὸν πολύγωνον ἰσόπλευρον, τὸό 





δὲ πλῆθος τῶν πλευρῶν αὐτοῦ μετρείσθω ὑπὸ 
τετράδος, αἱ δὲ ΑΓ, ΔΒ διάμετροι ἔστωσαν. δὰν 
48 μενούσης τῆς AI’ διαμέτρου περιενεχθῇ ὃ 
ΑΒΓΔ κύμλος ἔχων τὸ πολύγωνον, δῆλον, ὅτι ἡ 
μὲν περιφέρεια αὐτοῦ κατὰ τῆς ἐπιφανείας is 
μίας ἐνεγθήσεται, αἱ δὲ ag ace ἀξ οι 
χωρὶς τῶν πρὸς τοῖς A, Γ σημείοις κατὰ κύκλων 
περιφερειῶν ἐνεχθήσονται ἐν τῇ ἐπιφανεῖ τῆς 

ἐρας γεγραμμένων ὀρθῶν πρὸς τὸν ABPA 
κύκλον" διάμετροι δὲ αὐτῶν ἔσονται αἱ ἐπιξευ- 
γνύουσαι τὰς γωνίας τοῦ πολυγώνου παρὰ τὴν ΒΔ 
οὖσαι. αἱ δὲ τοῦ πολυγώνου πλευραὶ κατά τινων 
κεύνων ἐνεχθήσονται, αἱ μὲν AZ, AN κατ᾽ det 
φανείας κώνου, οὗ βάσις μὲν ὅ κύκλος ἃ περὶ 
διάμετρον τὴν ZN, κορυφὴ δὲ τὸ ἃ σημεῖον, at δ 
ge 
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Prop. 23 

Let ΑΒΓΔ be the greatest circle in a sphere, and 
let there be inscribed in it an equilateral polygon, the 
number of whose sides is divisible by four, and let 
AD, AB be diameters. If the diameter AI remain 
stationary and the circle ABTA containing the poly- 
gon be rotated, it is clear that the circumference of 
the circle will traverse the surface of the sphere, 
while the angles of the polygon, except those at the 
points A, I", will traverse the circumferences of circles 
described on the surface of the sphere at right angles 
to the cirele ΑΒΓΔ; their diameters will be the 
[straight lines] joining the angles of the polygon, 
being parallel to BA. Now the sides of the polygon 
will traverse certain cones ; AZ, AN will traverse the 
surface of a cone whose base is the circle about the 


diameter ZN and whose vertex is the point A; ZH, 
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ZH, τὸ Phos τίνος. rea ἐπιφανείας οἰσθι 
gorrai, ἧς βάσις ri 6 κύκλος ὁ περὶ διάμετρον τὴν 
ΜΗ, κορυφὴ pisos Kall” ὃ snc 
λόμεναι at ZH. ἀλλήλαις τε καὶ τῇ AT, 
αἱ δὲ BH, ΜΔ πλευρὰ t κατὰ κωνικῆς ἐπιφανείας 
οἰσθήσονται, ἧς Baws μέν ἐστιν ὁ G κύκλος ὦ περὶ 
διάμετρο v τὴν ΒᾺ ὀρθὸς πρὸς τὸν ΑΒΓΔ κύκλον, 
KO δὲ τὸ σημεῖον, καθ" 6 ov μβάλλουσιν ἐκ- 
βαλλόμεναι αἱ ΒΗ, ΔΜ ἀλλήλαις τε καὶ 1 PA: 
ὁμοίως δὲ καὶ αἱ ἐν τῷ ἐτέ υκλίῳ π 
κατὰ κωνικῶν ΣΉ τ Liscoria πάλιν 
ὑμοίων ταύταις. ἔσται δή τι μα ἐγγεγραμ- 
μένον ἐν τῇ apaing ὑπὸ meee ἐελέίοβ 
περιεχύμενον τῶν προειρημένων, οὗ ἡ ἐπιφάνεια 
ἐλάσσων ἔσται τῆς emupavetas τῆς σφαίρας: 
Διαιρεθείσης σης γὰρ τῆς σφαίρας ὑ ὑπὸ τοῦ ἐπιπέδου 
τοῦ κατὰ τὴν BA ὀρθοῦ πρὸς τὸν ΑΒΓΔ κύκλον 


ἐπιφάνεια τοῦ ἑτέρου ἡμισφαιρίου καὶ ἡ ἐπι- 
Pa Tou σχήματος τοῦ ἐν αὐτῷ ἐγγεγραμμένου 


τὰ αὐτὰ πέρατα ἔχουσιν ἐν ἐνὶ ἐπιπέδῳ" ay 
τέρων γὰρ τῶν ἐπιφανειῶν πέρας ἐστὶν τοῦ κύκλου 
ἢ περυφέρεια τοῦ περὶ διάμετρον τὴν BA ὀρθοῦ 
πρὸς τὸν ΑΒΓΔ κύκλον: καί εἶσιν ἀμφότεραι ἐπὶ 
τὰ αὐτὰ κοῖλαι, καὶ περιλαμβάνεται αὐτῶν ἡ ἑτέρα 
ὑπὸ τῆς ἑτέρας ἐπυῤανείας καὶ τῆς ἐπιπέδου τῆς 
τὰ αὐτὰ πέρατα ἐχούσης αὐτῇ. ὁμοίως δὲ καὶ τοῦ 
ἐν τῷ ἑτέρῳ ἡμισφαιρίῳ σχήματος ἡ ἐπιφάνεια 
ἐλάσσων ris τῆς τοῦ ἡμισφαιρίου ἐπιφανείας" 
καὶ ἐπε i οὖν ἡ ἐπιφάνεια τοῦ σχήματος τοῦ ἐν τῇ 
σφαίρᾳ ὑλάδοων ἃ ἐστὶν τῆς ἐπιφανείας τῆς σφαίρας, 


“ Archimedes would not have omitted to ates the deduc- 
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MN will traverse the surface of a certain cone whose 
base is the circle about the diameter MH and whose 
vertex is the point in which ZH, MN produced meet 
one another and with AI"; the sides BH, MA will 
traverse the surface of a cone whose base is the 
circle about the diameter BA at right angles to the 
circle ΑΒΓΔ and whose vertex is the point in which 
BH, AM produced mect one another and with TA; 
in the same way the sides in the other semicircle 
will traverse surfaces of cones similar to these. As 
a result there will be inseribed in the sphere and 
bounded by the aforesaid surfaces of cones a figure 
whose surface will be less than the surface of the 
sphere. 

For, if the sphere be cut by the plane through BA 
at right angles to the circle ΑΒΓ Δ, the surface of one 
of the hemispheres and the surface of the figure 
inscribed in it have the same extremities in one 
plane ; for the extremity of both surfaces is the 
circumference of the circle about the diameter BA 
at tight angles to the circle ΑΒΓΔ ; and both are 
concave in the same direction, and one of them is 
included by the other surface and the plane having 
the same extremitics with it. Similarly the surface 
of the figure inscribed in the other hemisphere is 
less than the surface of the hemisphere ; and there- 
fore the whole surface of the figure in the sphere is 
less than the surface of the sphere, 


tion, from Postulate 4, that the surface of the figure Inscribed 
in the hemisphere is less than the surface of the hemisphere. 
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Ko 


Ἢ τοῦ ἐγγραφομένου σχήματος εἰς τὴν σφαῖραν 
ἐπυφάνεια ἴση ἐστὶ κύκλῳ, οὗ ἡ ἐκ τοῦ κέντρου 
ὕναται τὸ περιεχόμενον ὑπὸ τε τῆς ΤΟΤΕ τοῦ 
χήματος καὶ τῆς ἴσης πάσαις ταῖς ἐπιζευγνυού- 
be τὰς πλέθρα, τοῦ πολυγώνου παραλλήλοις 
οὔσαις τῇ ὑπὸ δύο πλευρὰς τοῦ πολυγώνου ὑπο- 
τεινούσῃ εὐθείᾳ. 

“Eorw ἐν σφαίρᾳ μέγιστος κύκλος 6 ΑΒΓΔ, καὶ 
ἐν αὐτῷ πολύγωνον ἐγγεγράφθω ἰσόπλευρον, οὗ αἱ 
Aeupat ὑπὸ τετράδος μετροῦνται, καὶ ἀπὸ τοῦ 
πολυγώνου τοῦ ἐγγεγραμμένου νοείσθω τι εἰς τὴν 


ν ἐ ΚΕ σχῆμα, καὶ ἐπεζεύχθωσαν αἱ 
EZ He, % ; KA, MN apd do οὖσαι τῇ ὑπὸ 
δύο πλευρὰς ὑποτεινούσῃ εὐθείᾳ, κύκλος δέ τις 
ἐκκείσθω ὁ Ἑ, οὗ ἡ ἐκ τοῦ κέντρου δυνάσθω τὸ 
περιεχόμενον ὑπό τε τῆς AE καὶ τῆς ἴσης ταῖς 
ΕἸ, ©, DA, KA, MN: λέγω, ὅτι ἀκα ἊΣ οὗτος 
ἶσος ἐστὶ τῇ ἐπιφανείᾳ τοῦ εἰς τὴν σφαῖραν ἐγ- 
γραφομένου σχήματος. ἘΝ 

᾿Εκκείσθωσαν γὰρ κύκλοι οἱ Ὁ, Π, P, Σ, T, YT, 
καὶ τοῦ ee ἡ ἐκ τοῦ κέντρου δυνάσθω τὸ 
περιεχόμενον tnd τε τῆς EA καὶ τῆς ἡ welas τῆς 
Ei ἘΠῚ δὲ ἐκ τοῦ κέντρου τοῦ Π δυνάούω τὸ ane 
ἐχόμενον ὑπὸ τε τῆς EA καὶ τῆς ἡμισείας τῶν 
ΕΖ, ΗΘ), ἡ δὲ de τοῦ κέντρου τοῦ Ὡρταν τὸ 
περιεχόμενον ὑπὸ τῆς EA καὶ τῆς ἡμισείας τῶν 
ΗΘ, ΓΔ, ἡ δὲ ἐκ τοῦ κέντρου τοῦ E δυνάσθω τὸ 
περιεχόμενον ὑπὸ τε τῆς EA Kal τῆς ἡμισείας 
τῶν ΓΔ, KA, ἡ δὲ ἐκ τοῦ κέντρου τοῦ T δυνάσθω 
τὸ περιεχόμενον ὑπό τε τῆς AE καὶ τῆς ἡμισείας 
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Prop, 24 

The surface of the figure inscribed in the sphere tx 
equal to a cirele, the square of whose radius ts equal fo the 
rectangle contained by the side of the igure and a straight 
line equal to the sum of the straight lines joing the 
angles of the polygon, being parallel fo the straight line 
subtended by two sides of the polygon. 

Let ABTA be the greatest circle in a sphere, and 
in it let there be inseribed an equilateral polygon, the 
number of whose sides is divisible by four, and, start- 
ing from the inscribed polygon, let there be imagined 
a figure inscribed in the sphere, and let EZ, HO, 
ΓΔ, KA, MN be joined, being parallel to the straight 
line subtended by two sides; now let there be set 
out a circle 2, the square of whose radius is equal to 
the rectangle contained by AE and a straight line 
equal to the sum of EZ, HO, ra, KA, MN; I say 
that this circle is equal to the surface of the figure 
inscribed in the sphere. 

For let the circles ©, ΠῚ P, =, T, ¥ be set out, and 
let the square of the radius of Ὁ be equal to the 
rectangle contained by EA and the half of EZ, let 
the square of the radius of IT be equal to the rect- 
angle contained by EA and the half of EZ +HO, 
let the square of the radius of P be equal to the rect- 
angle contained by EA and the half of HO +T'A, let 
the square of the radius of = be equal to the rect- 


angle contained by EA and the half of TA ΚΛ, let 


the square of the radius of T be equal to the rectangle 
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τῶν KA, MN, ἡ δὲ ἐκ τοῦ κέντρου τοῦ Ὑ δυνάσθω 
τὸ περιεχόμενον ὑπό τε τῆς AL καὶ τῆς ἡμισείας 
τῆς MN. διὰ δὴ ταῦτα ὁ μὲν Ὁ κύκλος ἴσος ἐστὶ 
τῇ ἐπιφανείᾳ τοῦ AEZ κώνου, ὁ δὲ Π τῇ ἐπι- 
αμείᾳ τοῦ κώνου τῇ μεταξὺ τῶν EZ, HO, ὁ δὲ 
Ρ τῇ μεταξὺ τῶν HO, 


ΓΔ, ὁ δὲ Σ τῇ μεταξὺ τῶν 





AT, KA, καὶ ἔτι a ἐν T ἔσος ἐστὶ ΤΊ ἐπ vei 
τοῦ κώνου τῇ στε τῶν ΚΛ, MN, ὁ Hes Ἔ 
τοῦ MBN κώνου ἐπιφανείᾳ ἴσος ἐστίν' οἱ πάντες 
ἄρα κύκλοι ἴσοι εἰσὶν τῇ τοῦ ἐγγεγραμμένου σχή- 
μᾶτος ἐπιφανείᾳ. καὶ φανερόν, ὅτε al ἐκ τῶν 
κέντρων τῶν Ὁ, I], P, Σ, ΤΙ Υ κύκλων δύνανται 
τὸ περιεχόμενον ὑπό τε τῆς AE καὶ δὶς τῶν ἡμῖί- 
σέων τῆς EZ, ΗΘ, ΓΔ, KA, MN, af ὅλαι eioly 
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contained by AE and the half of KA Ἐ ΜΝ, and let 
the square of the radius of Y be equal to the rect 
angle contained by AF and the half of MN. Now 
by these constructions the circle 0 is equal to the 
surface of the cone AEZ [Prop. 14], the cirele IT is 
equal to the surface of the conical frustum between 
EZ and Ηθ, the circle P is equal to the surface of the 
eonical frustum between HO and IA, the circle = is 





equal to the surface of the conical frustum between 
AP and KA, the circle T is equal to the surface of the 
conical frustum between KA, MN (Prop. 16], and 
the circle Y is equal to the surface of the cone ΜῈΝ 
[Prop. 14]; the sum of the circles is therefore equal 
to the surface of the inscribed figure. And it is 
manifest that the sum of the squares of the radii of 
the circles Ὁ, I, P, 2, T, ¥ is equal to the rectangle 
contained by AE and twice the sum of the halves of 
EZ, HO, Τὰ, KA, MN, that is to say, the sum of EZ, 
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αἱ EZ, HO, ee KA, MN: αἱ dpa ἐκ τῶν κέντρων 
τῶν O, Il, Py Ee Tf) °F κύκλων δίνανται τὸ 
περιεχ ἐχόμενον i ὑπό τε τῆς AE καὶ πασῶν τῶν EZ, 
ΗΘ, PA, KA, ΜΝ. ἀλλὴ καὶ 7 ἐκ τοῦ κέντρου 
τοῦ κύκλου δύναται τὸ ὑπὸ τῆς AE καὶ τῆς 
συγκειμένης ἐκ πασῶν τῶν EZ, HO, ΓᾺ, KA, 
ΜΝ: ἡ ἃ ἄρα ἐκ τοῦ κέντρου τοῦ Ξ κύκλου δου 
τὰ ἀπὸ τῶν ἐκ τῶν κέντρων τῶν O, It, P, 2, T, 
YT κύκλων" καὶ ὁ κύκλος dpa 6 Ξ ἴσος ἐστὶ τοῖς Ὁ, 
Il, P, z, T, Y κύκλοις. of δὲ O, I, ΡΣ, Τ, Y 
κύκλοι “ἀπεδείχθησαν ἴσοι τῇ εἰρημένῃ τοῦ σχή- 
heres ἐπιφανείᾳ" καὶ ὁ 6 Ξ ἄρα κύκλος ἴσος ἔσται 
τῇ ἐπιῤανείᾳ τοῦ σχήματος. 


κε΄ 
Tod ἐγγεγραμμένου σχήματος εἰς τὴν σφαῖραν 
ἡ ἐπιφάνεια ἡ περιεχομένη ὑπὸ τῶν κωνικῶν 


ἐπιφανειῶν ἐλάσσων ἐστὶν ἢ τετραπλασία τοῦ 
μεγίστου κύκλου τῶν ἐν τῇ σφαΐ 

"Eorw ἐν σφαίρᾳ μέγιστος ἐπα ἢ 6 ΑΒΓΔ, καὶ 
ἐν αὐτῷ ἐγγεγράφθω πολύγωνον [ἀρτιόγωνον͵ iad 
πλευρον, οὗ αἱ πλευραὶ ὑπὸ τετράδος μετροῦνται, 
καὶ ἀπ᾽ αὐτοῦ νοείσθω ἐπιφάνεια ἡ ὑπὸ τῶν 








* If the radius of the sphere is a this proposition shows that 
Surface of inscribed figure =circle Ξ 
er. AE. (EZ+HO+TA+KA+ 
MIN). 
Now AE=2a sin 7, and by p. 81 n. 6 
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ΗΘ, TA, KA, MN; therefore the sum of the squares 
of the radii of the circles Ὁ, I, P, Σ, T. ¥ is equal to 
the rectangle contained by AE and the. sum of EZ, 
ΗΘ, TA, KA, ΜΝ. But the square of the radius of 
the circle Ξ = is equal to the rectangle contained by AE 
and a straight line made up of ΕΖ, ΗΘ, A, KA, MN 
[ex ἈΝΡΟΙΔΕΒ}:} therefore the square of the radius of 
the circle & is equal to the sum of the squares of 
the radii of the circles Ὁ, ΠῚ P, =, T, ¥ ἢ and there- 
fore the circle Ξ is equal to the sum of the circles 
Ὁ, I, P, Σ, T, Y. Now the sum of the circles Ὁ, I, 
P, =, T, Y was shown to be equal to the surface of 
the aforesaid figure ; and therefore the circle Ξ will 
be equal to the surface of the figure." 


Prop. 25 

The surface of the figure inscribed in the sphere and 
bounded by the surfaces of cones ts less than four times 
the ete of the circles in the sphere. 

Let ABTA be the greatest circle in a sphere, and 
in it let there be inscribed an equilateral polygon, 
the number of whose sides is divisible by four, and, 
starting from it, let a surface bounded by surfaces of 


- i = ἢ; ὦ. Qe a 
BZ + TA+KA+MN=2 | a eee 
f+He+TA+KA+M a | sin = = + sin +, sin 


ong] 


On tain és 
.+sin (θη -- 5 | 


; Surface of inscribed figure =4ea! ain aa 


ede! cog ξ 


[by p. 51 nm. ὦ. 
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κωνικῶν ἐπιφανειῶν περιεχομένη" λέγω, ὅτι ἡ 
ἄνεια τοῦ ἐγγραφέντος ἐλάσσων ἐστὶν ἢ τε- 
τραπλασία τοῦ μεγίστου κύκλου τῶν ἐν τῇ σφαίρᾳ. 
᾿Επεζεύχθωσαν γὰρ αἱ ὑπὸ δύο πλευρὰς ὑπο- 
τείνουσαι τοῦ πολιηκῶνου αἱ ἘΠ, ΘΜ καὶ ταύταις 
παράλληλοι αἱ ZK, AB, ΗΛ, ἐκκείσθω 8€ τις 
κύκλος o P, οὗ ἡ ἐκ τοῦ κέντρου δύναται τὸ ὑπὸ 
τῆς EA καὶ τῆς tons πάσαις ταῖς EI, ZK, BA, 
HA, ΘΜ’ dea in) TO mpodery fer ἴσος ἐστὶν oO κύ- 


τῇ τοῦ εἰρημένου. σχήματος ἐπιφανείᾳ, καὶ 
ἐπεὶ ἐδείχθη, ὅτι ἐστίν, ὡς ἡ ἴση πάσαις ταῖς ΕἸ, 
ZK, BA, HA, ΘΜ πρὸς τὴν διάμετρον τοῦ κύκλου 
τὴν AD’, οὕτως ἡ ΓΕ πρὸς EA, τὸ dpa ὑπὸ τῆς 
ἴσης πάσαις ταῖς εἰρημέναις καὶ τῆς EA, τουτέστιν 
τὸ ἀπὸ τῆς ἐκ τοῦ κέντρου τοῦ P κύκλου, ἴσον 
ἐστὶν τῷ ὑπὸ τῶν AI, ΓΕ. ἀλλὰ καὶ τὸ ὑπὸ ΑΓ, 
E ἔλασσόν ἐστι τοῦ ἀπὸ τῆς ΑΓ’ ἔλασσον dpa 
ἐστὶν τὸ ἀπὸ τῆς ἐκ τοῦ κέντρου τοῦ P τοῦ ἀπὸ 
τῆς ΑΓ [ἐλάσσων ἄρα ἐστὶν ἡ ἐκ τοῦ κέντρου 
τοῦ P τῆς AD ὥστε ἡ διάμετρος τοῦ P κύκλου 
ἐλάσσων ἐστὶν ἢ διπλασία τῆς διαμέτρου τοῦ 
ΑΒΓΔ κύκλον, καὶ δύο ἄρα τοῦ ABTA κύκλου 
διάμετροι μείζους εἰσὶ τῆς διαμέτρου τοῦ Ῥ κυ;- 
κλου, καὶ τὸ τετράκις ἀπὸ τῆς διαμέτρου τοῦ 
ΑΒΓΔ κύκλου, τουτέστι τῆς AI’, μεῖζόν ἐστι τοῦ 
ἀπὸ τῆς τοῦ Ῥ κύκλου διαμέτρου . ὡς δὲ τὸ 
τετράκις ἀπὸ τῆς AI πρὸς τὸ ἀπὸ τῆς τοῦ P 
κύκλου διαμέτρου, οὕτως τέσσαρες κύκλοι οἱ 
ΑΒΓΔ πρὸς τὸν P κύκλον" τέσσαρες ἄρα κύκλοι 
οἱ ΑΒΓΔ ἈΠΕ εἰσὶν τοῦ Ῥ κύκλου)" ὅ ἄρα 
κύκλος 6 Ῥ ἐλάσσων ἐστὶν ἢ τετραπλάσιος τοῦ 
1 ἐλάσσων. «xticlou om. Helberg. 
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cones be imagined; I say that the surface of the 
inscribed figure is less than four times the greatest 
of the circles inscribed in the sphere. 

For let EJ, OM, subtended by two sides of the 
polygon, be joined, and let 24K, ΔΒ, HA be parallel 





to them, and let there be sct out a circle P, the square 
of whose radius is equal to the rectangle contained 

EA and κα straight line equal to the sum of El, 
ZK, BA, HA, OM; by what has been proved above, 
the cirele is equal to the surface of the aforesaid 
στο. And since it was proved that the ratio of the 
sum of El, ZK, BA, HA, OM to AI’, the diameter 
of the cirele, is equal to the ratio of ΓΕ to EA [Prop. 
21], therefore 

ΕΑ, (El+ 4K + BA + HA+0M) 

that is, the square on the radius of the circle P 


ex hyp, 
=m Al’ a TE, Bud vi. 16 
But Ar. TE<Ar [Euel. iii. 15 


Therefore the square on the radius of P is less than 
the square on Al’; therefore the circle F is less 
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μεγίστου κύκλου. ὁ δὲ P κύκλος ἴσος ἐδείχθη τῇ 
εἰρημένῃ ἐπιφανείᾳ τοῦ σχήματος" ἡ ἄρα ἐπιφάνεια 
τοῦ σχήματος ἐλάσσων ἐστὶν ἢ τετραπλασία τοῦ 
πη τοῦ κύκλου τῶν ἐν τῇ σφαίρᾳ. 


τ 

Ἔστω ἐν σφαίρᾳ μέγιστος κύκλος ᾧ ΑΒΓΔ, 
περὶ δὲ τὸν ΑΒΓΔ κύκλον περιγεγράφθω πολύ- 
yowor ἰσόπλευρόν τε καὶ ἰσογώνιον, τὸ δὲ πλῆθος 
τῶν πλευρῶν αὐτοῦ μετρείσθω ὑπὸ τετράδος, τὸ 
δε περὶ τὸν κύκλον περιγεγραμμένον πολύγωνον 
κύκλος περιγεγραμμένος περιλαμβανέτω περὶ τὸ 
αὐτὸ κέντρον γινόμενος τῷ ABTA. μενούσης δὴ 
τῆς EH περιενεχθήτω τὸ EZHO ἐπίπεδον, ἐν ᾧ 
τό τε πολύγωνον καὶ 6 κύκλος" δῆλον οὖν, ὅτι ἡ 
μὲν περιφέρεια τοῦ ΑΒΓΔ κύκλου κατὰ τῆς ἐπι- 
φανείας τῆς σφαίρας οἰσθήσεται, ἡ δὲ περιφέρεια 
τοῦ EZHO κατ᾽ ἄλλης ἐπιφανείας σφαΐρας τὸ 
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than four times the greatest circle, But the circle P 
was proved equal to the aforesaid surface of the 
figure ; therefore the surface of the figure is less 
than four times the greatest of the circles in the 


sphere. 
Prop, 28 


Let ΑΒΓΔ be the greatest circle in a sphere, and 
about the circle ΑΒΓΔ let there be circumscribed 





juilateral and equiangular polygon, the number 

of whose sides is divisible by four, and let a circle 
be described about the polygon circumscribing the 
circle, having the same centre as ABTA. While EH 
remains stationary, let the plane EZHO, in which lie 
both the polygon and the circle, be rotated; it is 
clear that the circumference of the circle ABTA will 
traverse the surface of the sphere, while the eireum- 
ference of EZHO will traverse the surface of another 
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αὐτὸ κέντρον ἐχού ἢ ἐλάσσονι οἰσθήσεται, αἱ 
δὲ ada, Ge Ἂς ἀκ ύδοσι αἱ πλευραί, γρά- 
φουσιν κύκλους ὀρθοὺς πρὸς τὸν ΑΒΓΔ κύκλον 
ἐν τῇ ἐλάσσονι σφαίρᾳ, αἱ δὲ γωνίαι τοῦ πολυγώ- 
vou χωρὶς τῶν πρὸς τοῖς E, H σημείοις κατὰ κύ- 
KAW περιφερειῶν οἱσθήσονται ἐν τῇ ἐπιφανείᾳ τῆς 


καθ᾽ ἃ ἅπτονται τοῦ ΑΒΓΔ κύκλου αἱ πλευραὶ! 


i 1 ' F hy PA 4 
τὸν ΓᾺ κύκλον. καί εἶσιν ἀμφότεραι ἐπὶ τὰ 
αὐτὰ κοῖλαι, καὶ περιλαμβάνεται ἡ ἑτέρα αὐτῶν 
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were, having the same centre as the lesser sphere ; 
the points of contact in which the sides touch [the 
smaller circle] will describe circles on the lesser 
sphere at right angles to the cirele ABA, and the 
angles of the polygon, except those at the points KE, H 
will traverse the circumferences of circles on the 
surface of the greater sphere at right angles to the 
circle EZHO, while the sides of the polygon will 
traverse surfaces of cones, as in the former case ; 
there will therefore be a figure, bounded by surfaces 
of cones, described about the lesser sphere and in- 
scribed in the greater. That the surface of the 
circumseribed figure is greater than the surface of 
the sphere will be proved thus. 

Let KA be a diameter of one of the circles in the 
lesser sphere, K, A being points at which the sides 
of the circumscribed polygon touch the circle ABTA. 
Now, since the sphere is divided by the plane con- 
taining KA at right angles to the circle ABTA, the 
surface of the figure circumscribed about the sphere 
will be divided by the same plane. And it is mani- 
fest that they * have the same extremities in a plane ; 
‘for the extremity of both surfaces * is the circum- - 
ference of the circle about the diameter KA at right 
angles to the circle ΑΒΓΔ: and they are both con- 
cave in the same direction, and one of them is 
included by the other and the plane having the same 
extremities ; therefore the included nrtecs of the 
segment of the sphere is less than the surface of 

“νειν the surface formed by the revolution of the circular 
sepment KAA and the surface formed by the revolution of 
the portion K.. ..E ...A of the polygon, 

* In the text ἐπιπέδων should obviouale bee ἐπεφανειῶν. 


bled whet Hicthere ;onn coda. 
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Repay Gon περὶ αὐτήν. ὁμοίως δὲ καὶ ἡ τοῦ 

Λοιποῦ τμήματος τῆς σφαίρας ἐπυῤάνεια ἐλάσσων 

ἐστὶν τῆς ἐπιφανείας τοῦ σχήματος τοῦ περι- 

γεγραμμένου περὶ αὐτήν" δῆλον οὖν, ὅτι καὶ ὅλη 7 

ἐπιφάνεια τῆς σφαίρας ἐλάσσων ἐστὶ τῆς ἐπιφανείας 

τοῦ σχήματος τοῦ περιγεγραμμένου περὶ αὐτήν. 
κθ' 

Τῇ ἐπιφανείᾳ τοῦ περιγεγραμμένου σχήματος 
περὶ τὴν σφαῖραν ἴσος ἐστὶ κύκλος, οὗ ἢ ἐκ τοῦ 
κέντρου ἴσον δύναται τῷ περιεχομένῳ ὑπό τε μιᾶς 
πλευρᾶς τοῦ πολυγώνου καὶ τῆς ἴσης πάσαις ταῖς 
ἐπιΐευγ ἐς Tas γωνίας τοῦ πολυγώνου οὔσαις 
παρά twa τῶν dma δύο πλευρὰς τοῦ πολυγώνου 
ὑποτεινουσῶν. 

Τὸ γὰρ περιγεγραμμένον περὶ τὴν ἐλάσσονα 
σφαῖραν ἐγγέγραπται εἰς τὴν μείζονα σφαῖραν" τοῦ 
δὲ ἐγγεγραμμένου ἔν τῇ σφαίρᾳ περιεχομένου. ὑπὸ 
τῶν em uy τῶν κωνικῶν δέδεικται ὅτι τῇ 
ἐπιφανείᾳ ἴσος ἐστὶν ὁ κύκλος, οὗ ἡ ἐκ τοῦ κέντρου 
δύναται τὸ περιεχόμενον ὑπὸ τε μιᾶς πλευρᾶς Tou” 
πολυγώνου καὶ τῆς ἴσης πάσαις ταῖς ἐπιξζευγνυ- 
οὔσαις τὰς γωνίας τοῦ πολυγώνου οὔσαις παρά 
iva τῶν ὑπὸ δύο πλευρὰς ὑποτεινουσῶν- δῆλον 
οὖν ἐστι τὸ προειρημένον. 

5. Tf the radius of the inner sphere is a and that of the outer 

a’, and the regular polygon has 4n sides, then 

; ca 

| a” =a sec ΤΣ. 
(eh ah κωυροντλναφωνες τε Area of figure inseri 

to circle of radius a 3 Ἀξ νέοι oils a = 
TOS ~ 
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the figure circumseribed about it [Post. al Similarly 
the surface of the remaining segment of the sphere 
is less than the surface of the figure circumscribed 
about it ; it is clear therefore that the whole surface 
of the sphere is less than the surface of the figure 
circumscribed about it. 


Prop. 24 


The surface of the figure circumscribed about the sphere 
of cymeiace i. Fee aM’. Of sohong renee 14 aged 
to the rectangle contained by one side of the polygon and 
a straight line equal to the sum of all the straight lines 
joining the angles of the polygon, being parallel to one of 
the straight lines subtended by tro sides of the polygon. 

For the figure circumscribed about the lesser sphere 
is inseribed in the greater sphere [Prop. 28]; and it 
has been proved that the surface of the figure in- 
scribed in the sphere and formed by surfaces of 
cones is equal to a circle, the square of whose radius 
is equal to the rectangle contained by one side of the 
polygon and a straight line equal to the sum of all 
the straight lines joining the angles of the polygon, 
being parallel to one of the straight lines subtended 
by two sides [Prop. 24] ; what was aforesaid is there- 
fore obvious." 


— π πε: ical 
=4ra" sin = [ sin 5 +sin 5, t+ + + sin (20 155} 


or ἡπα Ὁ cos ἘΣ [by p. "1 π. ὁ 


ΓῚ ra Tr 5 Oe 2 | | 
=4eat sect Tain τ [ sin αη toy tes + sin [θη -- | 


accel ag 
or ἀπαΐ sec τ: 
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Τοῦ σχήματος τοῦ περιγεγραμμένου περὶ τὴν 
σφαῖραν ἡ ἐπιφάνεια μείζων ἐστὶν ἢ τετραπλασία 
τοῦ μεγίστου κύκλου τῶν ἐν τῇ σφαίρᾳ. 

‘Eorw γὰρ ἢ τε σφαῖρα καὶ ἃ ΕΥΔΑΣ καὶ τὰ 
ἄλλα τὰ αὐτὰ τοῖς πρότερον προκειμένοις, καὶ ὦ A 
κύκλος ἴσος τῇ ἐπιυῤανείᾳ ἔστω τοῦ προκειμένου 
περιγεγραμμένου περὶ τὴν ἐλάσσονα σφαῖραν. 

Ἐπεὶ οὖν ἐν τῷ EZHO κύκλῳ πολύγωνον 





ἰσόπλευρον ἐγγέγραπται ὯΝ ἀρτιογώνιον, αἱ ἐπι- 
ξευγνύουσαι τὰς τοῦ πολυγώνου πλευρὰς παράλ.- 
ληλοι οὖσαι τῇ ZO πρὸς τὴν ZO τὸν ar ss 
ἔχουσιν, dv ἡ OK πρὸς KZ ἴσον dpa ἐστὶν τὸ 
περιεχόμενον σχῆμα ὑπό τε μιᾶς πλευρᾶς τοῦ 
πολυγώνου καὶ τῆς ἴσης πάσαις ταῖς ¢. ἐζευγνυοι- 
gas τὰς γωνίας τοῦ πολυγώνου τῷ περιεχομένῳ 
ὑπὸ τῶν 20Κ' ὥστε Τὰς τοῦ κέντρου τοῦ A 
κύκλου ἴσον δύναται τῷ ὑπὸ ZOK: μείζων- ἄρα 
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Prop. 30 

The surface of the figure carcumscribed about the sphere 
ἐξ greater than four times the greatest of the circles tn the 

For let there be both the sphere and the circle and 
the other things the same as were posited before, 
and let the circle A be equal to the surface of the 
given figure circumscribed about the lesser sphere. 

Therefore since in the circle EAH there has been 
inscribed an equilateral polygon with an even number 
of angles, the [sum of the straight lines] joining the 
sides of the polygon, being parallel to ZO, have 
the same ratio to ZO as OK to KZ [Prop. 21]; there- ᾿ 
fore the rectangle contained by one side of the 
polygon and the straight line equal to the sum of 
the straight lines joining the angles of the polygon is 
equal to the rectangle contained by 20, OK [πιο]. 
vi. 16]; so that the square of the radius of the circle A 


is equal to the rectangle contained by 20, OK 
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ἐστὶν ἡ ἐκ τοῦ κέντρου τοῦ A κύκλου τῆς OR. 
ἡ δὲ OK ἴση ἐστὶ τῇ διαμέτρω τοῦ ΑΒΓΔ κύκλου 
[διπλασία γάρ ἐστιν τῆς XX ovens ἐκ τοῦ κέντρου 
τοῦ ΑΒΓΔ κύκλου]. δῆλον οὖν, Gre μείζων ἐστὶν 
Ἢ τετραπλάσιος ὁ A κύκλος, τουτέστιν 7 ἐπι- 
φάνεια τοῦ περιγεγραμμένου σχήματος περὶ τὴν 
ἐλάσσονα σφαῖραν, τοῦ μεγίστου κύκλου τῶν ἐν τῇ 
Ay" 

Πάσης σφαίρας ἡ ἐπιφάνεια τετραπλασία ἐστὶ 
τοῦ μεγίστου κύκλου τῶν ἐν αὐτῇ. 

"Eorw yap σφαῖρά τις, καὶ ἔστω τετραπλάσιος 
τοῦ μεγίστου κύκλου ὁ A+ λέγω, ὅτι ὁ A ἴσος 
ἐστὶν τῇ ἐπιφανείᾳ τῆς σφαίρας. 

Ei γὰρ μή, ἤτοι μείζων ἐστὶν ἢ ἐλάσσων. ἔστω 
πρότερον μείζων ἡ ἐπιφάνεια τῆς σφαίρας τοῦ 
κύκλου. ἔστι δὴ δύο μεγέθη ἄνισα 7 τε ἐπιφάνεια 
τῆς σφαίρας καὶ 6 A κύκλος" δυνατὸν dpa ἐστὶ 
λαβεῖν δύο εὐθείας ἀνίσους, ὥστε τὴν μείζονα πρὸς 
τὴν ἐλάσσονα λόγον ἔχειν ἐλάσσονα τοῦ, ὃν ἔχει ἡ 

ὁ διπλασία... κύκλου om. Heiberg, 


“" Because 262. ΘΚὶ [Euel. iii, 1.8]. 
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(Prop. 29]. Therefore the radius of the circle A is 
greater than OK." Now OK is equal to the diameter 
of the circle ABTA; it is therefore clear that the 
circle A, that is, the surface of the figure circum- 
scribed about the lesser sphere, is greater than four 
times the greatest of the circles in the sphere. 


Prop. 33 

The surface of any sphere is four times the greatest of 
the circles in it, | | 

For let there be a sphere, and let A be four times 
the greatest circle ; Ἴ say that A is equal to the 
surface of the sphere, 

For if not, either it is greater or less. First, let 
the surface of the sphere be greater than the circle. 





Then there are two unequal magnitudes, the surface 
of the sphere and the cirele A ; it is therefore possible 
to take two unequal straight lines so that the greater 
bears to the less a ratio less than that which the sur- 
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ἐπιφάνεια τῆς σφαίρας πρὸς τὸν κύκλον. εἰλή- 
φϑωσαν at "B τᾷ καὶ τῶν Β, Γ μέση ἀνάλογον 
ἕστω ἡ A, νοείσθω δὲ καὶ ἡ σφαῖρα ἐπιπέδω 
τετμημένη διὰ τοῦ κέντρου κατὰ τὸν ΕΖΗΘ 
κύκλον, νοείσθω δέ καὶ εἰς τὸν κύκλον ἐγγεγραμ- 
μένον καὶ περιγεγραμμένον πολύγωνον, ὥστε 
ὅμοιον εἶναι τὸ περιγεγραμμένον τῷ ἐγγεγραμμένῳ 
πολυγώνῳ καὶ τὴν τοῦ περιγεγραμμένου πλευρὰν 
ἐλάσσονα λόγον € ἔχειν τοῦ, ὧν ἔχει ἡ Β πρὸς A 
[καὶ ὦ διπλάσιος ἃ ἄρα λόγος τοῦ διπλασίου λόγου 
ἐστὶν ἐλάσσων. καὶ τοῦ μὲν τῆς Β πρὸς ἃ διπλά- 
ods ἐστιν ὦ τῆς Β πρὸς τὴν Γ, τῆς δὲ πλευρᾶς 
τοῦ περιγεγραμμένου πολυγώνου πρὸς τὴν πλευρὰν 
τοῦ ἐγγεγραμμένου διπλάσιος 6 a τῆς ἐπιυῤανείας τοῦ 
περιγεγραμμένου στερεοῦ πρὸς τὴν ἐπιφάνειαν τοῦ 
ἐγγεγραμμένου"" ἡ ἐπιφάνεια dpa τοῦ περιγεγραμ- 

μένου σχήματος περὶ τὴν σφαῖραν πρὸς τὴν ἐπι- 
Pica τοῦ ἐγγεγραμμένου σχήματος ἐλάσσονα 
λόγον ἔχει ἧπερ ἧ ἐπιφάνεια τῆς σφαίρας πρὸς τὸν 
A. κύκλον" ὅπερ ἅτοπον" ii μὲν γὰρ ἐπιφάνεια τοῦ 
περιγεγραμμένου τῆς ἐπιφανείας τῆς σφαίρας 
μείξων ἐστίν, ἡ δὲ ἐπιφάνεια τοῦ ἐγγεγραμμένου 
σχήματος τοῦ A κύκλου ἐλάσσων ἐστί [δέδεικται 
γὰρ ἤ ἐπιφάνεια τοῦ ἐγγεγραμμένου ἐλάσσων τοῦ 
μεγίστου κύκλου τῶν ἐν τῇ σφαίρᾳ ἢ τετραπλασία, 
τοῦ δὲ μεγίστου κύκλου τετραπλάσιός ἔστιν ὁ ἃ 
κύκλος. οὐκ ἄρα ἡ ἐπιφάνεια τῆς σφαίρας 
μείζων ἐστὶ τοῦ A κύκλου. 


dt. Serer ἐγγεγραμμένου om. Heiberg. 
Ε δέδεικται, , κύκλος “ repetitionem inutilem Prop. 25," 
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face of the sphere bears to the circle [Prop. 2]. Let 
B, I be so taken, and let A be a mean proportional 
between B, I’, and let the sphere be imagined as cut 





through the centre along the [plane of the] circle 
EZHO, and let there be imagined a polygon inscribed 
in the circle and another circumseribed about it in 
such a manner that the circumscribed polygon is 
similar to the inscribed polygon and the side of the 
circumscribed polygon has [to the side of the inseribed 
lygon]* a ratio less than that which B has to A 
Prop. 3). Therefore the surface of the figure cir- 
cumscribed about the sphere has to the surface of 
the inscribed figure a ratio less than that which the 
surface of the sphere has to the circle A; which is 
absurd ; for the surface of the circumscribed figure 
is greater than the surface of the sphere [Prop. 28], 
while the surface of the inscribed fe ure is less than 
the cirele A (Prop. 25]. Therefore the surface of the 
sphere is not greater than the circle A. 
* Archimedes would not have omitted: πρὸς τὴν τοῦ ἐγγε- 
γραμμένου, 
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Λέψω δή, ὅτι οὐδὲ ἐλάσσων. εἰ i νος δυνατόν, 
— καὶ Beer fs ahead at B, Γ εὐθεῖαι, 


sity ἔχειν τοῦ, ὃν 
ἔχει ὁ rigor sai τὴν ῥφρρώληζμμ, τῆς σφαίρας, 
καὶ τῶν Β Γ μέση on ἀνάλογον ἡ ἃ, καὶ ἐγγεγρ' 
st atiseporeredt πάλιν, ὥστε τὴν. τοῦ περιγε- 
μου ἐλάσσονα λύγον ἔχειν τοῦ τῆς Β πρὸς 
A | ‘Kal τὰ i διπλάσια apa)" ἡ ἐπιφάνεια dpa τοῦ 
περιγεγραμμένου πρὸς τὴν ἐπιφάνειαν τοῦ ἐγ- 
ey Par u ἐλάσσονα λόγον ἔ ἔχει ἧπερ [ἡ B πρὸς 
2B πρὸς Γ ἐλάσσονα ἃ λόγον ἔχει ἥπερ)" 
A κύκλος πρὸς τὴν ἐπυῤάνειαν τῆς σφαίρας" ὥπερ 
ἄτοπον: ἡ μὲν γὰρ τοῦ περιγεγραμμένου ἐπιφάνεια 
μείζων ἐστὶ τοῦ A κύκλου, ἡ ἡ δὲ τοῦ ἐγγεγραμμένου 
ἐλάσσων τῆς ἐπιφανείας τῆς σφαίρας. 

Οὐκ dpa οὐδὲ ἐλάσσων ἡ ἡ ἐπιφάνεια τ τῆς σφαίρας 
τοῦ A πε δι, ἐδείχθη ὁ δέ, ὅτι οὐδὲ μείζων" ἡ 
ἄρα ἐπιφάνεια τῆς σφαίρας ἴ ἐστὶ ἐστὶ τῷ κύκλῳ, 
τουτέστι τῷ fa eigineg τοῦ μεγίστου κύκλου. 

‘4 
; ; ἘΣ : eee πον eter. 


a Archimedcs would 1 nok have omitted these words. 
ewe a 100 n. a it was proved that the area of the inseribed 
re 


cl. ἢ Pa 
‘nat sin =| sin & +sin ant?" « +5in (2n-1) = |, 
or ἡπαῦ cos ©, 
ay 108 n. α it was proved that the area of the circum- 
Fetes 
. oe 
4παὶ sect 5 ain Ὡς sin 5 a ἔς. .+ain (2a -- 1) - za) 
ail hea! 
or ira sco, 
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I say now that neither is it less. For, if possible 
let it be ; and let the straight lines B, I" be similarly 
found, so that B has to Ta less ratio than that which 
the circle A has to the surface of the sphere, and 
let 4 be a mean proportional between B, I’, and let 
that the [side] of the circumscribed polygon has 
[to the side of the inseribed polygon]* a less ratio 

+ than that of B to A; then the surface of the cireum- 
scribed polygon has to the surface of the inscribed 
polygon a ratio less than that which the cirele A has 
to the surface of the sphere ; which is absurd: for 
the surface of the circumscribed polygon is greater 
than the circle A, while that of the inscribed polygon 
is less than the surface of the sphere. 

Therefore the surface of the sphere is not less than 
the cirele A. And it was proved not to be greater ; 
therefore the surface of the sphere is equal to the 
circle A, that is to four times the greatest circle.? 


with one another and with 
the circle, and, since cos = and see τ both become unity, the 
above expressions both give the area of the circle as 4mat. 
But the first expressions are, when a is indefinitely in- 
creased, precisely what is meant by the integral 


scribed figures become identical wi 


4a? . καὶ | sin ᾧ da, 
which is familiar to every student of the caleulus as the 
formula for the area of a «phere and has the value drat. 
Thus Archimedes’ procedure is equivalent to a genuine 
integration, but when it comes to the Inst Stage, instead 
of saying, αἰ Let the sides of the polygon be indefinitely 
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pig σφαῖρα τετραπλασία ἐ ἐστὶ κώνου τοῦ βάσιν 
τ μὲν ἔχοντος ἴσην τῷ “μεγίστῳ κύκλῳ τῶν ἐν τῇ 
a ὕψος δὲ τὴν ἐκ τοῦ κέντρου τῆς σφαίρας. 


γὰρ σφαῖρά τις καὶ ἐν αὐτῇ μέγιστος 
κύκλος ἐνερ "BPA. εἰ οὖν μή ἐστιν ‘ σφαῖρα τε- 


Ϊ 





τραπλασία τοῦ εἰρ μενον, κώνου, ἔστω, εἰ δυνατόν, 
μείζων ἢ Ὦ τετραπ “ἔστω δὲ ὁ & κῶνος βάσιν 
μὲν ἔχων τετραπλασίαν τοῦ ΑΒΓΔ κύκλου, ὕψος 

ἐ ἴσον τῇ ἐκ τοῦ κέντρου τῆς σφαίρας" μ ἔζων 


οὖν ἐστιν 7 σφαῖρα τοῦ & κώνου. ἔσται δὴ δύο 
ἔθη ἄνισα ἢ τε σφαῖρα. καὶ ὦ κῶνος" δυνατὸν 


οὖν δύο εὐθείας λαβεῖν ἀνίσους, wore ἔχειν τὴν 





increased,” he prefers to prove that the area of the sphere 
cannot be either greater or less than 4e0°%, By this double 
redurtio hat agieurdum he avoids the logical difficulties of 
dea with indefinitely small hepato difficulties that 
were not full ee until recent ti 

The ᾿νοδεάατε by which in this same paling ἡόεας Archimedes 
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Any sphere is four times as preat as the cone havin, 
a hese ᾿ to Ot ne of the circles in δε sbhers 
and height equal to the radius of the sphere. 

For let there be a sphere in which ΑΒΓΔ is the 
greatest circle. If the sphere is not four times the 


——— 





aforesaid cone, let it be, if possible, greater than four 
times ; let = be a cone having a base four times the 
circle ΑΒΓΔ and height equal to the radius of 
the sphere; then the sphere is greater than the 
cone =. Accordingly there will be two unequal 
magnitudes, the sphere and the cone ; it is therefore 
possible to take two unequal straight lines so that 


finds the surface of the segment of here is equivalent to 
ge crt acme a ΒΡ: cy 


a sin 6 εἰ =2ma"(1 -- cos a). 


Concurrently Archimedes finds the volumes of a sphere 
and segment of a sphere. He uses the same inscribed and 
circumscribed figures, and the procedure is equivalent to 
multiplying the above formulae by 4a throughout. Other 
“ integrations " effected by Archimedes are the volume ofa 
Stgment of a paraboloid of revolution, the volume of a seg- 
ment of a hyperboloid of revolution, the volume of a segment 
of a spheroid, the area of a spiral and the area of a segment of 
a parabola. He also finds the area of an ellipse, but not by 
a method vf etc to integration. The subject is fully 
treated by Heath, The Works of Archimedes, pp. cxlii-cliv, 
to whom I am much indebted in writing this note, 
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ee πρὺς τὴν ἐλάσσονα ἐλάσσονα λόγον τοῦ, ὃν 
aa “ap ea eA ἐξ κῶνον. ἔστωσαν οὖν αἱ 
πὶ Ε (areas dle wore terns AAT = 
λῶν ὑπερέχειν τὴν K τῆς 1 καὶ ia δ. 
τὴν © τῆς H, νοείσθω δὲ καὶ i τὸν ΑΒΓΔ 
κύκλον dintey phigutvcs πολύγωνον, οὗ τὸ πλῆθος 
τῶν πλευρῶν μετρείσθω ὑπὸ τετράδος, καὶ ἄλλο 
περιγεγραμμένον ὅμοιον τῷ ἐγγεγραμμένῳ, καθ- 
ἅπερ ἐπὶ τῶν RENO ἡ δὲ τοῦ περ ριγεγραμμένου 
πολυγώνου πὶ Upa πρὸς τὴν. τοῦ aces 
ἐλάσσονα λόγον. ἐχέτω τοῦ, ὧν ἔχει yp 
Kal ἔστωσαν al AT, BA διάμετροι πρὸς ἜΣ 
ἀλλήλαις. εἰ οὖν μενούσης _ τῆς AT διαμέτρου 
περιενεχθείη τὸ ἐπίπεδον, ἐν ὦ τὰ πολύγωνα, € ἔσται 
σχήματα' τὸ μὲν ἐγγεγραμμένον ἐν τῇ σφαίρᾳ, τὸ 
δὲ περιγεγραμμένον, καὶ ἕξει τὸ περιγεγραμμένον 
πρὸς τὸ ἐγγεγραμμένον τριπλασίονα λόγον ἢ ἥπερ 7) 
πλευρὰ τοῦ περιγεγραμμένου πρὸς τὴν τοῦ ἐγ- 
γεγραμμένου εἰς τὸν ΑΒΓΔ κύκλον. ἡ δὲ πλευρὰ 
πρὸς τὴν πλευρὰν ἐλάσσονα λόγον ἔχει ἥπερ ἡ 
πρὸς τὴν I: ὦστε τὸ σχῆμα τὸ ἐλὼς tia το 
ἐλάσσονα λόγον ἔχει ἢ τριπλασίονα τοῦ K πρὸς I. 
: σχήματα Heiberg, τὸ σχῆμα codd. 


a Futocins Ξσες Ἔξ a proof on these lines. Let the — 
of K, I, 6, H be a, δὶ c,d. Then a=-6=6-c=ec-d, and it 
is required to prove that a; d> α : 4, 


Take x such that arich:s, 
Then a-hras=t—e: 6, 
and since: a> 4, α-- πὴ -τ- 
But, by hypothesis, a-—b=b—e, 
Therefore b-ec>b—2, 
and so τ», 
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the greater will have to the less a less ratio than 
that which the sphere has to the cone 2. Therefore 
let the straight lines Καὶ, H, and the straight lines I, 0, 
be so taken that K exceeds I, and 1 exceeds 6 and 6 
exceeds H by an equal quantity; let there be 
imagined inscribed in the cirele ABTA a polygon 
the number of whose sides is divisible by four; 
let another be circumscribed similar to that in- 
scribed so that, as before, the side of the circum- 
scribed polygon has to the side of the inscribed 
wlygon a ratio less than that K:1; and let AT, 

be diameters at right angles. Then if, while the 
diameter ΑΤ' remains stationary, the surface in which 
the polygons lie be revolved, there will result two 
[solid] Aviva: one inscribed in the sphere and the 
other circumseribed, and the circumscribed figure 
will have to the inscribed the triplicate ratio of that 
which the side of the circumscribed figure has to 
the side of the figure inscribed in the circle ABT'A 
[Prop. $2]. But the ratio of the one side to the other 
is less than Καὶ :1 [er Aypothest]; and so the circum- 
scribed ἘΠΕ has [to the inscribed] a ratio less than 

Bu 


R?: 1. But®K:H>K*:1*; by much more there- 
Again, take y such that 6:2=2:1y. 
Then, as before b-2>2- 9, 


Therefore, a fortiori, δ -ἰ 2» απ -- , 
But, by hypothesis, b-e=e-d. 
Therefore 


e-d>r-y, 
But > c, 
and so y>d. 


But, by hypothesis, a:4—h;2=2: y, 
a:yee:i® [Eucl. v. Def. 10, also vol, ἢ, 
256 ἢ, ὁ, 


‘Therefore αι "αι i, sft 
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ἔχει δὲ καὶ ἡ Καὶ ΡΞ Η μείζονα λόγον ἢ τριπλάσιον 
τοῦ, ov ἔχει ἡ ἵὰ πρὸς I [τοῦτο γὰρ φανερὸν διὰ 

τὴ " πολλῷ ἄρα τὸ περιγραφψὲν πρὸς τὸ 
: arn ἐλάσσονα λόγον ἔχει τοῦ, dy ἔχει ἡ 
πρὸς H. ἡ δὲ K πρὸς H ἐλάσσονα λόγον ἔχει 
ἥπερ ἢ σφαῖρα πρὸς τὸν = κῶνον: καὶ ἐναλλάξ: 
ὅπερ ἀδύνατον" τὸ γὰρ σχῆμα τὸ περιγεγραμμένον 
μεῖζόν ἐστι τῆς σφαίρας, τὰ δὲ ἐγγεγραμμένον 
ἔλασσον τοῦ Ξ κώνου [διότι ὁ μὲν Ξ κῶνος τε- 
τραπλάσιός ἐστι τοῦ κώνου τοῦ βάσιν μὲν ἔχοντος 
ἴσην τῷ ΑΒΓΔ κύκλῳ, ὕψος δὲ ἴσον τῇ de τοῦ 
κέντρου τῆς σψαίρας, τὸ δὲ ἐγγεγραμμένον σχῆμα 
ἔλασσον τοῦ εἰρημένου κώνου ἢ τετραπλάσιον)" 
οὐκ ἄρα μείζων 7 τετραπλασία ἡ σφαῖρα τοῦ 
εἰρημένου. 

Ἔστω, εἰ δυνατόν, ἐλάσσων ἢ τετραπλασία" 
ὥστε ἐλάσσων ἐστὶν ἡ σφαῖρα τοῦ Ξ κώνου. εἰ- 
λήφθωσαν δὴ αἱ Καὶ, Η εὐθεῖαι, ὥστε τὴν Καὶ μείζονα 
εἶναι τῆς Η καὶ ἐλάσσονα λόγον ἔχειν πρὸς αὐτὴν 
τοῦ, ὃν ἔχει ὁ Ξ κῶνος πρὸς τὴν σφαῖραν, καὶ αἱ 
Θ, I ἐκκείσθωσαν, καθὼς πρότερον, καὶ εἰς τὸν 
ABTA κύκλον νοείσθω πολύγωνον ἐγγεγραμμένον 
καὶ ἄλλο περιγεγραμμένον, ὥστε τὴν πλευρὰν τοῦ 
περιγεγραμμένου πρὸς τὴν πλευρὰν τοῦ ἐγγεγραμ- 
sy Hed ἐλάσσονα λόγον ἔχειν ἥπερ ἡ K πρὸς I, καὶ 
τὰ ἄλλα κατεσκευασμένα τὸν αὐτὸν τρόπον τοῖς 
πρύτερον" ἕξει ἄρα καὶ τὸ περιγεγραμμένον στερεὸν 
σχῆμα πρὸς τὸ ἐγγεγραμμένον τριπλασίονα λόγον 
re ἡ πλευρὰ τοῦ περιγεγραμμένου περὶ τὸν 
ABDA κύκλον πρὸς τὴν τοῦ ἐγγεγραμμένου. ἡ δὲ 
πλευρὰ πρὸς τὴν πλευρὰν ἔλάσσονα λόγον ἔχει 
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fore the circumscribed figure has to the inscribed a 
ratio less than KR: H. But K:H is a ratio less than 
that which the sphere has to the cone Ξ [ex Aypothesi] ; 
[therefore the circumscribed figure has to the in- 
scribed a ratio less than that which the sphere has 
to the cone 2); and permutando, [the circumscribed 
figure has to the sphere a ratio less than that which 
the inscribed figure has to the cone}*; which is 
impossible ; for the circumscribed figure is greater 
than the sphere (Prop, 25], but the inscribed figure 
is less than the cone = [Prop. 27]. Therefore the 
sphere is not greater than four times the aforesaid 
cone. 

Let it be, if possible, less than four times, so that 
the sphere is less than the cone 3. Let the straight 
lines K, H be so taken that K is greater than H 
and Καὶ ; H is a ratio less than that which the cone = 
has to the sphere [Prop. 2]; let the straight lines 
O, I be placed as before ; let there be imagined in 
the circle ABCA one polygon inscribed and another 
circumscribed, so that the side of the circumscribed 
figure has to the side of the inscribed a ratio less 
than K:1I; and let the other details in the con- 
struction be done as before. Then the circumscribed 
solid figure will have to the inseribed the triplicate 
ratio of that which the side of the figure circum- 
scribed about the circle ABTA has to the side of the 
inscribed figure [Prop. 82]. But the ratio of the sides 

"ΑΛ ma note in one ws. gives these words, which 
Avcuiietcewoia not have omitted, oe Dts 





1 τοῦτο. . . λημμάτων om, Heiberg, 
Pion... terpamddowe om. Heiberg. 
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ἥπερ ἡ K πρὸς Τ' ἔξει οὖν τὸ σχῆμα τὸ περιγεγραμ- 
μένον πρὸς τὸ ἐγγεγραμμένον ἐλάσσονα ire ἣ 
τριπλάσιον τοῦ, ὃν ἔχει ἡ Καὶ πρὸς τὴν I, ἡ δὲ K 
πρὸς τὴν Η μείζονα λόγον ἔχει ἢ τριπλάσιον τοῦ, 
ὧν ἔχει ἡ K πρὸς τὴν 1’ ὥστε ἐλάσσονα λόγον ἔχει 
τὸ σχῆμα τὸ περιγεγραμμένον πρὸς τὸ ἐγγεγραμ 
ν ἢ iy HL. ἡ δὲ 
να 


, ἡ Ια πρὸς τὴν Καὶ πρὸς τὴν Η 
Noes dyov ἔχει ἢ ὁ Ξ κῶνος πρὸς τὴ υυ δῆ 
ὅπερ αδύνατον- τὸ μὲν γὰρ ἐγγεγραμμένον ἔλασσόν 
ἐστι τῆς σφαίρας, τὸ δὲ περιγεγραμμένον μεῖζον 
τοῦ Ξ κώνου. οὐκ ἄρα οὐδὲ ἐλάσσων ἐστὶν ἢ 
τετραπλασία ἡ σῴαῖρα τοῦ κώνου τοῦ βάσιν μὲν 
ἔχοντος ἴσην τῷ ΑΒΓΔ κύκλῳ, ὄνμος δὲ τὴν ἴσην 
τῇ ἐκ τοῦ κέντρου τῆς σφαίρας. ἐδείχθη δέ, ὅτι 
οὐδὲ μείζων: τετραπλασία ἄρα. 


Πόρισμα!]" 


Προδεδειγμένων δὲ τούτων φανερόν, ὅτι πᾶς 
κύλινδρος βάσιν μὲν ἔχων τὸν μέγιστον κύκλον 
τῶν ἐν τῇ σφαίρᾳ, ὕψος δὲ ἴσον τῇ διαμέτρῳ τῆς 
σφαίρας, ἡμιδλιός ἐστι τῆς σφαίρας καὶ ἡ ἐπι- 
φάνεια αὐτοῦ μετὰ τῶν βάσεων ἡμιολία τῆς 
ἐπιφανείας τῆς σφαίρας. | 

Ὃ μὲν yap κύλινδρος 6 προειρημένος ἐξαπλάσιάς 
ἐστι τοῦ κώνου τοῦ βάσιν μὲν ἔχοντος τὴν αὐτήν, 
ὄμος δὲ ἴσον τῇ ἐς τοῦ κέντρον, ἡ δὲ σῴαῖρα 
δέδεικται τοῦ αὐτοῦ κιώνου τετραπλασία οὖσα. 
δῆλον οὖν, ὅτι a κυύλινϑ ἡμιδλιός ἐστι τῆς 
σφαίρας. πάλιν, ἐπεὶ ἡ ἐπιφάνεια τοῦ κυλίνδρου 
χωρὶς τῶν βάσεων ἴση δέδεικται κύκλῳ, οὗ ἡ ἐκ 

acpope. ‘The title is not found in some MS, 
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is less than K:I [er Aypotheri]; therefore the cir- 
cumseribed figure has to the inscribed a ratio less 
than K?:2B, But K:H>K?:[*: and so the cir- 
cumscribed ἢ has to the inscribed a ratio less 
than K:H. But Καὶ : H is a ratio Jess than that which 
the cone Ξ has to the sphere [ee Agrees!) ; [there- 
fore the circumscribed ἔχε to the inscribed a 
ratio less than that which the cone = has to the 
sphere|*; which is impossible; for the inscribed 
figure is less than the sphere {Prop. 28], but the 
circumscribed figure is greater than the cone 2 
[Prop. 31, coroll.|. Therefore the sphere is not less 
than four times the cone having its base equal to 
the cirele ΑΒΓΔ, and height equal to the radius of 
the sphere. But it was proved that it cannot be 
greater; therefore it is four times as great. 


(conottany] 


From ate has been proved above it is clear that 
any cylinder having for its base the greatest of the circles 
in the sphere, sty Che g its height μάν to he diameter 
of the sphere, ts on -a-half times the pees anid τα 
surface teluding the bases is one-and-a-half times the 
eae of the sphere. ‘ 

‘or the aforesaid cylinder is six times the cone 
having the same basis and height equal to the radius 
Eos Eucl. xii. 10], while the sphere was proved to 
be four times the same cone [Prop. $4]. It is obvious 
therefore that the cylinder is one-and-a-half times 
the sphere. Again, since the surface of the cylinder 
excluding the bases has been proved equal to a circle 

* These words, which Archimedes would not have omitted, 
are given in a marginal note to one wa. 
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τοῦ κέντρου μέση ἀνάλογόν ἐστι τῆς τοῦ κυλίνδρου 


as καὶ τῆς διαμέτρου τῆς βάσεως, τοῦ δὲ 
ἘΝ ἡπέρου Pola: τοῦ περὶ τὴν σφαῖραν ἡ πλευρὰ 
ἴση ἐστὶ τῇ διαμέτρῳ τῆς βάσεως [δῆλον, ὅτι ἡ 
μέση αὐτῶν ἀνάλογον ἴση γίνεται τῇ διαμέτρῳ τῆς 
βάσεως), ὁ δὲ κύκλος ὅ τὴν ἐκ τοῦ κέντρου ἔχων 
ἴσην τῇ διαμέτρῳ τῆς βάσεως τετραπλάσιδς ἐστι 
τῆς βάσεως, τουτέστι τοῦ μεγίστου κύκλου τῶν ἐν 
Τῇ σφαίρᾳ, ἔσται dpa καὶ ἡ ἐπιφάνεια τοῦ κυ- 
λίνδρου χωρὶς τῶν βάσεων τετραπλασία τοῦ με- 
γίστου κύκλου: ὅλη dpa μετὰ τῶν βάσεων ἡ 
ἐπιφάνεια τοῦ κυλίνδρου ἐξαπλασία ἔσται τοῦ 
μεγίστου κύκλου. ἔστιν δὲ καὶ ἡ τῆς σφαίρας 
ἐπιυῤάνεια τετραπλασία τοῦ μεγίστου κύκλου. δ) 
dpa ἡ ém@dvea τοῦ κυλίνδρου ἡμιολία ἐστὶ τῆς 
ἐπιφανείας τῆς σφαίρας. 


[εὐ βοιστιον or a Cuntc Equation 


Archim, De ye ef Cyl. ii. Prop. 4, Archim, ed, 


Τὴν δοθεῖσαν σφαῖραν τεμεῖν, ὥστε τὰ τμήματα 
τῆς σφαίρας πρὸς ἄλληλα λόγον ἔχειν τὸν αὐτὸν 
τῷ δοθέντι. 

ὁ δῆλον. - βάσεως om, Heiberg. 


* As the geometrical form of δ ρέρνε ls rather diffuse, and 

may conceal from the casual reader the underlying nature of 
the operation, it may be nos well to state at the outset the 
various stages of the proof. The problem is to cut a given 
ones De a plane so that the segments shall have ἃ given 
ratio, and the stages are : 
(a) Analysis of this main problem in which it is reduced 
to a particular case of the prncral problem, “so to cut a 
given straight line AZ at that AZ bears to the given 
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whose radius is a mean proportional between the side 
of the cylinder and the diameter of the base Se 
13], end the side of the aforementioned cylinder 
circumscribing the sphere is equal to the diameter of 
the base, while the cirele having its radius equal to 
the diameter of the base is four times the base [Fuel. 
xii. 2], that is to say, four times the greatest of the 
circles in the sphere, therefore the surface of the 
cylinder excluding the bases is four times the greatest 
circle ; therefore the whole surface of the cylinder, 
including the bases, is six times the greatest circle. 
But the surface of the sphere is four times the greatest 
circle, Therefore the whole surface of the cylinder 
is one-and-a-half times the surface of the sphere. 


(¢) Sonvriox or a Custc Equation 


Archimedes, On the Sphere and Cylinder il, 
Prop. 4, Archim. ed. Heiberg i. 18d. 15-192, 6 


ΤῸ cut ἃ given sphere, so that the segments of the sphere 
shall have, one towards the other, a given ratio” 


straight line the same ratio as a given area bears to the 
square on AX"; in algebraical notation, to salve the equation 
re == or 2a -- 2) =be3, 

(6) Analysis of this general problem, in which it is shown 
thet the required point can be found as the intersection of a 
parabola [πε ἔμ} and a hyperbola [(a-z)y=ad], It is 
stated, for the time being without proof, that αϑα -- ΕἾ is 
pronbest when #=ja; in other words, that for a real solution 

A ate αὐ, 


ic) Synthesis of this general problem, according: as be? is 
Ereater than, equal to, or less than a If it be ter, 
there is no real solution; lf equal, there is one real solution ; 

if fess, there are two real solutions. 
(ἢ) Proof that 2(a-2) is greatest when x=ja, deferred 
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Ἔστω ἧἦ oe σφαῖρα ἡ ABD A> δεῖ πὰ τρί 
erage ἐπιπέ ὥστε τὰ τμήματα τῆς σφαίρας 
pos ἄλληλα λόγον. ἔχειν hens 
TT erumaBen διὰ τῆς ΑΓ ἐπιπέδῳ" λόγος apa τοῦ 
AAT τμήματος τῆς σφαίρας oat τὸ ABD τμῆ Ἰὰ 
τῆς σφαίρας δοθείς. τετμήσθω δὲ ἡ σῴαϊῖρα 
τοῦ κέντρου, καὶ ἔστω ἡ TOR ἜΣ κύκλος ὅ 
ΑΒΓΆ, κέντρον δὲ τὸ Κὶ καὶ | διάμετρος ἡ ΔΒ, καὶ 
πεποιήσθω, ὡς μὲν συναμφότερος ἡ ἈΔΧ πρὸς 
AX, οὕτως i} PX πρὸς XB, ὡς δὲ συναμφύτερος 
ἡ KBX πρὸς BX, οὕτως ἡ AX πρὸς MA, καὶ 
ἐπεζεύχθωσαν αἱ AA, AD, AP, PI ἴσος dpa 
ἐστὶν ὁ ὁ μὲν AAT κῶνος τῷ AAT τμήματι τῆς 
aipas, 5 δὲ APP τῷ ABE: λόγος ἄρα καὶ τοῦ 
AAT KwvoU πρὸς τὸν APD κῶνον δοθείς. ὡς 
δὲ ὅ κῶνος πρὸς τὸν κῶνον, οὕτως ἡ AX πρὸς 
ὩΣ [ἐπείπερ τὴν αὐτὴν βάσιν ἔ ἔχουσιν τὸν. περὶ 
Caples τὴν AT κύκλον }"" λόγος ἄρα καὶ τῆς 
πρὸς AP δοθείς. καὶ διὰ ταὐτὰ τοῖς mpo- 


Ἶ ἐπείπερ. . . κύκλον om. Heiberg. 








in (ὁ). This is done in two parts, by showing that (1) if z has 
any value less than fa, (2) if ὦ has any value greater than fa, 
τῆζα -- αὐ has a smaller value than when z= Jo. 

(ἡ ῬᾺ Proof that, if ῥοῦ τ a", there are ne two real 

solu 
f that, in the particular case of the 

Sali Archimedes has reduced his origina a ssh aby tae 

is always a real solution, 

Uiice ten of ne Riek fave pe 
cae stages, (a) and (9) alone are cee farit In our texts of 

Archimedes t Eutocius found stares ()-(d) in an old 
book, which he took to be the work of Archimedes; and 
he added stages (¢) and {7} himself. When it is considered 
nee Oe teaver by rigorous geometrical 
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Let ABTA be the given sphere; it is required so 
to cut it by a plane that the segments of the sphere 
shall have, one towards the other, the given ratio. 

Let it be cut by the plane AI’; then the ratio of 
the segment AAI of the sphere to the segment ABI 
of the sphere is given. Nav let the sphere be cut 
through the centre [by a plane perpendicular to the 
plane through AI], and let the section be the great 
cirele ABTA of centre K and diameter AB, and let 
[A, P be taken on BA produced in either direction 
so that] 


KA+AX : AX =PX : ΧΕ, 
RB+BA : BAe AX: XA, 


and let AA, AT, AP, PT be joined ; then the cone 
AAD is equal to the segment AAT of the sphere, and 





the cone APT to the segment ABI [Prop. 2]; there- 
fore the ratio of the cone AAI to the cone APT’ 
is given, But cone AAI: cone API=AX: XP 
Therefore the ratio AX: XP is given. And in the 


methods, the solution must be admitted a veritable fowr de 
fores. It is strictly analogous to the modern method of 
solving « cubic equation, but the concept of a cubie equation 
did not, of course, come within the purview of the ancient 


+ Since they have the same base, 
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τερον διὰ τῆς κατασκευῆς, ox. ΛΔ πρὸς KA, ἡ 
ΚΒ πρὸς BP καὶ ἡ AX πρὸς καὶ ἐπεὶ ἐστιν, 


ΡΒ iia BR, 7 "1, KA πρὸς AA, συνθέντι, ὡς 

ἡ ἡ ἘΚ , τοῦτ ἐστι πρὸς ΚΔ, οὕτως ἡ "RA 
πρὸς Ὑοξτν ὅλη dpa A. PA πρὸς ὅλην τὴν KA 
ἐστιν, ὡς ἡ ΚΑ πρὸς A ἶσον apa τὸ ὑπὸ τῶν 
PAA τῷ ἀπὸ AK. ὡς ἄρα ἡ PA πρὸς AA, τὸ 
ἀπὸ KA πρὸς τὸ ἀπὸ ΛΔ. καὶ ἐπεί ἐστιν, εὡς 
ἡ ΛΔ πρὸς AK, οὕτως 7, AX πρὸς XB, ἔσται 
ἀνάπαλιν καὶ συνθέντι, ὡς ἡ KA πρὸς ΛΔ, οὕτως 
ἐδ BA πρὸς AX [καὶ ὡς ἄρα τὸ ἀπὸ RA πρὸς τὸ 
> AA, οὕτως τὸ ἀπὸ ΒΔ πρὸς τὸ ἀπὸ AX, 

: zh ἐπεῖ ἔστιν, ὡς ἡ AX πρὸς AX, συναμ- 
eta 7 KB, BX πρὸς BX, διελόντι, ὡς 7 AA 
pos AX, οὕτως 7 ΚΗ πρὸς BX). καὶ κείσθω 

τῇ pK ἴση ἡ BL: ὅτι ap ἐκτὸς τοῦ P πεσεῖται, 
ν [καὶ σται, cis AA moos AX, οὕτως ἢ 

πρὸς ΒΧ' ὥστε wai, ὡς ἡ ΔΛ πρὸς AX, ἢ 

ΒΖ πρὸς ZX)" ἐπεὶ δὲ λόγος ἐ ἐστὶ τῆς AA πρὸς 
AX δοθείς, καὶ τῆς PA ἄρα πρὸς AX λόγος ἐστὶ 
* καὶ... πρὸς HX. The words wal... ἀπὸ AX are shown 

by Eutoelus's comment te be an interpolation, The words 
πάλιν. ., πρὸς BX ond wal... πρὸς GX must also be inter- 
lated, as, in order to ΣΝ me τρις, AX is given, Euteeius 

t proves that BA: AX=AA?AX, which he would hardly 


have done if Archimedes had himself provided the proof. 
Ξ καὶ... πρὸς 2X; τ᾿ preceding note. 





* This is proved by Eutncius thus : 


dirimenda, ΝᾺ: ΑΧ ΞΡΉ : BX, 
and permutando, Ki: BPeAX: ΧΕ, 
τὰς KB: BP=AX: XR, 
Again, since KB+BX: XB=AX: XA, 
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same way as in a previous proposition [Prop. 2], by 
construction, } 
AA:KA=KB: BP= AX : XB" 


And since PR: BK=KA: AA, [πο]. v. 7, coroll. 


componenda, PR :KB=KA : ΛΖ, [Fucl. vy. 18 
ΓΝ PR : ΚΔ ΚΑ: ie 
εἶν ΡΑΊΚΑΞΚΛΑ: (Euel. v. 12 
i PA. AA =A vis [Euel. vi. 17 
at PA: AA=KA?: AA®, 
And since AA:AK=AX: XB, 
inver . rs 

ih KA :AA=BA:A) onal E*t dats 


Let BZ be placed equal to KG. It is plain that [2] 
will fall bey ond P.° Since the ratio AA:AX is 
given, therefore the ratio PA: AX is given. Then, 


dirimendo εἰ permutande AX: XB=AA;: AK, 
Now AX: XB=KB: BP. 
Therefore AA: AK=AX: XB=EKE: BP. 

* Since XA: XB=KB: BP, and AX>XB, .. KB=>RP. 
.-, HZ > ΒΡ, 

* As Eutocius's note shows, what Archimedes wrote was : 

“ Sinee the ratio AA: AX is given, and the ratio PA: AX, 
therefore the ratio PA: AA is also given.” Eutocius's 


mode | 
KB+BxX: BX=AX: XA, 

a ἘΣ tera 

=". AA?r2b=XA: 

ts BA: ZX e@ AA: x: 


But the rain B42: ἊΝ is given because 2B is equal to the 
radius of the given sphere and BX is given. Therefore 

AA: AX is piven. 
Again, since the ratio of the segments is given, the ratio of 
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δοθείς. ἐπεὶ οὖν 6 τῆς PA πρὸς AX λόγος συν- 
ἧπται ἐκ τε τοῦ, ὃν ἔχει ἡ ῬᾺ πρὸς AA, καὶ ἡ 
ΔΛ apts AX, ἀλλ᾽ ὡς μὲν ἡ PA πρὸς ΛΔ, τὸ 
ἀπὸ ΔΒ πρὸς τὸ ἀπὸ AX, ὡς δὲ ἡ AA πρὸς AX, 
οὕτως ἡ ΒΖ πρὸς ZX, ὁ dpa τῆς PA πρὸς AX 

ὄγος συνῆπται ἔκ τε τοῦ, ὃν ἔχει τὸ dad BA 
πρὸς τὸ ἀπὸ AX, καὶ ἡ BZ πρὸς ZX. πεποιήσθω 
δέ, ws ἡ PA πρὸς AX, ἡ ΒΖ πρὸς 70. λόγος δὲ 
τῆς PA πρὸς AX δοθείς" λόγος ἄρα καὶ τῆς ZB 
πρὸς ZO δοθείς. δοθεῖσα δὲ ἡ ΒΖ --ἴση γάρ ἔστι 
τῇ ἐκ τοῦ κέντρου" δοθεῖσα dpa καὶ ἡ ZO. καὶ 
ὁ τῆς ΒΖ ἄρα λόγος πρὸς ZO συνῆπται ἔκ τε τοῦ, 
ὃν ἔχει τὸ ἀπὸ BA πρὸς τὸ ἀπὸ AX, καὶ ἡ ΒΖ 
πρὸς ZX. ἀλλ' ὁ BZ πρὸς ZO λόγος συνῆπται 
ἐκ τε τοῦ τῆς ΒΖ πρὸς ZX καὶ τοῦ τῆς ZX πρὸς 
ZO [κοινὸς ἀφῃρήσθω ὅ τῆς BZ πρὸς ZX] 
λοιπὸν ἄρα ἐστίν, ὡς τὸ ἀπὸ BA, τουτέστι δοθέν, 
πρὸς τὸ ἀπὸ AX, οὕτως ἡ XZ πρὸς 7,0, τουτέστι 
πρὸς δοθέν. καί ἐστιν δοθεῖσα ἡ ZA εὐβεῖα" 
εὐθεῖαν ἄρα δοθεῖσαν τὴν AZ, τεμεῖν δεῖ κατὰ τὸ 
X καὶ ποιεῖν, ὡς τὴν XZ πρὸς δοθεῖσαν [τὴν 720); 
οὕτως τὸ δοθὲν [τὸ ἀπὸ ΒΔ] πρὸς τὸ ἀπὸ AX. 
τοῦτο οὕτως ἁπλῶς μὲν λεγόμενον ἔχει διορισμόν, 

‘words... πρὸς ZX. Eutocius's comment shows that 


these words are interpolated. 
" τὴν 20, τὸ ἀπὸ BA. Eutocius's comments show these 
words to be glosses. 


a 
the cones AAT, APT is also given, and therefore the ratio 
AX : XP. Therefore the ratio PA; AX is given, Site 
the ratios PA: AX and AA: AX are given, it follows that 
the ratio PA: AA is given. 
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since the ratio PA:AX is composed of the ratios 
PA: AA and AA : AX, 
and since PA: AA=AB?:AX2s 

AA:AX = BZ: ak, 
therefore the ratio PA τ AX is composed of the ratios 
GA": AX? and BZ:ZX. Let [0 be chosen so that] 

PA: AX = BZ : Z@, 

Now the ratio PA: AX is given; therefore the ratio 
2B: 20 is given, Now BZ is given—for it is equal 
to the radius; therefore ZO is also given. There- 
fore ® the ratio. BZ : 70 is composed of the ratios 
BA?: AX? and BZ:2XM. But the ratio ΒΖ: 270 is 
composed of the ratios BZ :ZX and ZX:Z0. There- 
fore, the remainder® BA?:AX2=2X7 : 40, in which 
BA? and ZO are given. And the straight line ZA is 
ig ; therefore 1 is required so to cut the given straight 
line AZ at X that XZ bears to 4 given straight line the 
same ratio az ἃ given area bears to the square on AX, 
When the problem is stated in this general form," it 
is necessary to investigate the limits of possibility, 


* For PAr AA=AKT: AA® 

= BA; AX! 

"Ὁ Therefore " refers to the last equation, 

* i.¢, the remainder in the process given fully by Ewtocios 
as follows : 

(BA? : AX"). (BA: ΣΧ) π ΒΒ: OF =(BA: 2X). (XZ: ZO), 
Removing the common element BZ; ἌΧ from the extreme 
terms, we find that the remainder BA?; AX?=X7 , 78, 

“In algebraic notation, if AX=e and A24=a, while the 
given straight line is ὁ and the given area is οἱ, then 

a—-z 6 
= a 
or καἴα -- στε ες, 
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προστιθεμένων δὲ τῶν προβλημάτων τῶν ἐνθάδε 


ὑπαρχόντων [τουτέστι τοῦ τε διπλασίαν εἶναι rip 
ΔΒ τῆς ΒΖ καὶ τοῦ μείζονα τῆς ZO τὴν ZB, ὡς 
κατὰ τὴν ἀνάλυσιν) οὐκ ἔχει διορισμόν" καὶ ἔσται 
τὸ πρόβλημα. τοιοῦτον: δύο δοθεισῶν εὐθειῶν τῶν 
BA, BZ καὶ διπλασίας οὔσης τῆς ΒΔ τῆς ΒΖ καὶ 
σημείου ἐπὶ τῆς BZ τοῦ © τεμεῖν τὴν ΔΒ κατὰ 
τὸ X καὶ ποιεῖν, ὡς τὸ ἀπὸ ΒΔ πρὸς τὸ ἀπὸ AX, 
τὴν MZ πρὸς 20 ἑκάτερα δὲ ταῦτα ἐπὶ τέλει 
ἀναλυθήσεταί τε καὶ συντεθήσεται. 


Eutoc. Comm, in Archim. De Sphaera et Cyl. ii, Archim. 
ed. Heiberg Hil. 150, 17-150, 22 

“Eat τέλει μὲν τὸ προρηθὲν ἐπηγγείλατο δεῖξαι, 
ἐν οὐδενὶ δὲ τῶν ἀντιγράφων εὑρεῖν ἔνεστι τὸ 
ἐπάγγελμα. ὅθεν καὶ Διονυσόδωρον μὲν εὑρί- 
σκόμεν μὴ τῶν αὐτῶν ἐπιτυχόντα, ἀδυνατήσαντα 
δὲ ἐπιβαλεῖν τῷ καταλειφθέντι λήμματι, ἐφ᾽ ἑτέρα 
δδὸν τοῦ ὅλου προβλήματος ἐλθεῖν, ἥντινα ἑξῆς 
γράψομεν" Διοκλῆς μέντοι καὶ αὐτὸς ἐν τῷ Περὶ 
πυρίων αὐτῷ συγγεγραμμένῳ βιβλίῳ ἐπηγγέλθαι 
νομίζων τὸν Ἀρχιμήδη, ἢ πεποιηκέναι δὲ τὸ 
ἐπάγγελμα, αὐτὸς ἀναπληροῦν ἐπεχείρησεν, καὶ 
τὸ ἐπιχείρημα ἑξῆς γράψομεν" ἔστιν γὰρ Καὶ αὐτὸ 
οὐδένα μὲν ἔχον πρὸς τὰ παραλελειμμένα λόγον, 
ὑμοίως δὲ τῷ Διονυσοδώρῳ δι᾿ ἑτέρας ἀποδείξεως 
κατασκευάζον τὸ πρόβλημα. ἔν τινι μέντοι παλαιῷ 
ἢ χουτέστι... , ἀνάλυσιν. Evutoclus's notes make it 
likely that these words are interpolated, 


- Ἐπ ee 
"In the technical language of Greck mathematics, the 
τῶν 
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but under the conditions of the present case no such 
investigation is necessary.* In the present case the 
problem will be of this nature: Given bea straight 
fines BA, BZ, in which BA=2BZ, and a pont O upon 
BZ, so to cut AB at X that 
ΒΑΕ: AX?=£X27:20; 

and the analysis and synthesis of both problems will 
be given at the end, 


Enutocius, Commentary on Archimedes Sphere and 
Cylinder ii., Archim, ed. Heiberg iii, 190, 17-150, 92 


He promised that he would give at the end a proof 
of what is stated, but the fulfilment of the promise 
cannot be found in any of his extant writings, 
= ayendaras also failed to light on it, and, beir : 
unable to tackle the omitted lemma, he spwnrwnchedt 
the whole problem in an altogether different way, 
which I shall describe in due course. Diocles, indeed, 
in his work On Burning Mirrors maintained that 
Archimedes made the promise but had not Fulfilled 
it, and he undertook to supply the omission himself, 
which attempt I shall also describe in its turn ; it 
bears, however, no relation to the missing discussion, 
but, like that of Dionysodorus, it solves the problem 
by a construction reached by a different proof. But 


feneral problem requires a diorismos, for which τι vol. i. 
P15] nA and p. $06 n. a, In algebraic notation, there 
must be limiting conditions if the equation 
xia -- 2) πε ῥο3 

is to have a real root lying between 0 and a. Ai 

* Having made this promise, Archimedes proceeded to 
Εἶνε the formal synthesis of the problem which he had thus 
4 Les Ι. 
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βιβλίῳ---οὐδὲ yap τῆς ets πολλὰ ζητήσεως ἀπέστη- 
μεν--ἐντετύχαμεν θεωρήμασι yey os οὐκ 
ἀλέγην μὲν τὴν ἐκ τῶν τ μονα τῶν ἔχουσιν 
ἀσάφειαν περί τε τὰς καταγραφὰς πολυτρόπως 
ἥμαρτη Ἱμένοις, τῶν μέντοι ζητουμένων εἶχον τὴν 

, ἐν μέρει δὲ τὴν ᾿Αρχιμήδει φίλην 
Δωρίδα γλῶσσαν enna καὶ τοῖς συνήθεσι τῷ 
ἀρχαίῳ τῶν πραγμάτων ὀνόμασιν ἐγέγραπτο τῆς 
μὲν παραβολῆς ὀρθογωνίου κώνου Aika ὀνομαξο- 
μένης, τῆς δὲ ὑπερβολῆς ἃ μβλυγωνίου κώνου 
τομῆς, ὡς ἐξ αὐτῶν διανοεῖσθαι, μὴ apa καὶ αὐτὰ 
εἴη τὰ ἐν τῷ τέλει ἐπηγγελμένα. γράφεσθαι. ὅθεν 
σπουδαιότερον ἐντυγχάνοντες, αὐτὸ μὲν τὸ ῥητόν, 
ὡς γέγραπται, διὰ πλῆθος, ὡς εἴρηται, τῶν πται- 
σμάτων δυσχερὲς εὑρόντες τὰς ἐννοίας κατὰ μικρὸν 
ἀποσυλήσαντες κοινοτέρᾳ καὶ σαφεστέρᾳ κατὰ τὸ 
δυνατὸν λέξει γράφομεν. καθόλου δὲ πρῶτον τὸ 
θεώρημα γραφήσεται, i ἵνα τὸ λεγόμενον ὑπ᾽ αὐτοῦ 
tootsie 2 τῶν διορισμῶν: εἶτα καὶ τοῖς 
ἀναλελυμένοις ἐν τῷ προβλήματι προσαρμοσθή- 


σεται, 


" Ed@eias δοθείσης τῆς AB καὶ ἑτέρας τῆς ΑΓ 
wal χωρίου τοῦ ἃ προκείσθω λαβεῖν ἐπὶ τῆς AB 
σημεῖον ὡς τὸ E, ὥστε εἶναι, ws Tap AE πρὸς 
ΑΓ, οὕτω τὸ ἃ χωρίον πρὸς τὸ ἀπὸ ΕΒ. 

᾿ Γεγονέτω, καὶ κείσθω ἡ ΑΓ πρὸς ὀρθὰς τῇ 
ΑΒ, καὶ ἐπιζευχθεῖσα ἡ ἡ ΓΕ ἯΙ fey ἐπὶ τὸ “, καὶ 
ἤχθω διά τοῦ [ τῇ AB se Ws ἡ TH, βιὰ 
δὲ τοῦ Βτῇ AT παράλληλος ἡ 2BH συμπίπτουσα 
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in a certain ancient book—for I pursued the inquiry 
thoroughly—I came upon some theorems which, 
though far from clear owing to errors and to manifold 
faults in the diagrams, nevertheless gave the sub- 
stance of what I sought, and furthermore preserved 
in part the Doric dialect beloved by Archimedes, 
while they kept the names favoured by ancient 
custom, the parabola being called a section of a right- 
angled cone and the hyperbola a section of an obtuse- 
angled cone; in short, I felt bound to consider 
whether these theorems might not be what he had 
promised to give at the end. For this reason I 
applied myself with closer attention, and, although it 
was difficult to get at the true text owing to the 
multitude of the mistakes already mentioned, gradu- 
ally I routed out the meaning and now set it out, so 
far as I can, in more familiar and clearer language. 
In the first place the theorem will be treated gener- 
ally, in order to make clear what he says about the 
limits of possibility ; then will follow the special form 
it takes under the conditions of his analysis of the 
problem. 


" Given a straight line AB and another straight 
line AT and an area A, let it be required to find a 
point αὶ on AB such that AE : AT =A : EB. 

“ Suppose it found, and let AT’ be at right angles 
to AB, and let ΤῈ be joined and produced to Z, and 
through Τ' let ΓῊ be drawn parallel to AB, and 
through B let ZBH be drawn parallel to AI’, meeting 
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ἑκατέρᾳ τῶν TE, ΓΗ, καὶ συμπεπληρώσθω τὸ 
HO παραλληλύγραμμον, καὶ διὰ τοῦ E ὑποτέρᾳ 
τῶν ΓΘ, HZ παράλληλος ἤχθω ἡ KEA, καὶ τῷ 
A ἴσον ἔστω τὸ ὑπὸ THM. 

“Ἐπεὶ οὖν ἐστιν, ὡς ἡ EA πρὸς Al’, οὕτως τὸ 
A πρὸς τὸ ἀπὸ EB, ὡς δὲ ἡ EA πρὸς AT, οὕτως 
ἡ TH πρὸς HZ, ὡς δὲ ἡ TH πρὸς HZ, οὕτως 
τὸ ἀπὸ ΓῊ πρὸς τὸ ὑπὸ ΓΗΖ, ὡς dpa τὸ ἀπὸ 
PH πρὸς τὸ ὑπὸ THZ, οὕτως τὸ Δ πρὸς τὸ ἀπὸ 
EB, τουτέστι πρὸς τὸ ἀπὸ ΚΖ. καὶ ἐναλλάξ, ὡς 
τὸ ἀπὸ ΓῊ πρὸς τὸ A, τουτέστι πρὸς τὸ ὑπὸ 
PHM, οὕτως τὸ ὑπὸ THZ πρὸς τὸ ἀπὸ ZK. 
ἀλλ᾽ ὡς τὸ ἀπὸ TH πρὸς τὸ ὑπὸ ΓΗ M, οὕτως 
ἡ TH πρὸς ΗΜ: καὶ ὡς ἄρα ἡ TH πρὸς HM, 
οὕτως τὸ ὑπὸ [HZ πρὸς τὸ ἀπὸ ZK. ἀλλ᾽ ὡς 
ἡ TH πρὸς HM, τῆς HZ κοινοῦ ὕψους λαμβανο- 
μένης οὕτως τὸ ὑπὸ THZ πρὸς τὸ ὑπὸ MHZ: 
ws dpa τὸ ὑπὸ THZ πρὸς τὸ ὑπὸ MHZ, οὕτως 
τὸ ὑπὸ ΤῊΖ πρὸς τὸ ἀπὸ 7. ἴσον ἄρα τὸ ὑπὸ 


MHZ τῷ ἀπὸ ZK. ἐὰν ἄρα περὶ ἄξονα τὴν ΖΗ 
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both TE and ΤῊ, and let the parallelogram ΗΘ be 
completed, and through E let KEA be drawn parallel 


8 








‘i 
to either ΓΘ or HZ, and let [M be taken so that] 
rH.HM=A. 
“ Then, since EA: AT mA:ER? [ex Ayp, 
and EA: AT - ΤἪ : HZ, 
and rH : HZ =H? : TH , HZ, 
ἘΠ ΓΗΣ: ΤῊ ΗΖ =A:: EB 


- ἃ :- ΚΞ’ ἢ 
and, permutando, TH? :A [- Γ Ἢ. ΗΖ : 28] 


ἦι, PH?: ΤῊ. ΗΝ - ΓΗ. ΗΖ: ZK. 
But Mot ΓῊ ἮΝ ΤΉ ἫΝ; 
ἮΝ =IH . HZ: ZK3, 


But, by taking a common altitude HZ, 
TH: HM=lH.HZ:MH. 
TH.H2Z:MH.HZ=CH.HZ:ZK?: 
MH, Hf# = ZK, 
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ραφῇ διὰ τοῦ H παραβολή, ὥστε τὰς Karayo- 
ες δύνασθαι παρὰ τὴν HM, ἥξει διὰ τοῦ Καὶ, 
καὶ ἔσται θέσει δεδομένη διὰ τὸ δεδομένην εἶναι 
τὴν HM τῷ μεγέθει περιέχουσαν μετὰ τῆς HT 
δεδομένης δοθὲν τὸ Δ' τὸ ἄρα K ἅπτεται θέσει 
δεδομένης παραβολῆς. γεγράφθω οὖν, ὡς εἴρηται, 
καὶ ἔστω ὡς ἡ HK. | 

“Πάλιν, ἐπειδὴ τὸ OA χωρίον ἴσον ἐστὶ τῷ 
ΓΒ, τουτέστι τὸ ὑπὸ OKA τῷ ὑπὸ ABH, ἐὰν 
διὰ τοῦ Β περὶ ἀσυμπτώτους τὰς OT, ΓΗ γραφῇ 
ὑπερβολή, ἥξει διὰ τοῦ K διὰ τὴν ἀντιστροφὴν 
τοῦ 1 θεωρήματος τοῦ δευτέρου βιβλίου τῶν 
Ἰλοο χορῶν Wiwacen στοιχείων, καὶ ἔσται δέσει 
δεδομένη διὰ τὸ καὶ ἑκατέραν τῶν GT, ΓΗ͂, ἔτι 
μὴν καὶ τὸ Β τῇ θέσει δεδέσθαι. γεγράφθω, ὡς 
εἴρηται, καὶ ἔστω ὡς ἡ ἘΒ- τὸ doa K ἅπτεται 
θέσει δεδομένης ὑπερβολῆς. ἥπτετο δὲ καὶ θέσει 
δεδομένης παραβολῆς. δέδοται dpa K. καί 
ἐστιν ἀπ᾽ αὐτοῦ κάβετος ἡ KE ἐπὶ θέσει δεδομένι 
τὴν ΑΒ’ δέδοται dpa τὸ E. ἐπεὶ οὖν ἐστιν, ὡς 
ἡ EA πρὸς τὴν δοθεῖσαν τὴν AT, οὕτως δοθὲν τὸ 
A πρὸς τὰ ἀπὸ EB, δύο στερεῶν, ὧν βάσεις τὸ 


ἀπὸ EB καὶ τὸ A, ὕψη δὲ αἱ EA, AT, ἀντιπεπάν- 





* Let AB=a, ΑΓ τοῦ, and ΔΈ ΓΗ, ΗΜ --οῦ, so that HM="., 
Then if HT be taken as the axis of ὦ and HZ as the axis of y, 
the equation of the parabola is 

Pe] 
fe τς ae 
and the equation of the hyperbola is 
(a - οὖν =ah, ry 
Their points of intersection give solutions of the equation 
ἴα — at) = be, 
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If, therefore, a parabola be drawn through H about 
the axis ZN with the parameter HM, it will pass 
through K [Apoll. Con. i. 11, converse], and it will be 
given in position because HM is given in magnitude 
[ἔπε]. Data 57), comprehending with the given 
straight line HI’ the given area A; therefore Καὶ lies 
on ἃ parabola given in position. Let it then be 
drawn, as described, and let it be HK. 


“ Again, since the area ΘΔ τ ΓΕ [Euel, i. 45 
Ee.» OK. KA=AB, BH, 


if a hyperbola be drawn through B having 61’, ΓῊ for 
asymptotes, it will pass through K by the converse 
to the eighth theorem of the second book of Apol- 
lonius's Elements of Conics, and it will be given in 
position because both the straight lines OT, ΓΗ, and 
also the point B, are given in position, Let it be 
drawn, as described, and let it be KB; therefore 
K lies on a hyperbola given in position. But it lies 
also on a parabola given in position; therefore K is 
given." And KE is the perpendicular drawn from it 
to the straight line AB given in position; therefore 
Eis given. Now since the ratio of EA to the given 
straight line AI’ is equal to the ratio of the given area 
4 to the square on EB, we have two solids, whose 
bases are the square on EB and A and whose alti- 
tudes are EA, Al’, and the bases are inversely pro- 


to which, as already noted, Archimedes had reduced his 
problem, (N.8.—The axis of αὶ is for convenience taken in a 
direction Sontrery. fe that which is usual; with the usual 
conventions, we should get slightly different equations.) 
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faow at βάσεις τοῖς ὕψεσιν. wore toa ἐστὶ τὰ 
στερεά" τὸ dpa ἀπὸ EB ἐπὶ τὴν EA ἴσον ἐστὶ τῷ 
δοθέντι τῷ Δ ἐπὶ δοθεῖσαν τὴν TA. ἀλλὰ τὸ ἀπὸ 
ΒΕ ἐπὶ τὴν EA μέγιστόν ἐστι πάντων τῶν ὁμοίως 
λα μένων ἐπὶ τῆς BA, ὅταν ἦ διπλασία ἡ BE 
τῆς EA, ὡς δειχθήσεται" δεῖ ἄρα τὸ δοθὲν ἐπὶ τὴν 
δοθεῖσαν μὴ μεῖζον εἶναι τοῦ ἀπὸ τῆς BE ἐπὶ τὴν 
ΒΑ. 


ᾧ zavronierst δὲ οὕτως" ἔστω ἡ μὲν δοθεῖσα 
εὐθεῖα ἡ AB, ἄλλη δέ τις δοθεῖσα ἡ AT, τὸ δὲ 
δοθὲν χωρίον τὸ A, καὶ δέον ἔστω τεμεῖν τὴν ΑΒ, 
more εἶναι, ὡς τὸ ἕν τμῆμα πρὸς τὴν δοθεῖσαν τὴν 
AT’, οὕτως τὸ δοθὲν τὸ A πρὸς τὸ ἀπὸ τοῦ λοιποῦ 
τμήματος. | 

“ Εῤλήφθω τῆς AB τρίτον μέρος  AE- τὸ dpa 
ἃ ἐπὶ τὴν AD ἡτοῖ μεῖζόν ἐστι τοῦ ἀπὸ τῆς ΒΕ 
ἐπὶ τὴν LA ἢ ἴσον ἢ ἔλασσον. 

Et μὲν οὖν μεῖζον ἐστιν, οὐ συντεθήσεται, ὡς 
ἐν τῇ ἀναλύσει δέδεικται" εἰ δὲ ἴσον ἐστί, τὸ E 
σημεῖον ποιήσει τὸ πρόβλημα. ἴσων γὰρ ὄντων 
τῶν στερεῶν ἀντιπεπόνθασιν αἱ βάσεις τοῖς 
ὕψεσιν, καὶ ἐστιν, ὡς ἡ EA πρὸς ΑΓ, οὕτως τὸ 
A πρὸς τὸ ἀπὸ BE. 

“ Εἰ δὲ ἐλασσὸν ἐστι τὸ A ἐπὶ τὴν AT’ τοῦ ἀπὸ 
BE ἐπὶ τὴν EA, συντεθήσεται οὕτως" κείσθω ἡ 
AD πρὸς ὀρθὰς τῇ AB, καὶ διὰ τοῦ Γ τῇ AB παρ- 





-- Se 





* In our algebraical notation, 2{a -- 2) is a maximum when 
z=fa. We can easily prove this by the calculus. For, by 
differentiating and equating to zero, we see that 2(a- 2) has 
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portional to the altitudes; therefore the solids are 
equal [Eucl. xi. 84] ; therefore 
EE? 2 EA = A 2 A, 


in which both A and ΤᾺ are given, But, of all the 
figures similarly taken upon BA, BE?, BA is greatest 
hen BE=2EA,* as will be roved ; it is therefore 
necessary that the product of the given area and the 
given straight line should not be greater than 


BE? , EA.® 


" The synthesis is as follows: Let AB be the given 
straight line,* let AI’ be any other given straight line, 
let A be the given areca, and let it be required to cut 
AB so that the ratio of one segment to the given 
straight line AI’ shall be equal to the ratio of the 
given area A to the square on the remaining segment. 
ΟΠ Let AE be taken, the third part of AB ; then 
4. Al’ is greater than, equal to or less than BE? , ΚΑ. 

" If it is greater, no synthesis is possible, as was 
shown in the analysis ; ‘if it is equal, the point E 
satisfies the conditions of the problem, For in equal 
solids the bases are inversely proportional to the 
altitudes, and EA : A= ἃ Bie, 

“Tf A. AT’ is less than BE*. EA, the synthesis js 
thus accomplished: let AI’ be placed at right angles 
to AB, Bee 8 through T° let ΓΖ be drawn pavatiel Ὁ 


a stationary value when 902 -- 5.5 Ξε ῦ, ἔνι, when ὦ τοῦ (which 
Fives 4 minimum value) or «= ga (which gives a maximu mi}. 
Vo such easy course was open to Archimedes, | 
* Se. not greater than ΠΕΡ. EA when BE=9BA.” 
4 Figure On Pp. 1G. 
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ἄλληλος ἤχθω ἡ TZ, διὰ δὲ τοῦ B τῇ AT 
παράλληλος ἤχθω ἡ BA καὶ συμπιπτέτω τῇ TE 
ἐκβληθείσῃ κατὰ τὸ H, καὶ συμπεπληρώσθω τὸ 
ZO παραλληλόγραμμον, καὶ διὰ τοῦ E τῇ ZH 
παράλληλος ἤχθω ἡ KEA. ἐπεὶ οὖν τὸ Δ ἐπὶ 
τὴν AD ἔλασσόν ἐστι τοῦ ἀπὸ BE ἐπὶ τὴν EA, 
ἔστιν, ὡς ἡ EA πρὸς AT’, οὕτως τὸ A πρὸς ἔλασσόν 
τι τοῦ ἀπὸ τῆς BE, τουτέστι τοῦ ἀπὸ τῆς HK. 
ἔστω οὖν, ὡς ἡ EA πρὸς AT, οὕτως τὸ A πρὸς 
τὸ ἀπὸ HM, καὶ τῷ A ἴσον ἔστω τὸ ὑπὸ TZN, 
ἐπεὶ οὖν ἐστιν, ὡς ἡ EA πρὸς ΑΓ, οὕτως τὸ Δ, 
τουτέστι τὸ ὑπὸ CAN, πρὸς τὸ ἀπὸ HM, ἀλλ᾽ ὡς 
ἡ EA πρὸς AT, οὕτως ἡ ΓΖ πρὸς ZH, ὡς δὲ ἡ 
ΓΖ πρὸς ZH, οὕτως τὸ ἀπὸ TZ πρὸς τὸ ὑπὸ 
ΓΖΗ, καὶ ὡς apa τὸ ἀπὸ ΓᾺ πρὸς τὸ ὑπὸ ΓΖΗ, 
οὕτως τὸ ὑπὸ ZN πρὸς τὸ ἀπὸ HM: καὶ ἐναλλάξ, 
ὡς τὸ ἀπὸ ΓΖ πρὸς τὸ ὑπὸ ΓΖΝ, οὕτως τὸ ὑπὸ 
ΓΖΗ πρὸς τὸ ἀπὸ HM. ἀλλ᾽ ὡς τὸ ἀπὸ TZ 
πρὸς τὸ ὑπὸ TZN, ἡ ΓΖ πρὸς ZN, ὡς δὲ ἡ ΓΖ 
πρὸς ΔΝ, τῆς ZH κοινοῦ ὕψους λαμβανομένης 
οὕτως τὸ ὑπὸ ΓΖΗ πρὸς τὸ ὑπὸ ΝΖΗ!' καὶ ὡς ἄρα 
τὸ ὑπὸ ΓΖΗ͂ πρὸς τὸ ὑπὸ NZH, οὕτως τὸ ὑπὸ 
ΓΖΗ πρὸς τὰ ἀπὸ HM: ἴσον ἄρα ἐστὶ τὸ ἀπὸ HM 
τῷ ὑπὸ HAN. 

“Ear ἄρα διὰ τοῦ Ζ περὶ ἄξονα τὴν ZH γράψω- 
μεν παραβολήν, ὥστε τὰς καταγομένας δύνασθαι 
παρὰ τὴν ZN, ἥξει διὰ τοῦ Μ. γεγράφθω, καὶ 
ἔστω ὡς ἡ MEZ. καὶ ἐπεὶ ἴσον ἐστὶ τὰ ΘΛ τῷ 
AZ, τουτέστι τὸ ὑπὸ OKA τῷ ὑπὸ ABZ, ἐὰν διὰ 
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AH, and through B let BZ be drawn parallel to AT’, 
and let it meet ΓῈ produced at H, and let the 
parallelogram ZO be completed, and through E let 
KEA be drawn parallel to ZH, Now 


since A.AT <HE?, EA, 

on EA: AT =A:(the square of 
SOLE suasitiry less 
than BE) 


=A: (the square of 
some quantity less 


than HK), 

Let EA: Ar =A: HME, 
and let A =aIZ. ZN. 
Then EA:ADr =A:HM 

=[2.2N : HME 
But EA: AT ΓΖ. ΖΗ, 
and 'Z:ZH =P7?:TZ.ZH: 
ἐπ ΓΕ ΤᾺ. ΖΗ -ΓΖ . ΖΝ ἨΜΈ: 
and permutando, ΓΞ ΤΣ ΖΝ «ΓΤ. ΖΗ : HM? 
But P24? ΤᾺ. ἘΝ ΤᾺ :ν, 
and 2 :2ZN wl'Z.ZH:NZ. ZH, 

_ by taking a common altitude ΖΗ ; 

and ,*. P2.Z4H2>NZ.4H=fZ.ZH:HM?: 
: ἨΜΝΜΞΞΉΗΣ. ΖΝ. 


“ Therefore if we describe through Z a parabola 
about the axis ZH and with parameter ZN, it will 
pass through M. Let it be described, and let it be 
as M=Z. Then since 

OA = AZ, [Eucl. 1, 43 
ine. OK .KA=AB. ΒΖ, 
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τοῦ B περὶ ἀσυμπτώτους τὰς OF, ΓΖ γράψωμεν 
ὑπερβολήν, ἥξει διὰ τοῦ K διὰ τὴν ἀντιστροφὴν 


a 





τοῦ 7 θεωρήματος τῶν ᾿Απολλωνίου Κωνικῶν 
στοιχείων. γεγράφθω, καὶ ἔστω ὡς ἡ ΒΚ τέμ- 
rovga τὴν παραβολὴν κατὰ τὸ =, καὶ ἀπὸ τοῦ Ξ 
ἐπὶ τὴν ΑΒ κάθετος ἤχθω ἡ EOL, καὶ διὰ τοῦ 
Ξ τῇ AB παράλληλος ἤχθω ἡ ΡΞΣ. ἐπεὶ οὖν 
ὑπερβολή ἐστιν ἡ BEK, ἀσύμπτωτοι δὲ αἱ ΘΓ, 
ΓΖ, καὶ γάλληλοι ἡγμέναι εἰσὶν af PET] ταῖς 
ABZ, ἴσον ἐστὶ τὸ ὑπὸ PET τῷ ὑπὸ ABZ: ὥστε 
καὶ τὸ PO τῷ ΟΖ. ἐὰν ἄρα ἀπὸ τοῦ Τ' ἐπὶ τὸ 
by ἐπιζευχθῇ εὐθεῖα, ἥξει διὰ τοῦ ᾧ.. ἐρχέσθω, 
καὶ corw ὡς ἡ TOE. ἐπεὶ οὖν ἐστιν, ὡς ἡ OA 
πρὸς Al’, οὕτως ἡ OB πρὸς BE, τουτέστιν ἡ ΓΖ 
πρὸς ZX, ὡς δὲ ἡ ΓΖ πρὸς ΤΣ, ἧς ΔΝ κοινοῦ 
ὕψους λαμβανομένης οὕτως τὸ ὑπὸ ΓᾺΝ πρὸς 
τὸ ὑπὸ ΣὩΝ, καὶ ὡς apa ἡ OA πρὸς AT’, οὕτως 
τὸ ὑπὸ ΓΖΝ πρὸς τὸ ὑπὸ BAN, καὶ ders τῷ 
μὲν ὑπὸ TZN ἴσον τὸ A χωρίον, τῷ δὲ ὑπὸ ΣΩ͂Ν 
ἶσον τὸ ἀπὸ SS, τουτέστι τὸ ἀπὸ BO, διὰ τὴν 
παραβολήν. ὡς ἄρα ἡ OA πρὸς Al’, οὕτως τὸ Δ 
1." 
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if we describe through B a hyperbola in the asym- 
ptotes Ol", ΓΖ, it will pass through K by the converse 
of the eighth theorem [of the second book] of 
Apollonius’s Elements of Conics. Let it be described, 
and let it be as BK cutting the parabola in 3, and 
from = let ΞΟΠ be drawn perpendicular to AB, and 
through & let PSS be drawn parallel to AB. Then 
since HEK isa hyperbola and OI’, ΓΖ are its asym- 
ptotes, while PE, ΞῚ] are parallel to AB, BZ, 

ΡΞ. ΞΙ ΑΒ ΒΖ; [Apoll. ii. 12 
a PO = OF, 


Therefore if a straight line be drawn from T to F it 
will pass through Ὁ [Eucl. i. 43, converse). Let it 
be drawn, and let it be as TOS. Then since 


ΘΑ ΑἸ OB: BE [Eucl. vi. 4 
a DZ: Zz, 
and P2:22=0Z.2N:22.2ZN, 


by taking a common altitude ZN, 

OA ΑΙ ΙΓ. ZN : 22 ΖΝ, 
And ΓΖ, ὮΝ πὰ, 22.2N=2E?= 802, by the 
property of the parabola [Apoll. i. 11]. 


ΚΑ ΘΑ :Α1 =A; BO? 
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χωρίον πρὸς τὸ ἀπὸ τῆς BO. εἴληπται dpa τὸ Ὁ 
σημεῖον ποιοῦν τὸ πρόβλημα. 





EA πρὸς AT’, οὕτως τὸ ὑπὸ THM 
πρὸς τὸ ἀπὸ EB- τὸ ἄρα ἀπὸ BE ἐπὶ τὴν EA ἴσον 
ἐστὶ τῷ ὑπὸ THM ἐπὶ τὴν AT διὰ τὸ δυό στερεῶν 
ἀντιπεπονθέναι τὰς βάσεις τοῖς ὕψεσιν. λέγω οὖν, 
ὅτι τὸ ὑπὸ ΓῊΜ ἐπὶ τὴν ΑΤ' μέγιστόν ἐστι 
πάντων τῶν ὁμοίως ἐπὶ τῆς BA λαμβανομένων. 

“ Γεγράφθω yap διὰ τοῦ H περὶ ἄξονα τὴν ZH 

af ἡ, ὥστε τὰς καταγομένας δύνασθαι παρὰ 
μὴν ΗΜ ἥξει δὴ διὰ τοῦ K, ws ἐν τῇ ἀναλύσει 
δέδεικται, καὶ συμπεσεῖται ἐκβαλλομένη τῇ ΘΓ 
τι sala οὔσῃ τῇ διαμέτρῳ τῆς τομῆς διὰ τὸ 
ἕβδομον καὶ εἰκοστὸν θεώρημα τοῦ πρώτου βιβλίου 
τῶν "Ἀπολλωνίου Κωνικῶν στοιχείων, ἐκβε- 
βλήσθω καὶ συμπιπτέτω κατὰ τὸ N. καὶ διὰ τοῦ 
Β περὶ ἀσυμπτώτους τὰς NCH γεγράφθω ὑπερ- 
βολή" ἥξει ἄρα διὰ τοῦ K, ὡς ἐν ἢ ἀναλύσει 
εἴρηται. ἐρχέσθω οὖν ὡς ἡ BK, καὶ ἐκβληθείσῃ 
τῇ ΔῊ ἴση κείσθω ἡ HE, καὶ ἐπεζεύχθω ἡ EK 
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therefore the point Ὁ has been found satisfying the 
conditions of the problem. 


“ That BE®. EA is the greatest of all the | 
similarly taken upon BA hen BE=2EA will be thus 
proved. Let there again be, as in the analysis, a 

ven straight line Al" at right angles to AB,* and let 
fr be joined and let it, when produced, meet at Z 
the line ate B drawn ΤΡΙΣῚ to AI’, and through 
lr, Z let ΘΖ, ΓῊ be drawn parallel to AR, and let [A 
be produced to ©, and through E let KEA be drawn 
parallel to it, and Tet 


ΒΑ ΑΙ ΤΉ, . HM: EB?; 
then BE?.EA=(TH.HM). ΑΓ, 


owing to the fact that in two {equal solids the bases 
are inverseh τῆς τϑρ τιον to the altitudes. I assert, 
then, that . HM). ΑΓ is the greatest of all the 
firures seailasiy taken upon BA. 

“ For let there be described through H a parabola 
about the axis 4H and with parameter HM ; it will 
pass through K, as was proved in the analysis, and, if 
produced, it will meet OP, being parallel to the axis? 
of the parabola, by the twenty-seventh theorem of 
the first book of Apollonius’s Elements of Conics.* 
Let it be produced, and let it mect at N, and through 
B let a hyperbola be drawn in the asymptotes N NP, 
ΓΗ ; it will pass through K, as was shown in the 
analysis. Let {t be described as BK, and let ZH be 
ee A to Ξ so that “#H=HE, and let EK be joined 

re on p. 18]. 


5 Lit. “ diameter," in montanes with Archimedes’ usage. 
* Apoll. 1. 26 in our texts, 
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καὶ ἐκβεβλήσθω ἐπὶ τὰ Ὁ" φανερὸν dpa, ὅτι 
ἐφάπτεται τῆς παραβολῆς διὰ τὴν ἀντιστροφὴν 
τοῦ τετάρτου καὶ τριακοστοῦ θΒεωρήματος τοῦ 
πρώτου βιβλίου τῶν ᾿Απολλωνίου ωνικῶν στοι- 
χείων. ἐπεὶ οὖν διπλῆ ἐστιν ἡ BE τῆς EA— 


οὕτως yap ὑπόκειται--τουτέστιν ἡ ZK τῆς ΚΘ, 





* Apoll. 1, 33 in our texts, 
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and produced to ©; it is clear that it will touch 
the parabola by the converse of the thirty-fourth 





'Ξ 
theorem of the first book of Apollonius’s Elements of 
Conics." ‘Then since BE=2EA—for this hypothesis 
has been made—therefore ZK τε 3 ΚΘ, and the triangle 
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καὶ ἐστιν ὅμοιον τὸ OOK τρίγωνον τῶ EZK 
τριγώνῳ, διπλασία ἐστὶ καὶ ἡ SK τῆς KO, ἔστιν 
δὲ καὶ ἡ EK τῆς ΚΠ διπλῇ διὰ τὸ καὶ τὴν ΞΖ 
τῆς EH καὶ παράλληλον εἶναι τὴν ΠΗ τῇ KZ: 
ἴση ἄρα ἡ OK τῇ ΚΠ. ἡ ἄρα ΟΚΠ ψαύουσα τῆς 
ὑπερβολῆς καὶ μεταξὺ οὖσα τῶν ἀσυμπτώτων δίνα 
τέμνεται" ἐφάπτεται dpa τῆς ὑπερβολῆς διὰ τὴν 
ἀντιστροφὴν τοῦ τρίτου θεωρήματος τοῦ δευτέρου 

ἰβλίου τῶν “AmoAAuwiov Ἀωνικῶν στοιχείων, 
ἐφήπτετο δὲ καὶ τῆς παραβολῆῇς κατὰ τὸ αὐτὸ K- 
ἡ oe παραβολὴ τῆς ὑπερβολῆς ἐφάπτεται κατὰ 
τὸ 


“ Νενοήσθω οὖν καὶ ἡ ὑπερβολὴ προσεκβαλ- 
λομένη ὡς ἐπὶ τὸ P, καὶ Desbar ἘΠ᾿ τῆς AB 
τυχὸν σημεῖον τὸ XE, καὶ διὰ τοῦ Σ τῇ KA παράλ- 
Anos ἤχθω ἡ ὙΣΥ καὶ συμβαλλέτω τῇ ὑπερβολῇ 
κατὰ τὸ T, καὶ διὰ τοῦ T τῇ ΓΗ παράλληλος 
ἤχθω ἡ ΦΤΧ, ἐπεὶ οὖν διὰ τὴν ὑπερβολὴν καὶ 
τὰς ἀσυμπτώτους ἴσον ἐστὶ τὸ or τῷ ΓΒ, κοινοῦ 
ἀφαιρεθέντος τοῦ T'S ἴσον γίνεται τὸ OY τῶ ΣΗ, 
καὶ διὰ τοῦτο ἡ ἀπὸ τοῦ I’ ἐπὶ τὸ X ἐπιζευγνυ- 
μένη εὐθεῖα ἥξει διὰ τοῦ XL. ἐρχέσθω καὶ ἔστω 
ὡς ἡ TEX. καὶ ἐπεὶ τὸ ἀπὸ VX ἴσον ἐστὶ τῷ 


ὑπὸ ΧῊΜ Sia τὴν παραβολήν, τὸ ἀπὸ TX ἔλασσέν 





* In the same notation as before, the condition ΒΕΙ͂. ΕΛ-Ξ 
(TH. HM). AP is Sa*=dc; and Archimedes has proved 
that, when this condition holds, the parabola 2*— at touches 

a | 
the hyperbola [ἡ -- αἣν τε αὖ at the point (=o, 3) becuuse they 


both touch at this point the same straight line, that is the 
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OOK is similar to the triangle 2ZK,so that EK =?@K0O, 
But EK ΚΠ because 22 22H and ITH is parallel 
to KZ; therefore OK = KI. Therefore OKT, which 
meets the hyperbola and lies between the ptotes, 
is bisected ; therefore, by the converse of the third 
theorem of the second book of Apollonius’s Elements 
of Comes, it is a tangent to the hyperbola. But it 
touches the parabola at the same point K. Therefore 
the parabola touches the hyperbola at Καὶ. 

“ Let the hyperbola be therefore conceived as pro- 
duced to P, and upon AB let any point Σ be taken, 
and through © let TEY be drawn parallel to KAA and 
let it meet the hyperbola at T, and through T let 
PTX be ND τοῖς σὲ ἴὸ ΓῊ, Now by virtue of the 
property of the hyperbola and its asymptotes, 
‘PY =H, and, the common element T= being sub- 
tracted, P2==2H, and therefore the straight line 
drawn from I’ to X will pass through = [Eucl. i. 48, 
cony.|. Let it be drawn, and let it be as TEX. 
Then since, in virtue of the property of the parabola, 

WRF=XH. HM, [Apoll. i. 11 
line θα --ἂν —S3ab=0, as may ensily be shown. We may 
ec 


prove this fact in the following simple manner. Their points 
of intersection are given by the equation 


{a—2) =—he3, 
which may be written 
ce & 
αὐ aa + goth = 57a" -- bet, 
ASS Sal ὦ 
Ie τ, bal Sh 
or (x 3) (τ τ) = 950" a 


Therefore, when bet = Ja? there are two coincident solu- 
Lions, w= 59, lying between ὃ and a, and a third solution 


" 


a =a 
5.3- αἰ τὶ outside that range. 155 
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ἔστι τοῦ ὑπὸ XHM. γεγονέτω οὖν τῷ ἀπὸ ΤᾺ 
ἴσον τὸ ὑπὸ ΧΗΏ. ἐπεὶ οὖν ἐστιν, ὡς ἢ aA. πρὸς 
AT, οὕτως ἡ TH πρὸς HX, ἀλλ᾽ ὡς ἡ CH πρὸς 
HX, τῆς HO κοινοῦ ὕψους λαμβανομένης οὕτως 
τὸ ὑπὸ PHO πρὸς τὸ ὑπὸ ΧΗΩ καὶ πρὸς τὸ ἶσον 
αὐτῷ τὸ ἀπὸ ΧΤ, τουτέστι τὸ ἀπὸ ΠΣ, τὸ ἄρα 
ὁ BE ἐπὶ τὴν Σ SA. ἴσον ἐστὶ τῷ ὑπὸ THO ¢ ἐπὶ 
τὴν TA. τὸ δὲ ὑπὸ THO ἐπὶ τὴν ΓᾺ ἔλασσόν 
ἐστι τοῦ ὑπὸ THM ἐπὶ τὴν TA* τὸ ἄρα ἀπὸ ἘΣ 
ἐπὶ τὴν SA ἔλαττόν ἐστι τοῦ ἀπὸ ΒΕ ἐ ἐπὶ τὴν ΕΑ, 
ὁμοίως δὴ δειχθήσεται καὶ ἐπὶ πάντων τῶν 
σημείων τῶν μεταξὺ λαμβανομένων τῶν E, Β. 
“Αλλὰ δὴ εἰλήφθω μεταξὺ τῶν E, AL σημεῖαν 
τὸ ©. λέγω, ὅτι καὶ οὕτως τὸ ἀπὸ τῆς ΒΕ ἐπὶ 
τὴν ΕΑ μεῖζόν ἐστι τοῦ ἀπὸ Bs ἐπὶ τὴν τ᾿. 
"Τῶν yap αὐτῶν κατεσκευασμένων ἤχθω διὰ 
τοῦ © τῇ ΚΛ παράλληλος ἡ ἡ SFP καὶ συμβαλλέτω 
τῇ ὑπερβολῇ κατὰ τὸ P- συμβαλεῖ yap αὐτῇ διὰ 
τὸ παράλληλος εἶναι τῇ ἀσυμπτώτῳ: καὶ διὰ τοῦ 
Ρ παράλληλος ἀχθεῖσα τῇ AB ἡ ΑῬΒ’ συμβαλλέτω 
τῇ ΗΖ ἐκβαλλομένῃ κατὰ τὸ Β΄. καὶ ἐπεὶ πάλιν 
διὰ τὴν ὑπερβολὴν ἴ ἴσον ἐστὶ τὸ P'S τῷ AH, ἡ ἀπὸ 
τοῦ Τ' ἐπὶ τὸ B’ ἐπιζευγνυμένη εὐθεῖα ἥξει διὰ 
τοῦ «. ἐρχέσθω καὶ ἔστω we ἧ PB . καὶ ἐπεὶ 
πάλιν διὰ τὴν παραβολὴν i ἶσον ἑατὶ τὸ ἀπὸ A‘B’ 
τῷ ὑπὸ Β ΗΜ, ra ἄρα a ἀπὸ PB ἔλασσόν ἔστι τοῦ 
ὑπὸ ΒΉΜ. γεγονέτω τὸ ἀπὸ PRB" ἔσον τῷ ὑπὸ 
ΒΉΩ. ἐπεὶ οὖν ἐστιν, ὡς ἡ ΚᾺ πρὸς AT, οὕτως 
ἡ ΤῊ πρὸς HB’, ἀλλ᾽ ὡς ἡ TH πρὸς HB’, τῆς 





8. Figure on p. 156. 
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aie TX? <KH.HM, 
Let ΤᾺΣ =AH . Ἠῶ, 
Then since ΣᾺ : Αἴ <CH: HX, 
while ΓΗ :ΗΣΧ ΤῊ. ΗΩ : ΧΗ .Ηῆ, 


by taking a common altitude ΠΏ, 
=FH.HO2:kT 
=CH .Hi;: BE, 
oe ἩΣΣ ΣᾺ «Ἢ. HO). TA. 
But (TH.H2).PA<(TH.HM).TA; 
B2? ΣᾺ <BE*. EA, 
This can be proved similarly for all points taken 
between E, B. 
 ™ Now let there be taken a point s between E, A. 
I assert that in this case also HE? . ΒΑ: Br. ΓΑ. 
“With the same construction, let ¢>P be drawn? 
through + parallel to KA and let it meet the hyper- 
bola at P; it will meet Ay hyperbola because it is 
parallel to an asymptote [Apoll. ii. 13]; and through 
Ξ a A'PR’ be drawn parallel to AB and ἰδὲ it mect 
roduced in Β΄, Since, in virtue of the property 
ages hyperbola, I’qG=AH, the straight line oF Sey 
rss Tr to B' will pass through ξ΄ [Euel. i. 45, conv. }. 
Let it be drawn and let it be as TSH’. Again, since, 
in virtue of the property of the parabola, 
A‘'R =B'H.HM, 
: PR <B'H . HM. 
Let PB? = = B'H.. HO. 
Then since FA: AD =DH: HE, 
while ΤῊ :ΗΒ΄ ΤῊ. Ηἢ :ΒΉ.. Af, 
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HQ κοινοῦ ὕψους λαμβανομένης οὕτως rd ὑπὸ 
(HY πρὸς τὸ ὑπὸ Β΄ ΠΏ, τουτέστι πρὸς τὸ ἀπὸ 





- 
= 


PRB‘, τουτέστι πρὸς τὸ ἀπὸ Br, τὸ dpa ἀπὸ Be 
ἐπὶ τὴν SA ἴσον ἐστὶ τῷ ὑπὸ THO ἐπὶ τὴν TA, 
καὶ μεῖζον. τὸ ὑπὸ THM τοῦ ὑπὸ ΓΗΏ-, εἴζον 
ἄρα καὶ τὸ ἀπὸ BE ἐπὶ τὴν EA τοῦ ἀπὸ ἐπὶ 
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- by taking a common altitude HQ, 
=IH . Hi: ΡΒ" 
=TH.H2: Bs, 
Bet. cA «(ΓΗ HM). ΓᾺ, 
And rH.AM>TH.H2; 
= BE? EA > Be? oA. 
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vy SA. ὁμοίως δὴ δειχθήσεται καὶ ἐπὶ πάντων | 
τ σημεΐων τῶν Supt BE, A λαμβανομένων. 
ἐδείχθη δὲ καὶ ἐπὶ πάντων τῶν μεταξὺ τῶν Εἰ, B- 
πντων ἄρα τῶν ἐπὶ τῆς ΑΒ ὁμοίως λαμβανομένων 
ἱστὸν ἐστιν τὸ avo τῆς BE ἐπὶ τὴν EA, ὅταν 


ἢ διπλασία ἡ BE τῆς EA.” 


᾿Επιστῆσαι δὲ χρὴ καὶ τοῖς ἀκολουθοῦσιν κατὰ 
τὴν εἰρ' μένην καταγραφήν. ἐπεὶ γὰρ δέδεικται τὸ 
ἀπὸ BL ἐπὶ τὴν ZA καὶ τὸ ἀπὸ Br ἐπὶ τὴν ΓᾺ 
ἔλασσον τοῦ ἀπὸ BE ἐπὶ τὴν ΕΑ, δυνατόν ἐστι 
καὶ τοῦ δοθέντος χωρίου ἐπὶ τὴν δοθεῖσαν ἐλάσ- 
σονὸς ὄντος τοῦ amo τῆς BE ἐπὶ τὴν EA κατὰ δύο 
σημεῖα τὴν ΑΒ τεμνομένην ποιεῖν τὸ ἐξ ἀρχῆς 
πρόβλημα. τοῦτο δὲ γίνεται, εἰ νοήσαιμεν περὶ 
διάμετρον τὴν ΧΗ γραφομένην παραβολήν, στε 
τὰς καταγομένας δύνασθαι παρὰ τὴν ἨΏ- ἡ γὰρ 
τοιαύτη παραβολὴ πάντως ἔρχεται διὰ τοῦ T, 
καὶ ἐπειδὴ ἀνάγκη αὐτὴν συμπίπτειν τῇ ΓΝ παραλ- 
λήλῳ οὔσῃ τῇ διαμέτρῳ, δῆλον, ὅτι τέμνει τὴν 
ὑπερβολὴν καὶ κατ᾽ ἄλλο, σημεῖον ἀνωτέρω τοῦ Κὶ, 
ὡς ἐνταῦθα κατὰ τὸ P, καὶ ἀπὸ τοῦ Ῥ ἐπὶ τὴν AB 
κάθετος ἀγομένη, ὡς ἐνταῦθα ἡ Ps, τέμνει τὴν 
AB κατὰ τὸ τ᾿, ὥστε τὸ τ σημεῖον ποιεῖν τὸ πρό- 





* There is some uncertainty where the quotation from 
Archimedes ends and Eutocius’s comments are resumed, 
Heiberg, with some reason, makes Eutocius resume his 
comments at this point. : 

' Io theses. the figures on pp: 150 and 156 ore com- 
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This can be proved similarly for all points taken 
between E, A. And it was proved for all points 
between E, B; therefore for all similarl 
taken upon AB, ΒΕ: EA is greatest when BE =2E.A.” 


The following consequences * should also be noticed 
in the aisrcusertionad figure.’ Inasmuch as it has 
been proved that 

He? , =A ΒΕ, 
and ΒΓΕ, ΓΑ <BE?. EA, 


if the product of the given space and the given 
straight line is less than BE*. EA, feed bonpaticy to cut 
AB in two points satisfying the itions of the 
original problem.* This comes about if we conceive 
a parabola described about the axis XH with para- 
meter H{!; for such a parabola will necessarily pass 
through T.4 And since it must necessarily meet 
PN, being parallel to a diameter [Apoll. Con. i. 26], 
it is clear that it cuts the hyperbola in another point 
above K, as at P in this case, and a perpendicular 
drawn from P to AB, as Ps in this case, will cut AB 
‘in ς, 80 that the point © satisfies the conditions of the 


bined ; in this edition it is convenient, for the sake of clarity, 
to give BepArabe Figures 

* With the same notation as before this may be stated ; 
when bet < ja, there are always two real solutions of the 
cubic equation aA -£)=6e" lying between ἢ απ a. If the 
cubic has two real roots it must, of course, have a third real 
ee as well, but the Greeks did not recognize negative 
BCL it : 
* By Apoll, it. 11. since TA* Ξ ΧΗ, HO, 
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βλημα, καὶ ἴσον γίνεσθαι τὸ ἀπὸ BE ἐπὶ τὴν EA 
τῷ ἀπὸ Bs ἐπὶ τὴν ΞΑ, ὥς ἐστι διὰ τῶν προειρη- 
μένων ἀποδείξεων ἐμφανές. ὥστε δυνατοῦ ὄντος 
ἐπὶ τῆς ΒΑ δύο σημεῖα λαμβάνειν ποιοῦντα τὸ 
ζητούμενον, ἔξεστιν, ὁπότερόν τις βούλοιτο, λαμ- 
βάνειν ἢ τὸ μεταξὺ τῶν E, Β ἢ τὸ μεταξὺ τῶν E, 
A. εἰ μὲν γὰρ τὸ μεταξὺ τῶν E, Β, ὡς εἴρηται, 
τῆς διὰ τῶν H, T σημείων γραφομένης παραβολῆς 
κατὰ ὅσο σημεῖα τεμνούσης τὴν ὑπερβολὴν τὸ ἐῶν 


ἐγγύτερον τοῦ H, τουτέστι τοῦ ἄξονος τῆς παρα- 
βολῆς, εὑρήσει τὸ μεταξὺ τῶν E, B, ὡς ὠνταῦθα 
τὸ Τ εὑρίσκει τὸ Σ, τὸ δὲ ἀπωτέρω τὸ μεταξὺ 
τῶν E, A, ὡς ἐνταῦθα τὸ Ῥ εὑρίσκει τὸ ©. 
Καθόλον μὲν οὖν οὕτως ἀναλέλυται καὶ συντέ- 
θειται τὸ πρόβλημα" ἵνα δὲ καὶ τοῖς ᾿Αρχιμηδείοις 
rte cit gr ce ὡς ἐν αὐτῇ τῇ τοῦ 
γτοῦ καταγραφῇ. διάμετρος μὲν τῆς σφαίρας 7 
AB, ἡ δὲ ἐκ τοῦ κέντρου ἡ BZ, kal δεδο a 
ἡ ZO. κατηντήσαμεν dpa, φησίν, εἰς τὸ ' τὴν 
AZ τεμεῖν κατὰ τὸ X, ὥστε εἶναι, ὡς τὴν XZ 


eee 
* Archimedes’ figure is redrawn (e, Page 162) so that 

B, Z come on the left of the figure and A on the right; 

instead of B, 2 on the right and A on the left. 

* . supra, p, 153. 

160 


ARCHIMEDES 


problem, and BE?, ZA = B=". -A, as is clear from the 
above proof. Inasmuch as it is possible to take on 
BA two points satisfying what is sought, it is per- 
missible to take whichever one wills, either the point 
between Εἰ, B or that between E, A. If we choose 
the point between E, B, the parabola described 
through the points H, T will, as stated, cut the hyper- 
bola in two points; of these the one nearer to H, 
that is to the axis of the parabola, will determine the 
point between E, B, as in this case T determines ©, 
while the point farther away will determine the point 
between E, A, as in this case P determines ©. 

The analysis and synthesis of the general problem 
have thus been completed ; but in order that it may 
be harmonized with Archimedes’ words, let there 
be conceived, as in Archimedes’ own figure," a din- 
meter AB of the sphere, with radius [equal to) BZ, 
and a given straight line ZO. We are therefore faced 
with the problem, he says, “so to cut AZ at X 
that XZ bears to the given straight line the same 
ratio as the given area bears to the square on AX. 
When the problem is stated in this general form, it 
is necessary to investigate the limits of possibility."’” 
If therefore the product of the given area and the 

ven straight line chanced to be greater than 
AB? B4,° the problem would not admit a solution, 
as was proved, and if it were equal the point B would 
satisfy the conditions of the problem, which also 
would be of no avail for the purpose Archimedes set 
himself at the outset ; for the sphere would not be 


* For AB=ZA% [ex yp. |. and eo AB in the figure on 
Ρ 162 corresponds with BE in the figure on p, 146, while 
4 in the figure on p, 162 corresponds with EA in the figure 
on p, 146, 
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λόγον. ἁπλῶς dpa λεγόμενον εἶχεν προσδιορισμόν" 
“ προστιθεμένων δὲ τῶν προβλημάτων τῶν ἐνθάδε 





ὑπαρχόντων," τουτέστι τοῦ τε διπλασίαν εἶναι τὴν 
ΔΒ τῆς ZB καὶ τοῦ μείζονα εἶναι τὴν BZ τῆς ZO, 
“οὐκ ἔχει διορισμόν." τὸ γὰρ ἀπὸ AB τὸ δοθὲν 
ἐπὶ τὴν ZO τὴν δοθεῖσαν ἔλαττόν ἐστι τοῦ ἀπὸ 
τῆς ΔΒ ἐπὶ τὴν BZ διὰ τὸ τὴν ΒΖ τῆς ZO μείζονα 


εἶναι, οὗπερ ὑπάρχοντος ἐδείξαμεν δυνατόν, καὶ 
ὅπως προβαίνει τὸ πρόβλημα. 








“ Eutocius proceeds to give solutions of the problem 
by Dionysodorus and Diocles, by whose time, as he has 
explained, Archimedes’ own solution had already dis- 
appeared. Dionysodorus solves the less general equation 
by means of the intersection of a parabola and a rectangular 
hyperbola ; Dioeles solves the general problem by the inter- 
section of an cllipse with a rectangular hyperbola, and his 
proof is both ingenious and intricate. Detnils muy be con- 
sulted in Heath, 4.0. 3f, il, 46-49 and more fully in Heath, 
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cut in the given ratio. Therefore when the problem 

was stated generally, an investigation of the limits 
of possibility was necessary as well; “but under the 
conditions of the present case," that is, if AB=2ZB 
and BA> 20,“ no such investigation is necessary. τῷ 
For the roduct of the ven area AH? into the given 
straight line 20 is less than the product of AB? into 
BZ by reason of the fact that BZ is greater than ZO, 
and we have shown that in this case there is a solu- 
tion, and how it can be effected.* 


The Works of Archimedes, pp. cxxiii-exli, which deals with 
the whole subject of cubic equations in Greek mathematical 
history. It is there pointed out that the problem of finding 
mean proportionals is equivalent to the solution of a pure 


cubic equation, ope and that Menaechmus's solution, by 


ΠΝ intersection of two conic sections {τὶ vol. i. pp. 276-283), 
is the precursor of the cit brie tescl A Py Ep eee 
Dionysodores and Diocles. of cuble equations 
by means of conics was, no doubt, found easior than a solu- 
ton by the manipulation of parallelepipeds, which would 
have been analogous to the solution of quadratic equations 
pe Bh the application of areas {τ᾿ vol. i. pp. 186-215), No other 
of the solution of cubic equations have survived, 
but j in his preface to the book On Conoids and Spheroida 
Archimedes sa sees the results there obtained can be used to 
solve rai he lems, including the following, from a given 
aphe Jigure or conoid to cut of, by a plane drawn 
parallel toa given plane, a segment which shall he equal fo a 
ag cone or cylinder, or fo a given sphere" (Archim. ed. 
eiberg 1. 258. 11-15); the case of the para of revolu- 
ion Sere not ee et vasa equation, but those of the 
spheroid and r revolution to cubies, 
which Archies may be presumed to have solved, The 
conclusion reached by Heath is that Archimedes solved com- 
pletely, so far as the real roots are concerned, a cubic 
δῇ 1 in which the term in ἃ is absent: and as all cubic 
equations can be reduced to this form, he may be regarded 
as having solved geometrically the general cubic. 
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(i.) Preface 


Archim, De Con, et Sphoer., Praef., Archim, ed. Heiberg 
L. 246, I-14 


᾿Αρχιμήδης Δοσιθέω εὖ πράττειν. 

᾿Απαστέλλω τοι γράψας ἐν τῷδε τῷ βιβλίῳ τῶν 
τε λοιπῶν θεωρημάτων τὰς ἀποδείξιας, ὧν οὐκ 
εἶχες ἐν τοῖς πρότερον ἀπεσταλμένοις, καὶ ἄλλων 
ὕστερον ποτεξευρημένων, ἃ πρότερον μὲν 707) 
πολλάκις ἐγχειρήσας ἐπισκέπτεσθαι δύσκολον ἔχειν 
τι φανείσας μοι τᾶς εὐρέσιος αὐτῶν ἀπόρησα" 
διόπερ οὐδὲ συνεξεδόβθεν τοῖς ἄλλοις αὐτὰ τὰ πρὸ- 
βεβλημένα. ὕστερον δὲ ἐπιμελέστερον mor’ αὐτοῖς 

μόμενος ἐξεῦρον τὰ ἀπορηθέντα. ἦν δὲ τὰ μὲν 
λοιπὰ τῶν προτέρων θεωρημάτων περὶ τοῦ ὀρᾷο- 
γωνίου κωνοειδέος προβεβλημένα, τὰ δὲ νῦν dvr 
ποτεξευρημένα περί τε ἀμβλυγωνίου κωνοειβέος 
καὶ περὶ σφαιροειδέων σχημάτων, ὧν τὰ μὲν 
παραμάκεα, τὰ δὲ ἐπιπλατέα καλέω. 





{11.} Teo Lemmas 


fhid., Lemma ad Prop. 1, Archim, ed. Heiberg 
17-24 


fe = = δ πὰᾷὰὰ 


Et κα ἔωντι μεγέθεα ὁποσαοῦν τῷ ἴσῳ ἀλλάλων 





* In the books On the Sphere and Cylinder, On Spirals 
and on the Quadrature of a Parahola. 

* ἐκ, the parnboloid of revolution. 

* tif. the hyperboloid of revolution. 

* An oblong spheroid is formed by the revolution of an 
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(dq) Conoins axp Spuenomes 
(i.) Preface 


Archimedes, On Conoids and Spheroids, Preface, 
Archim. ed. Heiberg i. 246. 1-14 


Archimedes to Dositheus greeting. - 

I have written out and now send you in this book 
the proofs of the remaining theorems, which you did 
not have among those sent to you before," and also 
of some others discovered later, which I had often 
tried to investigate previously but their discovery 
was attended with some difficulty and I was at a loss 
over them ; and for this reason not even the proposi- 
tions themselves were forwarded with the rest. But 
later, when 1 had studied them more carefully, I 
discovered what had left me at a loss before. Now 
the remainder of ee earlier theorems were proposi- 
tions about the right-angled conoid ®; but the dis- 
coveries now adde relate to an obtuse-ungled conoid © 
and to spheroidal figures, of which I call some oblong 
and others fai." 


(ii.) Two Lemmas 
fhid., Lemma to hes I, entice τι ed. Heiberg 


If there be a series of magnitudes, as many as you 
please, in whick cack term exceeds the previous term by an 


ellipse about its major axis, a = spheroid by the revolution 
ofan ellipse about its minor axis, 

In the remainder of our preface Archimedes gives a number 
of definitions connected with those solids. They ore of 
importance in studying the development of Greek mathe- 
matical terminology. 
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ὑπερέχοντα, ἦ δὲ d ὑπεροχὰ toa τῷ ἐλαχίστῳ, 
καὶ ἄλλα μεγέθει τῷ μὲν πλήθει ἴσα τούτοις, τῷ 
δὲ μεγέθει ἕκαστον ἴσον τῷ μεγίστῳ, πάντα τὰ 
μεγέθεα, ὧν ἐστιν ἕκαστον ἴσον τῷ μεγίστῳ, 
πάντων μὲν τῶν τῷ ἴσῳ ὑπερεχόντων ἐλάσσονα 
ἐσσοῦνται ἢ διπλάσια, τῶν δὲ λοιπῶν χωρὶς τοῦ 
μεγίστου μείζονα ἢ διπλάσια, ἃ δὲ ἀπόδειξις 
τούτου φανερά, 


[bid., Prop. 1, Archim. ed. Helberg 1. 260, 26-261, 22 


Et κα μεγέθϑεα ὁποσαοῦν τῷ πλήθει ἄλλοις μεγέ- 
θεσιν ἴσοις τῷ πλήθει κατὰ δύο τὸν αὐτὸν ἀύγον 
ἔχωντι τὰ ὁμοίως τεταγμένα, λέγηται δὲ τὰ τε 
πρῶτα μεγέθεα wor’ ἄλλα μεγέβεα ἢ πάντα ἢ τινα 
αὐτῶν ἐν λόγοις ὁποιοισοῦν, καὶ τὰ ὕστερον ποτ᾽ 
ἄλλα μεγέθεα τὰ ὁμόλογα ἐν τοῖς αὐτοῖς λόγοις, 
πάντα τὰ πρῶτα μεγέθεα ποτὶ πάντα, ἃ λέγονται, 
τὸν αὐτὸν ἑἐξοῦντι λόγον, dv ἔχοντι πάντα τὰ 
ὕστερον μεγέθεα ποτὶ πάντα, ἃ λέγονται. 

"Ἕστω τινὰ μεγέθεα τὰ A, B, I, A, E, 2 ἄλλοις 
μεγέθεσιν ἴσοις τῷ πλήθει τοῖς, H, @, 1, K, A, M 


* If 4 is the common difference, the first series ἃς A, FA, 

- +. mh, and the second series αὶ nA, mA. . . ton berms, its 
sum obviously being n%4. The lemma asserts that 
SA+2h4+Sh+ ...n—-TA)cmh CAA Ashe _ . mA), 
It is proved in the book On Spirals, Prop. 11, The proof is 
geometrical, lines being placed side by side to represent the 
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equal quantity, which common difference is_equal to the 
leat fermi, μάν if there be a pete series of maa, 
equal to the first in number, tn which each term is equal 
fo the greatest term [in the first series), the sum of the 
magnitudes in the series in which each term is equal to 
een ais is γε than mists of the rae of the 
magnitudes differi y an equal quantity, but greater 
than double abr el of those anpaitades less the 
greatest term. ‘The proof of this is clear." 


Ibid, Prop, 1, Archim, ed. Heiberg i. 260. 26-261. 22 


If there δὲ a series of magnitudes, as many as you 
please, and it be πα number to another series of 
magnitudes, and the terms have the same ratio teo by tro, 
and tf any or all of the first series of magnitudes form 
any proportion with another series of magnitudes, and if 
the second series of magnitudes form the same proportion 
with the corresponding terms of another series of magni- 
tudes, the sum of the first series of magnituiles bears to 
the sum of those with which they are in proportion the 
same ratio as the sum of the second series of magnitudes 
hears to the sums of the terms with which they are in 


τ δος on. 
- Let the series of magnitudes A, B, I’, A, E, 2 be 
equal in number to the series of magnitudes H, 0), I, 


terms of the arithmetical progression and produced until each 
ae to the greatest term, It is equivalent to this alge- 


proof 
Let Sa=A+9A+3h+ ... +h, 
Then Sa=nh+(n=1)A+(n-9)h+ 2... +h. 
Adding, 25a =n(an+1)A, 
and so 25,-,=(m -- 1)nh. 
Therefore 95,-, <n θη. 
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κατὰ Silo τὸν αὐτὸν ἔχοντα λόγον, καὶ ἐχέτω τὸ 
A ποτὶ τὸ B τὸν αὐτὸν », ὧν τὸ Η ποτὶ 
τὸ ©, τὸ δὲ Β ποτὶ τὸ Γ, ὧν τὸ © ποτὶ τὸ I, καὶ 
τὰ ἄλλα ὁμοίως τούτοις, λεγέσϑω δὲ τὰ μὲν A, Β, 
Γ, A, E, Z μεγέβεα mor’ ἄλλα μεγέθεα τὰ N, 
QO, Il, P, Σ ἐν λόγοις ὁποιοισοῦν, τὰ δὲ H, Ὁ, Ι, 
K, A, Μ ποτ’ ἄλλα τὰ T, Y, Φ, Χ, YQ, τὰ 
5 alge ἐν τοῖς αὐτοῖς λόγοις, καὶ ὃν μὲν ἔχει 
τὸ ποτὶ τὸ N, τὸ Η ἐχέτω ποτὶ τὸ Τ, ὧν 
δὲ 1 ἔχει τὸ B ποτὶ τὸ Ξ, τὸ Θ ἐχέτω ποτὶ 
τὸ Y, καὶ τὰ ἄλλα ὁμοίως τούτοις" δεικτέον, ὅ ὅτι 
πάντα τὸ Ἀν Β, Γ, A, E, Ζ ποτὶ πάντα τὰ N, Ξ, 


O, Il, P, S τὸν αὐτὸν ἔχοντι λόγον, ὃν πάντα τὰ 
Ε), 


Η, 1, K, A, Μ ποτὶ πάντα τὰ T, Y, Ψ, A, F, Q. 
a Sines Ne A Ἐπὶ H, A: Be H i Β, [ἐπ a 
«ἡ, ἔα! aeque Nr B=T:; &, (Eucl. v.22 
But B:B=$68:T; [ex λυ. 
᾽ν, ΚΖ Tego ΝΊΞΞΤεΓ, [Eucl. v. 22 
Similarly 
2:O0=27:0,0:0=0:%, 0: Pek: ¥, Pr ob=Pr ἢ, 
Now since A: B=H: 6, [ex Ayp. 
᾿ς COmpende A+B: A=H+6; H, [Euel. v, 18 
ia, permufando A+B: H+@5A: H. (Evel. v. 16 
But since N;:A=T: H, [eo Ag, 
oe A: H=N:T [Euel. v. 16 
=ErT [bid 
=O: [ibied, 
ἘΠῚ [ ibid. 
aa A+H:H+@0<P:L 
ane A+B+P:H+0+I=f 21 [Euel. v.18 
=0;@ [ἔπε]. ¥. 18 
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K, A, M, and let them have the same ratio two by 
two, so that 
A:BeaH:6, B:T=@:], 
and so on, and let the series of magnitudes A, B, I’, 
A, E, % form any proportion with another series of 
magnitudes N,=, 0,1, P, =, and let H,6,1,K,A,M 
form the same proportion with the corresponding 
terms of another series, T, ¥, Φὶ X, Ψ 2 so that 
A:N=/H:T, ΗΒ: ΞΘ εὐ, 
and soon; it is required to prove that 


A+B+I+A+E+2 H+604+1+K+A+M , 





ἘΞ ΠΕΡῚ T+¥+bsR4¥4+T 
ἘΠΕ [ibid 


By pursuing this method it may be proved that 
A+B+T4+4A4+E+2:H+041+K+A+M=—A: H, 


or, permulando, 
A+B4+P4+A+E+2:A=H+0+14K+A4M:#H. (1) 
Now ΝΞ ΞΤ 
.". componendo εἰ permiuftanda, 
N+2:T+Y=2:T fEucl. τ. 18, ¥. 16 
=0;; [Euel. v. 16 
whence N+3+0:T+1T+0=0: o, [Euel, v. 18 


and so on until we obtain 
N+24+041+P+25:T+T4+04X4+¥4+0N=N:iT. . (3) 
But | A: N=H:T; [ex ἂψ}. 
εν by (1) and (3), 
A+B+T+A+E+2 H+6+I+K+A7M 
N+e+OFl+P+=h T+TsO4X57T+7 
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{1Π.} Folume of a Segment of a Paraboloid of 


Revolution 
Ibid., Prop. 21, Archim. ed. Heiberg i. 344. 21-354, 20 
Πᾶν τμᾶμα ὑρθογωνίου κωνοειδέος ἀποτετμα- 
μένον ἐπιπέδῳ dpi ποτὶ τὸν ἄξονα ἡμιδλιόν ἐστι 
τοῦ κώνου τοῦ βάσιν ἔχοντος τὰν αὐτὰν τῷ τμάματι 


καὶ ἄξονα. 





"Ἕστω γὰρ τμᾶμα ὀρθογωνίου κωνοειδέος ἀπο- 
τετμαμένον ὀρθῷ ἐπιπέδῳ ποτὶ τὸν ἄξονα, καὶ 
τμαθέντος αὐτοῦ ἐπιπέδω ἄλλῳ διὰ τοῦ ἄξονος 
τὰς μὲν ἐπιφανείας τομὰ ἔστω a ABI ὀρθογωνίου 
κώνου Toa, τοῦ δὲ ἐπιπέδου τοῦ ἀποτέμνοντος 
τὸ τμᾶμα a ΤᾺ εὐθεῖα, ἄξων δὲ ἔστω τοῦ τμά- 
ματος ἃ BA, ἔστω δὲ καὶ κῶνος τὰν αὐτὰν βάσιν 
ἔχων τῷ τμάματι καὶ ἄξονα τὸν αὐτόν, οὗ κορυφὰ 
τὸ BB. δεικτέον, ὅτι τὸ τμᾶμα τοῦ κωνοειδέος 
ἡμιόλιόν ἐστι τοῦ κώνου τούτου. 

᾿Εκκείσθω γὰρ κῶνος 6 ¥ ἡμιόλιος ἐὼν τοῦ 
κώνου, οὗ βάσις ὦ περὶ διάμετρον τὰν AT, ἄξων 
δὲ a ΒΔ, ἔστω δὲ καὶ κύλινδρος βάσιν μὲν ἔχων 
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Τά, Prop. 21, Archim,. ed. Heiberg i. 344, 21-354, 20 
Any segment of a right-angled conoid cut off by a plane 
ular to the axis ix one-and-a-half times the cone 
having the same base as the segment and the same axts, 





For let there be a segment of a right-angled conoid 
cut off by a plane perpendicular to the axis, and let 
it be cut by another plane through the axis, and 
let the section be the section of a right-angled cone 
ΑΒΓ," and let ΤᾺ be a straight line in the plane 
cutting off the segment, and let BA be the axis of the 
segment, and let there be a cone, with vertex B, 
having the same base and the same axis as the 
segment, It is required to prove that the segment of 
the conoid is one-and-a-half times this cone. 

For let there be set out a cone Ἢ one-and-a-half 
times as great as the cone with base about the 
diameter AT’ and with axis BA, and let there be a 


5 Itis proved in Prop. Ε1 that the section will be a parabola. 
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τὸν κύκλον τὸν περὶ διάμετρον τὰν AT, afova δὲ 
τὰν ΒΔ ἐσσεῖται οὖν o Ἐ κῶνος ἡμίσεος τοῦ 
κυλίνδρου [ἐπείπερ ἡμιύλιός ἐστιν ὁ κῶνος τοῦ 
αὐτοῦ κώνου. λέγω, ὅτι TO τμᾶμα τοῦ κωνοειδέος 
ἴσον ἐστὶ τῷ Ὑ κώνῳ. 

El γὰρ μή ἐστιν ἴσον, ἦτοι μεῖζόν dom ἣ 
ἔλασσον. ἔστω δὴ πρότερον, εἰ δυνατόν, μεῖζον. 
ἐγγεγράφθω δὴ σχῆμα στερεὸν εἰς τὸ τμᾶμα, καὶ 
ἄλλο περιγεγράφθω ἐκ κυλίνδρων ὕψος ἴσον ἐχάν- 
τῶν συγκείμενον, ὥστε τὸ περιγραφὲν σχῆμα τοῦ 
ἐγγραφέντος ὑπερέχειν ἐλάσσονι, 7) ἁλίκῳω ὑπερέχει 
τὸ τοῦ κωνοειδέος τμᾶμα τοῦ Ἢ κώνου, καὶ ἔστω 
τῶν κυλίνδρων, ἐξ ὧν σύγκειται τὸ περιγραφὲν 
σχῆμα, μέγιστος μὲν 6 βάσιν ἔχων τὸν κύκλον τὸν 
περὶ διάμετρον τὰν AT’, ἄξονα δὲ τὰν ΕΔ, ἐλά- 
χιστὸς δὲ ὁ βάσιν μὲν ἔχων τὸν κύκλον τὸν περὶ 
διάμετρον τὰν ET, ἄξονα &¢ τὰν BI, τῶν δὲ 
κυλίνδρων, ἐξ ὧν σύγκειται τὸ ἐγγραφὲν σχῆμα, 
μέγιστος μὲν ἔστω ὁ βάσιν ἔχων τὸν κύκλον τὸν 
περὶ διάμετρον τὰν KA, ἄξονα δὲ τὰν ΔΗ͂, ἐλάχι- 
στὸος δὲ ὁ βάσιν μὲν ἔχων τὸν κύκλον τὸν περὶ 
διάμετρον τὰν ΣΤ, ἄξονα δὲ τὰν ΘΙ, ἐκβεβλήσθω 
δὲ τὰ ἐπίπεδα πάντων τῶν κυλίνδρων ποτὶ τὰν 


Σ ἐπείπερ. . . κώνου om, Heiberg. 





® For the cylinder is three tines, and the cone ¥ cients 
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cylinder having for its base the circle about the 
diameter AI’ and for its axis BA; then the cone Ψ is 
one-half of the cylinder*; I say that the seement of 
the conoid is equal to thé gone: 

If it be not equal, it is either greater or less. Let 
it first be, if possible, greater. Then let there be 
inseribed in the segment a solid figure and let there 
be circumscribed another solid figure made up of 

linders having an equal altitude,® in such a way that 

e circumscribed figure exceeds the inscribed figure 
of a quantity less than that by which the segment 

the conoid exceeds the cone Ἢ [Prop. 19]; and let 
the greatest of the cylinders composing the cireum- 
scribed figure be that having for its base the circle 
about the diameter AI’ and for axis EA, and let the 
least be that having for its base the circle about 
the diameter =T and for axis Β] ; and let the greatest 
of the cylinders composing the inscribed figure be 
that having for its base the circle about the diameter 
ΚΑ and for axis AE, and let the least be that having 
for its base the circle about the diameter ST and for 
axis @1; and let the planes of all the cylinders be 


half times, εἰ great as the sane CONE ; but because τοῦ αὐτοῦ 
cavow is obscure and ἐπείπερ often introduces an interpola- 
tion, Heiberg rejects me explanation to this effect in the text, 
figu eee Ser has used fics ΝΥ bed ἊΝ ἀν τς 

res in previous pp tions, i parabola εὐξιὰς yl 
ce by the A itip τας volte Ἢ 


Way are bain up 
inside bbe "Oise the Sevabola " stegpercd " figures con- 
sisting of d ing rectangles. When the parabola re- 
ORVet the ales become eylinders, a the eat of 
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ἐπιφάνειαν τοῦ κυλίνδρου τοῦ βάσιν ἔχοντος τὸν 
κύκλον τὸν περὶ διάμετρον τὰν AI’, ἄξονα δὲ τὰν 
BA- ἐσσεῖται δὴ ὁ ὅλος κύλινδρος διῃρημένος εἰς 
κυλίνδρους τῷ μὲν πλήθει ἴσους τοῖς κυλίνδροις 
τοῖς ἐν τῷ περιγεγραμμένῳ σχήματι, τῷ δὲ με- 
γέθει ἴσους τῷ μεγίστῳ αὐτῶν. καὶ ἐπεὶ τὸ 
περιγεγραμμένον σχῆμα περὶ τὰ τμᾶμα ἐλάσσονι 
ὑπερέχει τοῦ ἐγγεγραμμένου σχήματος ἢ τὸ τμᾶμα 


τοῦ κώνου, δῆλον, ὅτι καὶ τὸ ἐγγεγραμμένον 
σχῆμα ἐν τῷ τμάματι μεῖζόν ἐστι τοῦ Ὗ κώνου. 
Γι = Fh 


ὦ δὴ πρῶτος κύλινδρος τῶν ἐν τῷ ὅλῳ κυλίνδρῳ 
6 ἔχων ἄξονα τὰν AE ποτὶ τὸν πρῶτον κύλινδρον 
τῶν ἐν τῷ ἐγγεγραμμένῳ σχήματι τὸν ἔχοντα 
ἄξονα τὰν AE τὸν αὐτὸν ἔχει λύγον, ὧν ad AA ποτὶ 
τὰν KE δυνάμει" οὗτος δέ ἐστιν o αὐτὸς τῷ, ὧν ἔχει 
ἃ BA ποτὶ τὰν BE, καὶ τῷ, ὃν ἔχει ἃ AA ποτὶ 
τὰν ES. ὁμοίως δὲ δειχθήσεται καὶ ὅ δεύτερος 
κύλινδρος τῶν ἐν τῷ ὅλῳ κυλίνδρῳ ὁ ἔχων ἄξονα 
τὸν EZ ποτὶ τὸν δεύτερον KvAwopor τῶν ἐν τῷ 
ἐγγεγραμμένῳ σχήματι τὸν αὐτὸν ἔχειν λάγον, ὃν 
a ΠΕ, τουτέστιν ἃ AA, ποτὶ τὰν ZO, καὶ τῶν 
ἄλλων κυλίνδρων ἕκαστος τῶν ἐν τῷ ὅλῳ κυλίνδρῳ 
ἄξονα ἐχόντων ἴσον τᾷ ΔῈ ποτὶ ἕκαστον τῶν 
κυλίνδρων τῶν ἐν τῷ ἐγγεγραμμένῳ σχήματι ἄξονα 
ἐχόντων τὸν αὐτῶν ἔξει τοῦτον τὸν λόγον, ov a 
᾿μίσεια τᾶς διαμέτρου Tas Pacis αὐτοῦ ποτὶ τὰν 
ἀπολελαμμέναν ἀπ αὐτᾶς μεταξὺ τῶν AB, BA 
εὐθειᾶν: καὶ πάντες οὖν οἱ κυλίνδροι οἱ ἐν τῷ 
κυλίνδρῳ, οὗ βάσις μὲν ἔστιν ἃ κύκλος ὦ περὶ 
διάμετρον τὰν Al’, ἄξων δέ [ἐστιν] a Al εὐθεῖα, 
ποτὶ πάντας τοὺς κυλίνδρους τοὺς ἐν τῷ éy- 
γεγραμμένῳ σχήματι τὸν αὐτὸν ἐξοῦντι λόγον, ὃν 
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produced to the surface of the cylinder having for its 
base the circle about the diameter AI’ and for axis 
BA ; then the whole cylinder is divided into cylinders 
equal in number to the cylinders in the circumscribed 
figure and in magnitude equal to the greatest of 
them. And since the figure circumscribed about the 
segment exceeds the inscribed figure by a quantity 
less than that by which the segment exceeds the 
cone, it is clear that the figure inscribed in the seg- 
ment is greater than the cone W." Now the first 
eylinder of those in the whole cylinder, that having 
AE for its axis, bears to the first cylinder in the 
inseribed figure, which also has AE for its axis, the 
ratio AA®:KE* [Eucl. xii. 11 and xii. 2); but 
AA?: KE?={HA:BE*=AA:EZ. Similarly it may 
be proved that the second cylinder of those in the 
whole cylinder, that having EZ for its axis, bears to 
the second cylinder in the inscribed figure the ratio 
ΠΕ : 72, that is, AA :20, and each of the other 
cylinders in the whole cylinder, having its axis equal 
to AE, bears to each of the cylinders in the inseribed 
figure, having the same axis in order, the same ratio 
as half the diameter of the base bears to the part cut 
off between the straight linés AB, BA; and therefore 
the sum of the cylinders in the cylinder having for its 
base the circle about the diameter AI" and for axis 
the straight line Al bears to the sum of the cylinders 
in the inscribed figure the same ratio as the sum of 


® Because the circumscribed figure is greater than the 
wi ae nt. 
By the property of the parabola; ©. Qwadr. parad, 3. 


1 ἐστιν om. Heiberg. 
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πᾶσαι ai εὐθεῖαι ai ἐκ τῶν κέντρων τῶν κύκλων, 
οἵ ἐντι βάσιες τῶν εἰρημένων κυλίνδρων, ποτὶ 
πᾶσας τὰς εὐθείας τὰς ἀπολελαμμένας ἀπ᾿ αὐτᾶν 
μεταξὺ τῶν AB, BA. αἱ δὲ εἰρημέναι εὐθεῖαι 
τῶν εἰρημένων χωρὶς τᾶς ΑΔ μείζονές ἐντι ἢ 
διπλάσιαι" στε καὶ οἱ κυλίνῶροι πάντες οἵ ἐν τῷ 
κυλίνδρῳ, οὗ ἄξων ὁ Al, μείζονές ἐντι 7 διπλάσιοι 
τοῦ ἐγγεγραμμένου Ἱματος" πολλῷ ἄρα καὶ ὃ 
ὅλος κύλινδρος, οὗ ἄξων ἃ ΔΒ, μείζων ἐντὶ 
διπλασίων τοῦ ἐγγεγραμμένου σχήματος. τοῦ Ἂ 
κώνου Big διπλασίων" ἔλασσον ἄρα τὸ ἐγγεγρα 
μένον μα τοῦ Tr κώνου" ὅπερ ἀδύνατον" ἐδείχθη 
γὰρ eho οὐκ ἄρα ἐστὶν μεῖζον τὸ κωνοει Ἧι 
τοῦ Ἐ κώνου. | 

Ὁμοίως δὲ οὐδὲ ἔλασσον" πάλιν γὰρ ἔγγε- 

ipfee τὸ σχῆμα καὶ περιγεγράφθω, uHITE 
ὑπε ἔχειν [ἔκαστον}" ἐλάσσονι, ἢ ἢ ἁλίκῳ ὑπερέχει 
oO κῶνος τοῦ κωνοειδέος, καὶ τὰ ἄλλα τὰ αὐτὰ 
τοῖς πρότερον κατεσκευάσθω. ἐπεὶ οὖν ἔλασσόν 
ἐστι τὸ ἐγγεγραμμένον σχῆμα τοῦ πμάματος, καὶ 

ἐγγραῴεν τοῦ sash ae ἐλάσσονι λείπεται 

ἢ ἢ τὸ τμᾶμα τοῦ Ἔ κώνου, δῆλον, ὡς ἔλασσόν ἐστι 
τὸ περιγραφὲν σχῆμα τοῦ ψ Kwvou. πάλιν δὲ ὁ 

1 ἕκαστον om. Heiberg, ἕκαστον ἑκάστου Torelli (for ἑκάτερον 
ἑκατέρου). 


ἃ Τὴ First cylinder in whole cylinder AA 
~* First cylinder in inseribed figure ~ ES" 


Second cylinder in whole cylinder ἘΠ 


Second cylinder in Inscribed figure 20" 
and 50 on. 
Whole cylinder _AA+EIT+... 


Inscribed figure ΕΞ φως 
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the radii of the circles, which are the bases of the 
aforesaid cylinders, bears to the sum of the straight 
lines cut off from them between AB, BA But the 
sum of the aforesaid straight lines is greater than 
double of the aforesaid eae lines without δ᾽; 
50 that the sum of the cylinders in the cylinder whos 
axis is Al is greater ak double of the inscribed 
figure; therefore the whole cylinder, whose axis is 
AB, is greater by far than double of the inscribed 
figure. But it was double of the cone Ἢ; there- 
fore the inscribed figure is less than the cone ¥; 
which is impossible, for it was proved to be greater, 
Therefore the conoid is not greater than the cone ¥. 
Similarly it can be shown] not to be less; for let 
the e¢ be again inseribed and another. circum= 
scribed so that the excess is less than that by which 
the cone WY exceeds the conoid, and let the rest of 
the construction be as before. Then because the 
earnare figure is less than the segment, and the in- 
ecriped Higite is less than the circumscribed by some 
quantity less than the difference between the seg- 
ment and the cone ¥, it is clear that the circumscribed 
figure is less than the cone ¥, Again, the first 


This follows from Prop. 1, for 
First cylinder in whole cylinder es AA 
Second cylinder in whole eylinder ~~ ETI" 


ote rid on, and thus the other condition of the theorem is 
an 
* For AA, ΕΞ, 20... [5 a series diminishing in arith- 

Ρ ion, and AA, EIT... is a series, equal in 
number, in which each term is wal to the greatest in the 
arithmetical progression, Therefore, by the Lemma to 


Prop. I, 
SA +E +... > S(ES+2Z0+.. ἃ 
VOL. I Ν 1177 


GREEK MATHEMATICS 


πρῶτος κύλινδρος τῶν ἐν τῷ. ὅλω κυλίνδρῳ ὖ ἔχων 
ἄξονα τὰν ΔΕ ποτὶ τὸν πρῶτον κύλινὸ τῶν ἐν 
περιγεγραμμένῳ σχήματι τὸν τὸν αὐτὸν ἔχοντα 
ova τὰν EA τὸν αὐτὸν ἔχει λόγον, ὃν τὸ ἀπὸ 
ras ΑΔ τετράγωνον. ποτὶ τὰ αὐτό, ὦ δὲ δεύτερος 
κύλινδρος τῶν ἐν ὅλῳ κυλίνδρῳ ὃ ἔχων ἄξονα 
τὰν EZ ποτὶ ἐν πύον κύλινδρον τῶν ἐν τῷ 
τε γεγραμμένῳ σχήματι τὸν ἔχοντα ἄξονα τὰν 
τὸν αὐτὸν ἔχει vs ov a AA ποτὶ τὰν ΚΕ 

ai οὗτος δέ ἐστιν ὁ αὐτὸς τῶ, dv € ἔχει d BA 
ποτὶ τὰν BE, καὶ τῷ, ὃν ἔχει ἁ ΔᾺ ποτὶ τὰν EE: 
καὶ τῶν ἄλλων κυλίνδρων € εκαστος τῶν ἐν τῷ ὅλω 
κυλίνδρῳ ἄξονα ἐχόντων ἴ ἴσον τᾷ AE ποτὶ ἕκαστον 
τῶν κυλίνδρων τῶν ἐν τῷ περιγεγραμμένιῳ ματι 
ἐχόντων. τὸν αὐτὸν, ἕξει τοῦτον Si hier 
ὧν ἃ ἡμίσεια Tas διαμέτρου τἂς βάσιος αὐτοῦ ποτὶ 
τὰν ἀπολελαμμέναν ἀπ αὐτᾶς μεταξὺ τᾶν AB, 
BA εὐθειᾶν" καὶ πᾶντες οὖν οἱ κυλίνδροι οἱ ἐν τῷ 
ὅλῳ κυλίνδρῳ, οὗ ἄξων ἐ ἐστὶν a BA εὐθεῖα, ποτὶ 
πάντας τοὺς κυλίνδρους τοὺς ἐν τῷ περιγεγραμ- 
μένῳ σχήματι. τὸν αὐτὸν. ἐξοῦντι λόγον, ὅ ὧν πᾶσαι 
αἱ εὐθεῖαι ποτὶ πάσας τὰς εὐθείας. αἱ δὲ εὐθεῖαι 
πᾶσαι αἱ ἐκ τῶν κέντρων τῶν κύκλων, οἱ βάσιές 
evr. τῶν κυλίνδρων, τᾶν εὐδειᾶν πασᾶν Tay ἀπο- 
λελαμμενᾶν ἀπ᾽ αὐτᾶν σὺν τᾷ AA ἐλάσσονές ἐντι 





5. As before, 
First cylinder in whole cylinder AA 
First cylinder in circumseribed figure ~ AA 
Second cylinder in whole cylinder AA ἘΠ 





Second cylinder in circumscribed figure ΕΞ ES’ 
and so on, 
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cylinder of those in the whole cylinder, having AE for 
its axis, bears to the first cylinder of those in the 
cireumsecribed figure, having the same axis EA, the 
ratio AA? :AA?; the second cylinder in the whole 
cylinder, having EZ for its axis, bears to the second 
_¢ylinder in the circumseribed figure, having EZ also 
for its axis, the ratio AA*; KE®; this is the same as 
BA: BE, and this is the same as AA: ES; and each 
of the other cylinders in the whole cylinder, having 
its axis equal to AE, will bear to the co nding 
cylinder in the circumscribed figure, having the same 
axis, the same ratio as half the diameter of the base 
bears to the portion eut off from it between the 
straight lines AB, BA; and therefore the sum of 
the cylinders in the whole cylinder, whose axis is the 
straight line BA, bears to the sum of the cylinders in 
the circumscribed figure the same ratio as the sum 
of the one set of straight lines bears to the sum of the 
other set of straight lines But the sum of the radii 
of the circles which are the bases of the cylinders is 
less than double of the sum of the straight lines cut 
off from them together with AA ®; it is therefore clear 


And 
First cylinder in whole cylinder AA. 
Second cylinder in whole cylinder πὶ τα Ell 
and so on. 
Therefore the conditions of Prop, 1 are satisfied and 
Whole cylinder _AA+E+.5. 
Cicamscribed igure AA TES +S 








Therefore, by the Lemma to Prop, 1, 
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ἢ διπλάσιαι" δῆλον οὖν, ὅτι καὶ of κυλίνδροι πάντες 
οἱ ἐν τῷ ὅλῳ κυλίνδρῳ ἐλάσσονές ἐντι ἢ διπλάσιοι 
τῶν κυλίνδρων τῶν ἐν τῷ περιγεγραμμένῳ σχή- 
ματι 6 ἄρα κύλινδρος ὁ βάσιν ἔχων τὸν κύκλον 
τὸν περὶ διάμετρον τὰν AT, ἄξονα δὲ τὰν BA, 
ἐλάσσων ἐστὶν ἢ διπλασίων τοῦ περιγεγραμμένου 
σχήματος. οὐκ ἔστι δέ, ἀλλὰ μείζων ἢ διπλάσιος" 
τοῦ γὰρ Ὑ κώνου διπλασίων ἐστί, τὸ δὲ περιγε- 
γραμμένον σχῆμα ἔλαττον ἐδείχθη τοῦ Ἢ κώνου. 
οὐκ ἄρα ἐστὶν οὐδὲ ἔλασσον τὸ τοῦ κωνοειδέος 
τμᾶμα τοῦ TY κώνου. ἐδείχθη δέ, ὅτι οὐδὲ μεῖζον" 
ἡμιόλιον ἄρα ἐστὶν τοῦ κώνου τοῦ βάσιν ἔχοντος 
τὰν αὐτὰν τῷ τμάματι καὶ ἄξονα τὸν αὐτόν, 


* Archimedes’ proof may be shown to be equivalent to an 
integration, as Heath has done {Τὰ Works of Archimedes, 
exivii-cxlyiii). 

For, if be the number of cylinders in the whole cylinder, 
and ΑΔ τε μι, Archimedes has shown that 





Whole cylinder Mh 
[nseribed figure h+2h+3h+... (n—1jA 
τ >, [Lemma to Prop. | 
Whole cylinder Ξ nth } 
Circumseribed figure 6 πεν δῆ τος. +n 
<2, [ibid 


In Props. 19 and 20 he has meanwhile shown that, by 
increasing » sufficiently, the inscribed and circumscribed 
eee eee see by less than any assigned 
volume. 
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that the sum of all the cylinders in the whole cylinder 
is less than double of the cylinders in the circum- 
scribed figure ; therefore the cylinder having for its 
base the circle about the diameter AI and for axis 
BA is less than double of the circumscribed figure. 
But it is not, for it is greater than double; for it is 
double of the cone VY, and the circumscribed figure 
was proved to be less than the cone V. Therefore 
the segment of the conoid is not less than the cone W’. 
But it was proved not to be greater; therefore it is 
one-and-a-half times the cone having the same base 
as the segment and the same axis." — 

When » is increased, A is diminished, but their product 
riThen the | Seat ices nivalent-to assertion that, wh 
indectinitely fase, "αὶ Sap veel deg τῶν 
limit of A[A+2h+3h+ .. +(n- [A] =— de}, 
which, in the notation of the integral calculus reais, 


᾿ ΒΕ ΒΕ 
Τ᾿ 


Lf the paraboloid is formed by the revolution of the para- 
bola y?=er about its axis, we should express the volume of 
a segment os 


I αὐδάν, 
or wa, ih wader, 
ἤ 


The constant does not appear in Archimedes’ proof because 
he merely compares the volume of the segment with the cone, 
and does not give its absolute value. But his method [5 seen 
to be equivalent to a genuine integration. 

As in other cases, Archimedes refrains from the final step 
of making the divisions in ssdecab ree pig and inscribed 
figures. indefinitely large ; . process ¥ the orthodox 
method of reductio ad arden | 
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{εἰ Tue SPIRAL oF ARCHIMEDES 


Archim. De Lin. ape are β θάνοι ed. Heiberg fi. 

. Et κα εὐβεῖα ἐπιζευχθῇ γράμμα ἐν ἐπιπέδῳ 
καὶ ἃ μένοντος τοῦ ἑτέρου πέρατος αὐτᾶς ἰσοταχέως 

χθεῖσα ὑσακισοῦν ἀποκατασταθῇ πάλιν, 
ὅθεν Ρμασεν, ἅμα δὲ τᾷ γραμμᾷ ae σῦκα: 

TE σαμεῖον ἰσοταχέως αὐτὸ capri Ad 
τὰς εὐθείας evor ἀπὸ τοῦ μένοντος πέρατος, 
τὸ μῶν he ypibe¢ ἐν Tu po cn). iS 

β΄. Καλείσθω οὖν τὸ μὲν πέρας τᾶς εὐθείας τὸ 
ὑπο περιαγομένας αὐτᾶς ἀρχὰ τᾶς € 

"A δὲ θέσις τᾶς γραμμᾶς, ἀφ᾽ ἃς ating ἃ 
εὐδεῖα περιφέρεσθαι, ἀρχὰ - τῆς περιφορᾶς. 

oO. Εὐθεῖα, ἂν μὲν ἐν τᾷ πρῶτα περιφορᾷ δια- 
πορευθῇ τὸ σαμεῖον τὸ κατὰ τὰς εὐθείας φερό- 
μενον, πρώτα καλείσθω, av δ' ἐν τᾷ δευτέρᾳ 
περιφορᾷ τὸ αὐτὸ σαμεῖον Savion, δευτέρα, καὶ 
αἱ ἄλλαι ὁμοίως ταύταις ὁμωνύμως ταῖς περι- 
tepals καλείσθωσαν. 

Τὸ δὲ χωρίον τὸ περιλαφθὲν Uno τε τᾶς 
Pies Tas ἐν τᾷ πρίώτᾳ περιφορᾷ, γραφεῖσας καὶ 
Tas εὐθείας, a ἐστιν πρῶτα, πρῶντον καλείσθω, 
τὸ δὲ περιλαφθὲν ὑπὸ te τὰς ἕλικος τᾶς ἐν τᾷ 
δευτέρᾳ περιφορᾷ γραφείσας καὶ τᾶς εὐθείας τᾶς 
δευτέρας δεύτερον καλείσθω, καὶ τὰ ἄλλα ἑξῆς 
ovTi καλείσθω. 

τ΄ Kai εἴ κα ἀπὸ τοῦ σαμείου, ὦ ἐστιν ἀρχὰ. τὰς 


ἕλικος, ἀχθῇ τὶς εὐθεῖα papa, τὰς εὐθείας ταῦτας 
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(i.) Definitions 


Archimedes, On Spirals, Definitions, Archim. ε΄. 
Heiberg ii. 44. 17-46. 21 


1. If a straight line drawn in a plane revolve uni- 
formly any number of times about a fixed extremity 
until it return to its original position, and if, at the 
same time as the line revolves, a point move uni- 
formly along the straight line, beginning at the 
fixed extremity, the point will describe a spiral in 
the plane. 

@ Let the extremity of the straight line which 
remains fixed’ while the straight line revolves be 
called the origin of the spiral. 

5, Let the position of the line, from which the 
straight line began to revolve, be called the initial line 
of the revolution. 

4. Let the distance along the straight line which 
the point moving sa a straight line traverses in 
the first turn be called the first distance, let the distance 
which the same point traverses in the second turn be 
ealled the second distance, and in the same way let 
the other distances be called according to the number 
of turns. 

5. Let the area comprised between the first turn 
of the spiral and the first distance be called the jirst 
area, let the area comprised between the second turn 
of the spiral and the second distance be called the 
second area, and let the remaining areas be so called 
in order. 

6. And if any straight line be drawn from the 
origin, let [points] on the side of this straight line in 
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ra ἐπὶ τὰ αὐτά, ἐφ' ἃ κα a περιφορὰ γένηται, 


προαγούμενα καλείσθω, τὰ δὲ ἐπὶ θάτερα ἐπόμενα. 

ζ΄, "O τε γραφεὶς κύκλος κέντρῳ μὲν τῷ σαμείῳ, 
ὅ ἐστιν ἀρχὰ τᾶς ἔλικος, διαστήματι δὲ τᾷ εὐθεία, 
ἃ ἐστιν πρώτα, πρῶτος καλείσθω, 6 δὲ γραφεὶς 
κέντρῳ μὲν τῷ αὐτῷ, διαστήματι δὲ τᾷ διπλασίᾳ 
εὐθείᾳ δεύτερος καλείσθω, καὶ οἱ ἄλλοι δὲ ἑξῆς 
τούτοις τὸν αὐτὸν τρόπον. 


(ii.) Fundamental Property 
Ibid., Prop. 14, Archim. ed. Helberg il. 50, 9-52. 15 
Ef «a ποτὶ τὰν ἕλικα τὰν ἐν τᾷ πρώτα περιφορᾷ 


γεγραμμέναν ποτιπεσῶντι duo εὐθεῖαι ἀπὸ τοῦ 
σαμείου, ὅ ἐστιν apya Tag ἔλικος, καὶ ἐκβληθέωντι 
ποτὶ τὰν τοῦ πρώτου κύκλου περιφέρειαν, τὸν 
αὐτὸν ἐξοῦντι λόγον αἱ ποτὶ τὰν ἕλικα ποτιπίπ- 
τοῦσαι mor ἀλλήλας, ὧν αἱ περιφέρειαι τοῦ κύκλου 
αἱ μεταξὺ τοῦ πέρατος tis ἔλικος καὶ τῶν περάτων 
τᾶν ἐκβληθεισᾶν εὐθειᾶν τῶν ἐπὶ τᾶς περιφερείας 
γινομένων, ἐπὶ τὰ προαγούμενα λαμβανομενᾶν 
Tay περιφερειᾶν ἀπὸ τοῦ πέρατος τᾶς ἕλικος. 

"Ἕστω ἔλιξ ἃ ΑΒΓΔΕΘ ἐν τᾷ πρώτᾳ περιφορᾷ 
γεγραμμένα, ἀρχὰ δὲ ras μὲν ἕλικος ἔστω τὸ A 
σαμεῖον, ἃ δὲ OA εὐθεῖα ἀρχὰ τᾶς περιφορᾶς ἕστω, 
καὶ κύκλος ὁ ΘΚῊ ἔστω ὁ πρῶτος, ποτιπιπτόντων 
δὲ ἀπὸ τοῦ A σαμείου ποτὶ τὰν ἕλικα αἱ AE, AA 
καὶ ἐκπιπτόντων ποτὶ τὰν τοῦ κύκλου περιφέρειαν 
ἐπὶ τὰ 2, Ἡ. δεικτέον, ὅτι τὸν αὐτῶν ἔγοντι 
λόγον a AE ποτὶ τὰν AA, dv d OKZ περιφέρεια 
ποτὶ τὰν ΘΙ περιφέρειαν. 

Περιαγομένας γὰρ τᾶς ΑΘ γραμμᾶς δῆλον, ὡς 
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the direction of the revolution be called_formard, and 
let those on the other side be called rearward. 

7. Let the circle described with the origin as centre 
and the first distance as radius be called the first circle, 
let the circle described with the same centre and 
double of the radius of the first circle be called the 
second circle, and let the remaining circles in order 
be called after the same manner, 


(ii.) Fundamental Property | 
Thid., Prop. 14, Archim, ed. Heiberg ii. δῆ. 9-52. 15 


If, from the origin of the spiral, tro straight lines be 
drawn to meet the first turn of the spiral and produced to 
meet the circumference of the first circle, the lines drasen 
fo the spiral will have the same ratio one to the other as 
the arcs of the circle between the extremity of the spiral 
and the extremities of the straight lines produced to meet 
the circumference, the arce being measured in a forward 
direction from the extremity of the spiral. 

Let ABPAE@ be the first turn of a spiral, let 
the point A be the origin of the spiral, let ΘᾺ 
be the initial line, let QKH be the first circle, and 
from the point A let AE, AA be drawn to meet the 
spiral and be produced to meet the circumference of 
the circle at Z, H. It is required to prove that 
AE: AA=are 6KZ : are ORH. 

When the line AO revolves it is clear that the point 


5 i. with radius equal to the sum of the mdii of the first 
second circles, 
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τὸ μὲν @ σαμεῖον κατὰ τᾶς τοῦ ΘΠΚῊ κύκλου 
περιφερείας ἐνηνεγμένον ἐστὶν ἰσοταχέως, τὸ δὲ 





Α κατὰ τᾶς εὐθείας φερόμενον τὰν AG γραμμὰν 
, καὶ τὸ ©) σαμεῖον κατὰ τᾶς τοῦ κύκλου 
mepubepels φερόμενον ray ΘΚ περυφέρειαν, τὸ 
δὲ A τὰν AF εὐθεῖαν, καὶ πάλιν τὸ τὲ A σαμεῖαν 
τὰν AA ypappar καὶ τὸ © τὰν ORL περιφέρειαν, 
ἑκάτερον ἰσοταχέως αὐτὸ ἑαυτῷ φερόμενον" δῆλον 
᾿ ὅτι τὸν αὐτὸν ἔχοντι λόγον a AE ποτὶ τὰν 
AA, ὄν a ΘΚ περιφέρεια ποτὶ τὰν @KH περι- 
φέρειαν [δέδεικται γὰρ τοῦτο ἔξω € ἐν τοῖς πρώτοις]. Ἀ 
Ὁμοίως δὲ δειχθήσεται, καὶ εἴ κα ἃ ἑτέρα τᾶν 
ποτιπιπτουσᾶν ἐπὶ τὸ πέρας τᾶς ἔλικος ποτιπίπτῃ, 


ὅτι τὸ αὐτὸ συμβαίνει. 
{Π|.} A FPerging 
Ihid., ae T, Archim. ed. Helberg il. 22. 14-24, 7 
Τῶν αὐτῶν δεδομένων καὶ τᾶς ἐν τῷ κύκλῳ 


εὐθείας aera Na δυνατόν ἐστιν ἀπὸ τοῦ 
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6 moves uniformly round the circumference OKH of 
the circle while the point A, which moves along the 
straight line, traverses the line AO; the point 9 

hich moves round the circumference of the circle 
traverses the are OKZ while A traverses the straight 
line AE; and furthermore the point A traverses the 
line AA in the same time as 6 traverses the are OR H, 
each moving uniformly ; it is clear, therefore, that 
AE: AA=are OKZ : are OKH [Prop. 2]. 

Similarly it may be shown that if one of the straight 
lines be drawn to the extremity of the spiral the 
same conclusion follows." 


(iii) A Ferging " 
Τα. Prop. 7, Archim. ed, Heiberg ii. 22. 14-24. T 


With the same data and the chord in the circle pro- 
duced," itis possible to draw α line from the centre to meet 


“ ἴῃ Prop. 15 Archimedes shows (using different letters, 
however) that if AE, AA are drawn to mect the second turn 
of the spiral, while ΑΔ, AH are drawn, as before, to meet the 
circumference of the first circle, then 

AE: AA=are OK2+eclrcumference of first circle: arc 
@KH +circumference of first circle, 
and so on for higher turns. | 
In general, if 5, A lie on the sth turn of the spiral, and the 
elrcumference of the first cirele is ¢, then 
AE: AA=are ΘΚ Ἐπ --ἴσ τ arc ΒΚΗ͂ Ἐπ — Ie. 

These theorems correspond to the equation of the curve 
τις in polar co-ordinates. 

" This theorem is essential to the one that follows, 

* See πὶ aon this page. 


1 δίδεικται.. . . πρώτοις om, Heiberg. 
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κέντρου ποτιβαλεῖν ποτὶ τὰν ἐκβεβλημέναν, wore 
τὰν μεταξὺ τᾶς περιφερείας καὶ τὰς ἐκβεβλημένας 
ποτὶ τὰν ἐπιζευχϑεῖσαν ἀπὸ τοῦ πέρατος τᾶς 
ἐναπολαφθείσας ποτὶ τὸ πέρας τᾶς ἐκβεβλημένας 
τὸν ταχθέντα λόγον ἔχειν, εἴ κα ὅ δοθεὶς Nbyos 
μείζων ἡ τοῦ, ὃν ἔχει a ἡμίσεια τὰς ἐν τῷ κύκλω 
δεδομένας ποτὶ τὰν ἀπὸ τοῦ κέντρου κάθετον ἐπ' 
αὐτὰν ἀγμέναν, 

Δεδόσθω τὰ αὐτά, καὶ ἔστω a ἐν τῷ κύκλω 
γραμμα ἐκβεβλημένα, ὦ δὲ δοθεὶς λόγος ἕστω, dv 
ἔχει ἃ Z ποτὶ τὰν H, μείζων τοῦ, ὃν ἔχει ἁ TO 
ποτὶ τὰν GK: μείζων οὖν ἐσσεῖται καὶ τοῦ, ὃν ἔγε 
a ΚΓ' ποτὶ TA. dv δὴ λόγον ἔχει ἃ Z ποτὶ H 
τοῦτον ἕξει ἃ KT ποτὶ ἐλάσσονα τᾶς ΓΛ. ἐνέτα 
ποτὶ IN νεύουσαν ἐπὶ τὸ Γ--δυνατὸν δέ ἔστιν 
οὕτως τέμνειν---καὶ πεσεῖται ἐντὺς τᾶς TA, ἐπειδὴ 
ἐλάσσων ἐστὶ τᾶς ΓΛ. ἐπεὶ οὖν τὸν αὐτὸν ἔχει 
Adyor a KI" ποτὶ IN, ὅν ἃ Z ποτὶ H, καὶ ἃ ΕΠ 
ποτὶ IT τὸν αὐτὸν ἔξει λόγον, ὧν a Z ποτὶ τὰν Η. 


ΒΑΓ is a chord in a circle of centre K, and BN is the 
diameter drawn parallel to AT and produced, From K, 
Re is drawn ndicolar to AT, and ΤᾺ is drawn per- 
pendicular to KT’ so as to meet the diameter in A. Archimedes 
asserts that it is possible to draw KE to meet the circle in [ 
and AD produced in ἘΠ so that El: IT=%: H, an assigned 
ratio, provided that 2: Η3. ΓΘ OK. The straight line ΓῚ 
meets RAin Νι In Prop, 6 Archimedes has proved a similar 
proposition when AD’ is a tangent, and in Prop. 6 he has 
prosed the proposition for the case where the positions of I, 
"For trian ie TIE is similur to triangle KIN, and 
OF triangie 11} 15 similar to triangle KIN, and therefore 
Kl: IN=EP: IT [Ἐπεὶ]. vi. 4); and KI=KT. 
᾿ The type of problem known as revoeis, rergings, has 
already been encountered (vol. |. p. 244 0.4) In this 
position, a5 in Props. 5 and 6, Aschimacen gives no hint ἕν 
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the produced chord so that the distance betseeen the circum- 

ference and the produced chord shall bear to the distance 

between the extremity of the line intercepted [by the circle 

and the arene: af the produced chord an assignet 
at the gi 





ratio, provided ten ratto is greater than thant 
which half of the given chord in the circle bears to the 


perpendicular drawn to it from the centre. 





H 
2: 


Let the same things be given,* and let the chord 
in the cirele be produced, and let the given ratio 
be ὦ : H, and let it be greater than ΓΘ : OK; there- 
fore it will be greater than KI’: TA [Eucl. vi. 4]. 
Then 2; H is equal to the ratio of KI to some line 
less than ΓΛ [Euel. v. 10]. Let it be to IN verging 
upon I'—for it is possible to make such an intercept— 
and IN will fall within ΓΛ, since it is less than ΓΛ. 
Then since Kl’: IN=2:H, 
therefore * EL: 1 «ὦ: Ht 
the construction is to be accomplished, though he was pre- "ἢ 
sumably familiar with a solution, 

In the figure of the text, let T be the foot of the perpen- 
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(iv.) Property of the Subtangent 
[bid., Prop. 20, Archim, ed. Heiberg ii. 72. 4-74. 26 


Ei κα τᾶς aha ip Tas ἐν τῇ Palast περυφορᾷ 
γεγραμμένας εὐθεῖα γραμμὰ μὴ κατὰ τὸ 
πέρας τᾶς ἔλικος, ἀπὸ δὲ τᾶς ἅψας ἐπὶ τὰ τὰν ἀρχὰν 
τὰς ἕλικος εὐθεῖα ἐπιζευχθῇ, καὶ κέντρῳ μὲν τᾷ 


ἱρνᾷ τᾶς ἕλικος, διαστήματι δὲ τᾷ ἐπιζευχθεῖσα 
Nig ee γραῷ , ἀπὸ δὲ Tas apyds τᾶς éhixos ἀχθῇ 
τις Tor op ds τᾷ ἀπὸ Tas isk ἐπὶ τὰν ἀρχὰν τᾶς 
ἔλικος ἐπιζευχθείσᾳ, συμπεσεῖται aura ποτὶ τὰν 
ἐπιψαύουσαν, καὶ ἐσσεῖται ἃ μεταξὺ εὐθεῖα τᾶς 


τε συμπτώσιος καὶ Tas ἀρχᾶς τᾶς ἕλικος ἴσα τᾷ 


περιφερείᾳ τοῦ γραφέντος κύκλου τᾷ μεταξὺ τᾶς 
ἀφᾶς καὶ τὰς Topas, ral ἂν τέμνει ὁ ὁ γραφεὶς 
κύκλος τὰν ἀρχὰν τᾶς περιφορᾶς, ἐπὶ τὰ προαγού- 
μενα. λαμβανομένας τᾶς as See ἀπὸ τοῦ 
σαμείου τοῦ ἐν τᾷ ἀρχᾷ Tas περυῤορᾶ 

Εστω ἕλιξ, ἐφ' ἄς ἃ ABTA, ἐν τᾷ πριῦτᾳ 
πε μένα, καὶ ἐπυψαυέτω τις αὐτᾶς 
et EZ κατὰ τὸ A, amo δὲ τοῦ! A ποτὶ τὰν 





ΕΕΤΕΕΣΙΕΝ I to BA, and lect A ὃς the other extremity of the 
diameter throw, h B, Let the unknown length KN=z, le 


rT=a, KT=6, BA=2e, and let IN=&, a given length. 
Then NI. NP'=NA. ΝΕ, 
fate, kya? +(e -- bf =(e -- ce +), 


which, Aschigd rationalization, is an equation of the fourth 
Al pally: if we denote NT’ by y, we can determine 
zand y by the two equations 
p= αὐ +(2— 6), 
yu — ΟἿ, 
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(iv.) Property of the Sublangent 
Tbid., Prop. 20, Archim, ed. Heiberg ii. Τῷ, 4-74, 26 


If a straight line touch the first turn of the spiral other 
than at the extremity of the spiral, and from the point of 
contact a straight line be drawn to the origin, and with 
the origin as centre and this connecting line as radius a 
circle be drawn, and from the origin a straight line be 
drawn αἱ right angles to the straight line joining the pornt 
of contact to the origin, if sill meet the tangent, and the 
straight line between the point of meeting and the origin 
will be equal to the are of the circle between the point of 
contact and the point in which the circle cuts the initial 
line, the arc being measured in the forward direction Jrom 
the point on the ἐπέ αὶ fine, | 

Let ΑΒΓΔ lie on the first turn of a spiral, and let 









the straight line EZ touch it at 4, and from A let AA 
so that values of 2 and y satisfying the conditions of the 


problem are given by the points of intersection of a certain 
parabola and a certain hyperbola. 

The whole question of vergings, including this Uwe spe is 
pana ped discussed by Heath, The Works of Archimedes, 
c-cxx! 
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apyayv τᾶς ἕλικος ἐπεζεύχθω a AA, καὶ κέντρῳ 
μὲν τῷ A, διαστήματι δὲ τῷ AA κύκλος γεγράφθω 
ὅ AMN, τεμνέτω δ᾽ οὗτος τὰν ἀρχὰν τᾶς mepupopas 
κατὰ τὸ K, ἄχθω δὲ a ZA ποτὶ τὰν AA ὀρθά. 
ὅτι μὲν οὖν αὖτα συμπίπτει, δῆλον" ὅτι δὲ καὶ ἴσα 
ἐστὶν ἃ ZA εὐθεῖα τᾷ KMNA πε γερείᾳ, δεικτέον. 
Ei γὰρ μή, ἤτοι μείζων ἐστὶν ἢ ἐλάσσων. ἕστω, 
εἰ Seath periph μείζων, λελάφθω δέ τις a 
AA ras μὲν ZA εὐθείας ἐλάσσων, ras δὲ KMNA 
περιφερείας μείζων. πάλιν δὴ κύκλος ἐστὶν ὁ 
ΜΙΝ καὶ ἐν τῷ κύκλῳ γραμμὰ ἐλάσσων τᾶς 
διαμέτρου a AN καὶ λόγος, dv ἔχει a AA ποτὶ 
AA, μείζων τοῦ, dv ἔχει a ἡμίσεια ras AN ποτὶ 
τὰν ἀπὸ τοῦ κάθετον én’ αὐτὰν ἀγμέναν: δυνατὸν 
οὖν ἐστὶν ἀπὸ τοῦ A ποτιβαλεῖν τὰν AE ποτὶ τὰν 
NA ἐκβεβλημέναν, ὥστε τὰν EP ποτὶ τὰν AP 
ἣν αὐτὸν ἔχειν λόγον, ὧν a AA ποτὶ τὰν AA: 
δέδεικται γὰρ τοῦτο δυνατὸν ἐόν" Efe: οὖν καὶ ἃ 
EP ποτὶ τὰν AP τὸν αὐτὸν λόγον, ὧν ἃ AP ποτὶ 
τὰν AA. a δὲ AP ποτὶ τὰν ΑΛ ἐλάσσονα λάγον 
ἦν ἢ ἃ AP περιφέρεια ποτὶ τὰν KMA περι- 
ῥέρειαν, ἐπεὶ a μὲν AP ἐλάσσων ἐστὶ τᾶς AP 
περιφερείας, ἃ δὲ ΑΛ μείζων τᾶς KMA περι- 
φερείας" ἐλάσσονα οὖν λόγον ἔχει a EP εὐθεῖα 
ποτὶ ῬᾺ Ἴ a &P περιφέρεια ποτὶ τὰν ΜΔ περι- 
φέρειαν" ὥστε καὶ ἃ AE ποτὶ AP ἐλάσσονα λόγον 
ι ἢ ἃ KMP περιφέρεια ποτὶ τὰν KMA περι-" 





* For in Prop. 16 the angle AAZ was shown to be acute. 

* For AN touches the spiral and so can have no part 
within the spiral, and therefore cannot pass through A; 
therefore it is a chord of the circle and leas than the diameter. 

* For, if a perpendicular bedrawn from A to AN, it bisects 
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be drawn to the origin, and with centre A and radius 
AA let the circle AMIN be described, and let this 
circle cut the initial line at K, and let ZA be drawn at 
right angles to AA. That it will meet [ZA) is clear*; 
it is required to prove that the straight line 4A is 
equal to the are KMNA, 

If not, it is either greater or less. Let it first be, 
if possible, greater, and let AA be taken less than the 
straight line ZA, but greater than the are KMNA 
[Prop. 4]. ain, ΚΑΙ Ν is a circle, and in this circle 

N is a line less than the diameter," and the ratio 
AA:AA is greater than the ratio of half AN to the 
perpendicular drawn to it from A‘; it is therefore 
possible to draw from A a straight line AE mecting 
ΝᾺ produced in such a way that 

EP :AP=AA:AA; 
for this has been proved possible [Prop. 7] ; therefore 

EP : AP=AP: AA! 
But AP :AA<are AP: are KMA, 
since AP is less than the are AP, and AA is greater 
than the arc AMA ; 
ae EP : PA <are AF : arc KMA; 

AE : AP <are KAMP: are KMA. 

[Euel. v. 18 

AN [Euel. iii. 5] and divides triangle AAZ into two triang! 
of which one is Sano tot triangle NAZ [Bucl. vi a]; there mes 

AA: AZ=§NA: (perpendicular from A to NA). 


[Euel. vi. 4 
But AZ> ΑΛ, 
AA; AA>§NA; (perpendicular from A to ΝΑ}. 
4 For AA=AP, being a radius of the same circle; and 
the proportion follows permutando. 
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φέρειαν. ὧν δὲ λόγον ἔχει a KAMP ποτὶ τὰν 
KMA περιφέρειαν, τοῦτον ἔγει ἃ XA ποτὶ ΑΔ' 
ἐλάσσονα ἄρα λόγον ἔχει d EA ποτὶ AP ἢ a AX 
ποτὶ AA* ὅπερ ἐστὶν ἀδύνατον. οὐκ ἄρα μείζων 
a ZA τᾶς KMA περιφερείας. ὁμοίως δὲ τοῖς 
πρότερον δειχθήσεται, ὅτι οὐδὲ ἐλάσσων ἐστίν- 


(J) ὅὲμι- πεαύμαν Soups 
Papp. Call. Ws 10, ed, Hultsch i. S52. T=354, τῷ 


Πολλὰ γὰρ ἐπινοῆσαι δυνατὸν στερεὰ σχήματα 
παντοίας ἐπιφανείας ἔχοντα, μᾶλλον δ᾽ ἂν τις 
ἱξιώσειε λόγου τὰ τετάχθαι δοκοῦντα [καὶ τούτων 
πολὺ πλέον τοὺς τε κώνους καὶ κυλίνδρους καὶ τὰ 
καλούμενα πολύεδρα). ταῦτα δ' ἐστὶν οὐ μόνον 
τὰ παρὰ τῷ θειοτάτῳ Πλάτωνι πέντε σχήματα, 
τουτέστιν τετράεδρόν τε καὶ ἐξάεδρον, ὀκτάεδρόν 
τε καὶ δωδεκάεδρον, πέμπτον δ' εἰκοσάεδρον, ἀλλὰ 
καὶ τὰ ὑπὸ ᾿Αρχιμήδους εὑρεθέντα τρισκαίδεκα 
τὸν ἀριῆμὸν ὑπὸ ἰσοπλεύρων μὲν καὶ ἰσογωνίων 
οὐχ ὁμοίων δὲ πολυγώνων περιεχόμενα. 

‘eal... παλύεδρα om. Huliseh, 


* This part of the prot involves a terging assumed in 
ay oh just ns the earlier part assumed the rerging of Prop, 
Ἵ, The verging of Prop. 8 has already been deseribial 
sr i. p. $40 πὶ δ) in connexion with Pappus’s comments 
* Archimedes goes on to show that the theorem is trie 
even if the tangent touches the spiral in its second or SOTne 
higher turn, not at the extremity of the turn: and in Props, 
16 and 19 he has shown that the theorem is true if the tangent 
should touch at an extremity of ἃ turn, 
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Now arc KMP:arc KAMA=XA;A4; [Prop. 14 
ὌΝ EA; AP<AX: 4A 

Which is impossible. Thereforé ZA is not greater 
than the are KMA. In the same way as above it 
may be shown to be not less*; therefore it is equal.® 


(f) Sewr-Ftecutan Sovips 
Pappus, Collection v. 19, ed. Hultsch |. 352. 7-34. 10 


Although many solid figures having all kinds of 
surfaces can be conceived, those which appear to be 
regularly formed are most deserving of attention. 
Those include not only the five figures found in 
the godlike Plato, that is, the tetrahedron and the 
cube, the octahedron and the dodecahedron, and 
fifthly the icosahedron,’ but also the solids, thirteen 
in number, which were discovered by Archimedes 4 
and are contained by equilateral and equiangular, but 
not similar, polygons, 


As Pappus (ed. Hultseh 302. 14-15) notes, the theorem can 
be establish wig, recourse to propositions involving 
~~ ne for the meanin af which sane vol. i. pp. ἘΜΌΝ 

ret ea ving only “ plane" methods 

eloped by Tannery, Wemoires seientifi x © 912 
= τ’ 300-316 end Heath, HG. ΔΓ. ii, 556-561. ques, ἰς remain 
a puxsle why Archimedes ¢ his Lesley πῶ οἵ 
roof, especially as Heath's Tarik ted by the figures 
Ὁ rome: Heath (ioe, cil,, p. BET) τὰ ey aacarscly 

any reason except his definite predilection 
for the form of proof by reductio = absurdum based ulti- 
mantels on his ana Lemma * or Axiom.” 
or the five regular solids, see vol. i. pp. 216-225, 

‘ Heron (Definitions 104, ed. Hei 66, 1-0) asserts that 
two were known to Plato. One is that described os Ἐς 
helow, but the other, said to be bounded by cight squares 
ond six triangles, is wrongly given. 
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To μὲν yap πρῶτον ὀκτάεδρον ἔστιν περιεχᾶ- 
μενον ὑπὸ τριγώνων ὃ καὶ ἐξαγώνων 5. 

Τρία δὲ μετὰ τοῦτο τεσσαρεσκαιδεκάεδρα, ὧν 
τὸ μὲν πρῶτον περιέχεται τριγώνοις ἢ καὶ τετρα- 
γώνοις ἔ', τὸ δὲ δεύτερον τετραγώνοις = καὶ ἔξα- 
γώνοις ἢ, τὸ δὲ τρίτον τριγώνοις ἢ καὶ ὀκταγώνοις ξ΄. 

Μετὰ δὲ ταῦτα ἑκκαιεικοσάεδρά ἐστιν δύο, ὧν 
τὸ μὲν πρῶτον περιέχεται τριγώνοις ἢ καὶ τετρα- 
γώνοις ij, τὸ δὲ δεύτερον τετραγώνοις iB, éfa- 
γὥνοις ἢ καὶ ὀκταγώνοις F, 

Μετὰ δὲ ταῦτα δυοκαιτριακοντάεδρά ἔστιν τρία, 
ὧν τὸ μὲν πρῶτον περιέχεται τριγώνοις καὶ καὶ 
πενταγώνοις «8, τὸ δὲ δεύτερον πενταγιῦνοις if 
καὶ ἐξαγώνοις K, τὸ δὲ τρίτον τριγώνοις καὶ καὶ 
δεκαγώνοις if. 

Μετὰ δὲ ταῦτα ἕν ἐστιν ὀκτωκαιτριακοντάεδρον 
περιεχόμενον ὑπὸ τριγώνων AB καὶ τετραγώνων ᾧ. 

Mena d€ τοῦτο δυοκαιεξηκοντάεδραά ἐστι duo, 
ὧν TO μὲν πρῶτον. περιέχεται τριγώνοις καὶ καὶ 
τετραγιώνοις ἃ καὶ πενταγιώνοις ιβ, τὸ δὲ δεύτερον 
τετραγώνοις ἃ καὶ ἐξαγώνοις καὶ καὶ δεκαγώνοις if. 

Μετὰ δὲ ταῦτα τελευταῖόν ἔστιν δυοκαιενενη- 
κοντάεδρον, ὃ περιέχεται τριγώνοις F καὶ πεντα- 

* For the purposes of π΄ 4, the thi l : 

ἀκα ΡΣ Εν ope i pnts wi 

* Kepler, in his Harmonice mundi (Opera, 1864, y, 193. 
126), appears to have been the first to examine these fieures 
systematically, though a method of obtaining some is given 
in a scholium to the Vatican ms. of Pappus, Lf a solid angle 
of a regular solid be cut by a plane so that the same lengrth 
ls cut off from cach of the edges meeting at the solid angle, 
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The first is a figure of eight bases, being contained 
by four triangles and four hexagons [ἢ]. 

After this come three figures of fourteen bases, the 
first contained by eight triangles and six squares [P, 
the second by six squares and eight hexagons ἴων 
and the third by cight triangles and six octagons 

P 

fa these come two figures of twenty-six bases, 
the first contained by cight t triangles and eighteen 
squares [P,], the second twelve squares, eight 
hexagons and six octagons [/,]. 

After these come three figures of thirty-two bases, 
the first contained by twenty triangles and twelve 
pentagons [P,], the second by twelve pentagons and 
twenty hexagons [P,], and the third by twenty 
triangles and twelve decagons Fal: 

After these comes one figure of thirty-eight bases, 
being contained by thirty-two triangles and six 
squares (Pio) 

After this come two figures of sixty-two bases, 
the first contained by twenty triangles, thirty averse 
and twelve pentagons [P,,|, the second by 
squares, twenty hexagons and twelve decagons [P,,]. 

After these there comes lastly a figure of ninety- 
two bases, which is contained by eighty triangles 
and twelve pentagons oad δ 


dian he, fin the fices of ‘the aclid. “This happens Ἢ 


obviously planes bisect the of the 
ry mes (ii) ii) when | the vapor δι planes cut off a smaller length 
m each edge in such a way thot o regular po οἰγκοῦ is 


ΠΡ packs dice ΜῊΝ double the Womber OF Wiese ΤῊΝ 
method gives (1) from the tetrahedron, P,; (2) from the 
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(g) System oF exrnessixa Lanok Numnens 
Archim. γεν. 3, Archim. ed. Helberg il. 236. 17-240, 1 
“A μὲν οὖν throrifepat, ratra- χρήσιμον δὲ 

εἶμεν ὑπολαμβάνω τὰν κατονόμαξιν τῶν ἀριθμῶ 
παν ἘΚ ot τῷ Bue εἰ 
περιτετευχότες τῷ ποτὶ Ζεύξιππον γεγραμμέ 
μὴ πλανῶνται διὰ τὸ μηδὲν εἶμεν ὑπὲρ αὐτᾶς ἐν 
τῷδε τῷ βιβλίῳ προειρημένον. συμβαίνει δὴ τὰ 
ὑνόματα τῶν ἀριθμῶν ἐς τὸ μὲν τῶν μυρίων 
ὑπάρχειν ἀμῖν παραδεδομένα, καὶ ὑπὲρ τὸ τῶν 
μυρίων [μὲν]; ἀποχρεύντως γιγνώσκομες μυριάδων 
ἀριθμὸν λέγοντες ἔστε ποτὶ τὰς μυρίας μυριάδας. 
ἕστων οὖν ἁμῖν οἱ μὲν νῦν εἰρημένοι ἀριθμοὶ ἐς τὰς 
μυρίας μυριάδας πρῶτοι καλουμένοι, τῶν δὲ πρώ- 
τῶν ἀριθμῶν at μύριαι μυριάδες μονὰς καλείσθω 
δευτέρων ἀριθμῶν, καὶ ἀριθμείσθων τῶν δευτέρων 
fowéhes καὶ ἐκ τᾶν μονάδων δεκάδες καὶ exa- 
τοντάδες καὶ es καὶ μυριάδες ἐς ras μυρίας 
μυριάδας. πάλιν δὲ καὶ αἱ μύριαι μυριάδες τῶν 
δευτέρων ἀριθμῶν μονὰς καλείσθω τρέτων ἀριθμῶν, 
καὶ ἀριθμείσθων τῶν τρίτων ἀριθμῶν μονάδες καὶ 
ἀπὸ τἂν μονάδων δεκάδες καὶ ἑκατοντάδες καὶ 
χιλιάδες καὶ μυριάδες ἐς τὰς μυρίας μυριάδας. 
τὸν αὐτὸν δὲ τρόπον καὶ τῶν τρίτων ἀριθμῶν 
μύριαι μυριάδες μονὰς καλείσθω τετάρτων ἀριθμῶν, 
᾿ μὲν om. Heiberg. 
froen ths toonabedron, Py and P41 (6) from the dodecahcir τὸ 
Py are Py It was probably the mcthodd used by Plato, 
Four more of the semi-regular solids are obtained by first 
cutting all the edges symmetrically and equally by planes 
parallel to the edges, and then cutting off angles, ‘This 
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(g) System or expressixa Lance ΝΌμΜπεπΒβ 


Archimedes, Send-Reehoner 3, Archim, ed. 
Heiberg ii. 236. 17-240, | 

Such are then the assumptions | make; but I 
think it would be useful to explain the naming of 
the numbers, in order that, as in other matters, 
those who have not come across the book sent to 
Zeuxippus may not find themselves in difficulty 
through the fact that there had been no preliminary 
discussion of it in this book. Now we ayer have 
names for the numbers up to a myriad [105], and 
beyond a myriad we can count in myriads up to a 
myriad myriads [10°]. Therefore, let the aforesaid 
numbers up to a myriad myriads be called awmbers 
of the first order [numbers from 1 to 105], and let a 
myriad myriads of numbers of the first order be called 
a unit of numbers af the second order [numbers from 
10° to 1015], and let units of the numbers of the second 
order be enumerable, and out of the units let there 
be formed tens and hundreds and thousands and 
myriads upto amyriad myriads. Again, let a myriad 
myriads of numbers of the second order be called a 
unit of numbers of the third order (numbers. from 10 
to 1051], and let units of numbers of the third order 
be enumerable, and from the units let there be formed 
tens and hundreds and thousands and myriads up 
to a myriad myrinds. In the same manner, let a 
myriad myriads of numbers of the third order be 
ene (1) from the cobe, ᾿ς and P,: (2) from the beosahedron, 

vt (8) from the dodecahedron, P,,. 

‘The two remaining solids are more difficult to obtain ; 
Py_ is the snwh exude in which each solid angle is formed by 
the angles of four equilateral triangles and one square; 
Ῥω is the enw) dodecahedron in which each solid angle is 
formed by the angles of four equilateral triangles ant one 
regular pentagon. 199 
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καὶ at τῶν τετάρτων ἀριθμῶν μύριαι μυριάδες 
μονὰς καλείσθω πέμπτων ἀριθμῶν, καὶ ἀεὶ οὕτως 
προάγοντες of ἀριθμοὶ τὰ ὀνόματα ἐχόντων ἐς τὰς 
μυριακισμυριοστίῶν ἀριθμῶν μυρίας μυριάδας. 

᾿Αποχρέοντι μὲν οὖν καὶ ἐπὶ τοσοῦτον οἱ ἀριθμοὶ 
γιγνωσκομένοι, ἔξεστι δὲ καὶ ἐπὶ πλέον προάγειν, 
tee yap οἱ μὲν νῦν εἰρημένοι ἀριθμοὶ πρώτας 
περιόδου καλουμένοι, 6 δὲ ἔσχατος ἀριθμὸς τᾶς 
πρώτας περιόδου μονὰς καλείσθω δευτέρας περι- 
ou πρώτων ἀριθμῶν. πάλιν δὲ καὶ αἱ μύριαι 
μυριάδες τᾶς δευτέρας περιόδου πρώτων ἀριθμῶν 
μονὰς καλείσθω τᾶς δευτέρας περιόδου δευτέρων 
ἀριθμῶν. ὁμοίως δὲ καὶ τούτων ὦ ἔσχατος μονὰς 
καλείσθω δευτέρας περιόδου τρίτων ἀριθμῶν, καὶ 
ἀεὶ οὕτως οἱ ἀριθμοὶ προάγοντες τὰ ὀνόματα 
ἐχόντων Tag δευτέρας περιόδου ἐς τὰς μυριακισ- 
Βυρουτῶν ἀριθμῶν μυρίας μυριάδας. 

Πάλιν δὲ καὶ ὅ ἔσχατος ἀριθμὸς τᾶς δευτέρας 
περιόδου μονὰς καλείσθω τρίτας περιόδου πρώτων 
ἀριθμῶν, καὶ ἀεὶ οὕτως προαγόντων ἐς τὰς μυρια- 
κισμυριοστᾶς περιόδου μυριακισμυριοστῶν ἀριθμῶν 
μυρίας μυριάδας. 





. Expressed in full, the last number would be 1 followed 
by 60,000 million millions of ciphers. Archimedes uses this 
system to show that itis more than sufficient to express the 
number of grains of sand which it would take to fill the 
universe, pee his argument on estimates by astronomers 
of the sizes and distances of the sun and moon and their 
relation to the size of the universe and allowing a wide margin 
for catchy. Assuming that a poppy-head (for so μήκων is here 
to be understood, not ™ poppy-seed," r. D' Arey W. Thompson, 
The Clasneal Review, ti. (1942), p. 75) would contain not 
more than 10,000 grains of sand, and that its diameter is 
not less than a finger’s breadth, and having proved that the 
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called a unit of mumbers of the fourth order [numbers 
from 10% to 1033], and let a myriad myriads of 
numbers of the fourth order be called a unit of 
numbers of the fifth order (numbers from 10° to 10"), 
and let the process continue in this way until the 
designations reach a myriad myriads taken a myriad 
myriad times [105 - 107]. 

It is sufficient to know the numbers up to this point, 
but we may go beyond it. For let the numbers now 
mentioned be called numbers of the first period [1 to 
105 "1, and let the last number of the first period be 
ealled a unit of monbers of the first order of the second 
period [10*- 10° to 108+ 1". 108], And again, let a 
myriad myriads of numbers of the first order of the 
second period be called a unit of numbers of the second 
order of the second period [105 . 1". 108 to 108 - #9"; 1014], 
Similarly let the last of these numbers be called a 
unit of numbers of the third order of the second period 
[105 - 19°, 10! to 108-1", 1074], and let the process 
continue in this way until the designations of numbers 
in the second period reach a myriad myriads taken a 
myriad myriad times [108 - οὐ 10}. 10", or (108 - 19. }7.ψ 

Again, let the last number of the second period 
be called a unit of numbers of the first order of the 
third period [(108-!®")* to (108+ 10")". 108], and let the 
process continue in this way up to a myriad myriad 
units of numbers of the myriad myriadth order of the 
myriad myrindth period [ (108 0") or 108 - τοὶ Ἵ.- 
sphere of the fixed stars is less than 10° times the sphere in 
which the sun's orbit is a great circle, Archimedes shows that 
the number of grains of sand which would fill the universe is 
lees than “ 10,000,000 ynits of the eighth order of numbers,” 
or 10", The work contains several references important for 
the history of astronomy. 
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(4) Innerensonate Anatysis: Tne Catrir 
Provies 


Archim. (7) Prob. ἴδοι, Archim, ed. Heiberg 
ii. S28, 1-482. ἢ 


Πρόβλημα 
ὅπερ * Ἀρχιμήδης ἐν ἐπιγράμμαμσιν εὐρὼν role “ap 
+ peta περὶ ταῦτα πραγματευομένοις ζητεῖν 
ἀπέστειλεν ἐν τῇ πρὸς ᾿Ιϊρατοσθένην τὸν Kupy- 


ναῖον ἐπιστολῇ. 
Anite ᾿Ηελίοιο βοῶν, ὦ ξεῖνε, μέτρησον 
φροντίδ᾽ ἐπιστήσας, εἰ μετέχεις coins, . 
πόσση ἄρ᾽ ἐν πεδίοις Σικελῆς wor’ ἐβόσκετο νήσου 
Θρινακίης τετραχῇ στίφεα δασσαμένη 
χροιὴν ἀλλάσσοντα" τὸ μὲν λευκοῖο γάλακτος, 
_xvavew δ᾽ ἕτερον χρώματι λαμπόμενον, 
ἄλλο ye μὲν ξανθόν, τὸ δὲ ποικίλον. ἐν δὲ ἑκάστιω 
στίφει ἔσαν ταῦροι πλήθεσι βριβόμενοι 
συμμετρίης τοιῆσδε τετευχότες" ἀργότριχας μὲν 
κυανέων ταύρων. ἡμίσει ἠδὲ τρίτω 
καὶ ξανθοῖς δ ΣΝ, ἴσους, ὦ ξεῖνε, νόησον, 
αὐτὰρ κυανέους τῷ τετράτῳ τε μέρει 
μικτοχρύων καὶ πέμπτῳ, ἔτι ξανθοῖσί τε πᾶσιν. 
τοὺς δ᾽ ὑπολειπομένους ποικιλόχρωτας ἄβρει 
ἀργεννῶν ταύρων ExT μέρει ἐβδομάτῳ τε 
καὶ ξανθοῖς αὐτοὺς πᾶσιν ἰσαζομένους. 
θηλείαισι δὲ βουσὶ rad’ ἔπλετο" λευκότριχες μὲν 
ἦσαν συμπάσης κυανέης ἀγέλης 
τῷ τριτάτῳ τε μέρει καὶ τετράτῳ ἀτρεκὲς ἴσαι" 
αὐτὰρ κυάνεαι τῷ τετράτω τε πάλιν 
μικτοχρύων καὶ πέμπτῳ ὑμοῦ μέρει ἰσάξοντο 
σὺν ταύροις πάσαις εἰς νομὸν ἐρχομέναις. 
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(A) IspereemixnatTe Anwatysts: Tar Cattie 
Prowse 


Archimedes (7), Cafile Problem," Archim. ed. Heiberg 
i. 425, 1-S5a2. ἢ 


A Proves 
which Archimedes solved in epigrams, and which he 
communicated to students of such matters at Alex- 
andria in a letter to Eratosthenes of Cyrene. 


If thou art diligent and wise, O stranger, compute 
the number of cattle of the Sun, who once upon a time 
razed on the fields of the Thrinacian isle of Sicily, 
divided into four herds of different colours, one milk 
white, another a glossy black, the third yellow and 
the last dappled. Inceach herd were bulls, mighty 
in number according to these proportions: Under- 
stand, stranger, that the white bulls were equal to a 
half and a third of the black together with the whole 
of the ellow, while the black were equal to the fourth 
part of the d dappled and a fifth, together with, once 
more, the whole of the yellow. Observe further that 
the remaining bulls, the dappled, were equal to a 
sixth part of the white and a seventh, together with 
all the yellow. These were the proportions of the 
cows: The white were precisely equal to the third 
part and a fourth of the whole herd of the black ; 
while the black were equal to the fourth part once 
more of the dappled and with it a fifth part, when 
all, including the bulls, went to pasture together. Now 
“Tt is unlikely that the epigram itself, first edited by 
G. BE. Lessing in 1773, is the work of Archimedes, but there 
is ample evidence from antiquity that be studied the actual 
roblem. ‘The most important papers bearing on the subject 
ve already been mentioned (vol. Lp. 16 πὶ ¢), and further 

references to the literature are given by Heiberg ad loc. 
aos 
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ξανθοτρίχων δ᾽ i paki πέμπτῳ μέρει ἠδὲ Kal ἔκτῳ 

ποικίλαι ἰσάριθμον πλῆθος ἔχον τετραχῇ. 

ξανθαὶ δ᾽ ἠριθμεῦντο μέρους τρίτου ἡμίσει lon 
I i} ἀγέλης ἐβθομάτῳ τε μέρει. 

ξεῖνε, σὺ δ', ᾿Ηελίοιο βόες πόσαι, ἀτρεκὲς εἰπών, 
χωρὶς μὲν ταύῤων ξατρεῤων ἀριθμόν, 

χωρὶς δ' αὖ, θήλειαι ὅσαι κατὰ χροιὰν ἕκασται, 
ovK ἀιδρίς κε λέγοι᾽ οὐδ᾽ ἀριθμῶν ἀδαής, 

οὐ μὴν πιῶ ye σοφοῖς ἐναρίθμιος. ἀλλ᾽ ἴθι φράζευ 
καὶ τάδε πᾶντα βοῶν ᾿Ηελίοιο dats ἢ 

ἀργότριχες ταῦροι μὲν ἐπεὶ μιξαίατο πληθὸν 
bao ἵσταντ᾽ cube pl ale ἡ 

εἰς βάθος εἰς εὗὑρός τε, τὰ δ' αὖ περιμήκεα πάν 
πίμπλαντο πύον Θρινακίης rreBia. 

ξανθοὶ δ᾽ abr" εἰς ἔν καὶ ποικίλοι ἀθροισθέντες 

vr’ ἀμβολάδην ἐξ ἑνὸς ἀρχόμενοι 

σχῆμα τελειοῦντες τὸ τρικράσπεδον οὔτε προσόντων 
ἀλλοχρύων ταύρων οὔτ᾽ ἐπιλειπομένων. 

ταῦτα cuvefevpay καὶ ἐνὶ πραπίδεσσιν αϑροΐσας 
καὶ πληθέων ἀποδούς, ξεῖνε, τὰ πάντα μέτρα 

ἔρχεο κυδιόων νικηφόρος tot τε πάντως 
κεκριμένος ταύτῃ y ὄμπνιος ἐν σοφίῃ. 


* πλήθους Krumblegel, πλίνθον cod, 








"ἡ. 8 fifth and a sixth both of the males and of the females, 

® At a first glance this would et to mean that the sum 
of the number of white and black bulls is a square, but this 
makes the solution of the problem intolerably difficult, There 
is, however, an easier interpretation. If the bulls are packed 
together so as to form a square figure, their number need not 
be a square, since cach bull is longer than it is broad, The 
simplified contlition is that the sum of the number of white 
and black. bulls shall be a rectangle. 
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the dappled in four parts® were equal in number toa 
fifth part and a sixth of the yellow herd, Finally the 
yellow were in number equal to a sixth part and a 
seventh of the white herd. If thou canst accurately 
tell, O stranger, the number of cattle of the Sun giving 
separately the number of well-fed bulls and 
the number of females according to each colour, tl 
wouldst not be called unskilled or ignorant of ee 
bers, but not yet shalt thou be numbered among the 
wise. But come, understand also all these conditions 
ing the cows of the Sun. When the white 
bu mingled their number with the black, they stood 
firm, equal in depth and breadth,’ and the plains of 
Thrinacia, stretching far in all ways, were filled with 
their multitude. Again, when the yellow and the 
dappled bulls were gathered into one ἘΞ fie: they stood 
in such a manner that their number, beginning from 
one, grew slowly greater till it completed a triangular 
figure, there being no bulls of other colours in their 
midst nor none of them lacking. If thou art able, 
© stranger, to find out all these things and gather 
them together in your mind, giving all the relations, 
thou shalt depart crowned with λεῖπε and knowing 
that thou hast been adjudged perfect in this species 





of wisdom.* 
* if 
X, αἱ ore the a of white bulls cows ἐ neepech reeds 
γ᾿ " + + black on 
i, ἃ + ee ae κὺς = ta or oD 
NW, we τε :- at dappled es ΒΕ a. 
the first part of the epigram states that 
(a) πα ρα τ Sty 
ἘΞΙΕΈ "+24 = ἡ = Ε (2) 
Waly rd Δ τ cet Lei oh 
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(i.) Postulates 


Archim. De Plan, Aequil., Deff., Archim, ed. 
Heiberg fi. 124. $126. ΕῚ 


a. Αἰτούμεθα τὰ ἶσα βάρεα ἀπὸ ἴσων μακέων 
ἰσορρυπεῖν, τὰ δὲ ἴσα pete ἀπὸ τῶν ἐνήσων 


μακέων μὴ ἰσορροπεῖν, ἀλλὰ ἀλλὰ ῥέπειν ἐπὶ τὸ βάρος 
τὸ ἀπὸ τοῦ μείζονος μάκεος. 


(hy eeQheINY+y) 2 oe 8 OH 
με ἰὼ), . 2  , (δ) 
iat +342 +2) cee: eae dte) 
s=(h+XX +2) 2. 2. oC LT 


The second part of the cpigram states that 


A+ ἔξει rectangular number ~ tos. δὴ 
2+W=a triangular number , . (9) 


This was solved by J. F. Wurm, and the solution is given by 
A. Amthor, τρανή fir Math, uw. Physik, (Fist-lit, 
Abtheilung), Ἶ, ἐς 143-171, and by Heath, 7 
Works af Archiv ve pp. 310-325. For reasons of space, 
¥ the results can be noted here, 
uations (1) to (7) ἘΠΕ ΒΕ following as the values of 
» unknowns in terms of an unknown integer mz 


A= L0OS60462n oe = TAO 
a= 41405570 - Ξε 5490915n 
Wee ἐπ ΒΙ ΗΝ w = 35158200, 


We have now to find a value of » such that equation (9) 
. is also satisfied—equation (8) will then be sinmitamepsenty 
salisfied. Equation (#) means that 


Sy ΡῚΡ ἘΞ) : 
ἈἘ-}1Ξ a Γ 


where p is some positive integer, or 


(4149887 +7358060)a - ΠΣ ne ἢ 
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(ἢ Mecuaxics: Cextaes oy Gnaviry 
(i.) Postulates 


Archimedes, On Plane Equilibrivma," Detinitions, 
Archim, ed. Heiberg ii, 124. 3-196. 4 


1. I postulate that equal weights at equal distances 
balance, and equal weights at unequal distances do 
not balance, but incline towards the weight which is 
at the greater distance, 


ha. 2471 Absina PES, 
This is found to be satisfied by 


a =3'.. 4340, 
and the final solution is =“ 
X =1217263415886 = 46192410280 
Y= 87603503422 y = ST457002 5058 
23 Ξ- 487269701 c= Giese TORO 
Π τὸ μά Τα 50 w τα 419838151860 


ond the total is S01 6857 | ΔΈ ΒΕ, 

If equation (8) is taken to be that X + ) =a square number, 
the solution is much more arduous; Amthor found that in 
this case, 

W=1598 (2065415, 


where (206541) means that there are 206541 more digits to 





Merely to write out the eight numbers, Amthor calculates, 
would require a volume of 660 pages, so we may rensonably 
doubt whether the problem wns really framed in this more 
difficull form, or, if it were, whether Archimedes solved it. 
= This is the earliest surviving treatise on mechanics; 
it presumably had predecessors, but we may doubt whether 
mechanics had previously been developed by rigorous geo- 
metrical principles from o small number of assumptions. 
feferences to the principle of the lever and the parallelogram 
of velocities in the Aristotelian Mechanics have already been 
given (vol, ἢ pp. 490-13), | 
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β΄. εἴ κα βαρέων ἱσορροπεύντων ἀπὸ τινων 
μακέων ποτὶ τὸ ἕτερον τῶν βαρέων ποτιτεθῇ, μὴ 
ἰσορροπεῖν, ἀλλὰ ῥέπειν ἐπὶ τὸ βάρος ἐκεῖνο, ὦ 


γ΄. Ὁμοίως δὲ καί, εἴ κα ἀπὸ τοῦ ἑτέρου τῶν 
βαρέων ἀφαιρεθῇ τι, μὴ ἱσορροπεῖν, ἀλλὰ ῥέπειν 
ἐπὶ τὸ βάρος, ag οὗ οὐκ ἀφῃρέθη. 

δ΄, Τῶν ἴσων καὶ ὁμοίων σχημάτων ἐπιπέδων 
ἐφαρμοζομένων ἐπὶ ἄλλαλα καὶ τὰ κέντρα τῶν 
βαρέων ἐφαρμόζει ἐπ᾽ ἄλλαλα. 

ε΄, Τῶν δὲ ἀνίσων, ὁμοίων δέ, τὰ κέντρα τῶν 
βαρέων ὁὅμοΐως ἐσσεῖται κείμενα. ἁμοίως δὲ 
λέγομες σαμεῖα κέεσθαι ποτὶ τὰ ὁμοῖα σχήματα, 
ἀφ᾽ ὧν ἐπὶ τὰς ἴσας γωνίας ἀγόμεναι εὐθεῖαι 
ποίέοντι γωνίας ἴσας ποτὶ τὰς ὁμολόγους πλευράς. 

τ΄ Et κα μεγέθεα ἀπὸ τινων μακέων ἰσορρο- 
πέωντι, καὶ τὰ ἴσα αὐτοῖς ἀπὸ τῶν αὐτῶν μακέων 
ἰσορροπήσει. 

ie Παντὸς σχήματος, οὗ κα a περίμετρος ἐπὶ 
τὰ αὐτὰ κοίλα ἦ, τὸ κέντρον τοῦ βάρεος ἐντὸς εἶμεν 
δεῖ τοῦ σχήματος. 


(ii.) Principle of the Lever 

fbid., Props. 6 et 7, Archim, ed. Heiberg ii. 192. 13-188, 9 
: Ta σύμμετρα μεγέθϑεα ἰσορροπέοντι ἀπὸ μακέων 
ἀντιπεπονθότως τὸν αὐτὸν λόγον ἐχόντων τοῖς 

"Eorw σύμμετρα μεγέθεα τὰ A, B, ὧν κέντρα 
τὰ A, Β, καὶ μᾶκος ἔστω τι τὸ EA, καὶ ἔστω, ὡς 
τὸ A ποτὶ τὸ B, οὕτως τὸ Al’ μᾶκος ποτὶ τὸ ΓΕ 
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2. If weights at certain distances balance, and 
something is added to one of the weights, they will 
net remain in equilibrium, but will incline towards 
that weight to which the addition was made. 

8. Similarly, if anything be taken away from one 
of the weights, they will not remain in equilibrium, 
but will incline towards the weight from which 
nothing was subtracted. 

4. When equal and similar plane figures are ap- 
plied one to the other, their centres of gravity also 
coincide, 

5. In unequal but similar figures, the centres of 
gravity will be similarly situated. By points similarly 
situated in relation to similar fi 3, | mean points 
such that, if straight lines be drawn from them to 
the equal angles, they make equal angles with the 
re sides. 

6. If magnitudes at certain distances balance, 
magnitudes equal to them will also balance at the 

7. In any figure whose perimeter is concave in the 
same direction, the centre of gravity must be within 
the figure. 

(ii.) Principle of the Lever 
fbid., Props. 6 and 7, Archim, ed. Heiberg 
ii, 132. 13-138. 8 
Prop. 6 
_Commensurable magnitudes balance at distances re- 


erprocally proportional ta their meights. 

Let A, B be commensurable magnitudes with 
centres [of gravity] A, B, and let EA be any distance, 
and let A:BaAr:TE; 

VoL, Π Ε on) 
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μᾶκος" δεικτέον, ὅτι τοῦ ἐξ ἀμφοτέρων τῶν A, B 
συγκειμένου μεγέθεος κέντρον ἐστὶ τοῦ βάρεος 
5 Τ' 


vo LT’. 

"Emel γάρ ἐστιν, ὡς τὸ ποτὶ τὸ B, οὕτως τὸ 
AY ποτὶ τὸ TE, τὸ δὲ A τῷ B σύμμετρον, καὶ 
τὸ TA ἄρα τῷ TE σύμμετρον, τουτέστιν εὐθεῖα 
ra εὐθείᾳ" Gore τῶν ED, ΓΔ ἐστι κοινὸν μέτρον. 
ἔστω δὴ τὸ Ν, καὶ κείσθω τᾷ μὲν ἘΠ᾽ ἴσα ἑκατέ 


τᾶν AH, AK, τᾷ δὲ ΔΓ ἴσα a EA. καὶ ἐπεὶ ἴσα 








a AH τᾷ ΓΕ, toa καὶ ἃ ΔΙ τᾷ ΕΗ! ὥστε καὶ ἃ 
AE ἴσα τᾷ EH. διπλασία ἄρα a μὲν AH τᾶς 
AT, a δὲ ΗΚ τᾶς ΓΕ" ὥστε τὸ N καὶ ἑκατέραν 
τᾶν AH, ΗΚ μετρεῖ, ἐπειδήπερ καὶ τὰ ἡμίσεα 
αὐτᾶν. καὶ ἐπεί ἔστιν, ὡς τὸ ποτὶ τὸ B, οὕτως 
a AT ποτὶ ΓΕ, ὡς δὲ a AD wort TE, οὕτως a 
AH wort ΗΚ.-- διπλασία yap ἑκατέρα ἑκατέρας 
--καὶ ὡς ἄρα τὸ A ποτὶ τὸ B, οὕτως ἃ AH ποτὶ ᾿ 
HK. ὁσαπλασίων δέ ἐστιν ἃ AH τᾶς N, τοσαυ- 
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it is required to prove that the centre of gravity of 
the magnitude composed of both A, Bis I. 

Since A: ΠΤ ΓΕ, 

and A is commensurate with B, therefore ΓΑ is com- 
mensurate with ΓΕ, that is, a straight line with a 
straight line [Eucl. x. 11]; so that EI’, ΓΔ have a 
common measure, Let it be N, and let AH, AK be 
each equal to ET, and let EA be equal to AT. Then 
since AH =IE, it follows that AT=EH; so that 
ΛΕ «Ἢ. Therefore AH=24I and ΗΝ - 91 Ἑ ; so 
that N measures both AH and ΗΚ, since it measures 
their halves [Bucl. x. 12]. And since 

ΑἸ ΒΞ ΔΙ ΓΕ, 
while AT: TE=AH : HK— 
for each is double of the other— 
therefore A; B= AH:HK, 


Now let 2 be the same part of A as N is of AH; 
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ταπλααίων ἕστω καὶ τὸ A τοῦ Z- ἔστιν apa, as 
a AH ποτὶ N, οὕτως τὸ A ποτὶ Z. ἔστι δὲ καί, 
ὡς a KH ποτὶ ΛΗ, οὕτως τὸ ὶ ποτὶ Α- δι' σον 
ἄρα ἐστίν, ws ἃ KH ποτὶ N, οὕτως τὸ EB ποτὶ 2’ 
ἰσάκις ἄρα πολλαπλασίων ἐστὶν a KH ras N καὶ 
τὸ B τοῦ 2. ἐδείχθη δὲ τοῦ 4 καὶ τὸ A πολλα- 
πλάσιον ἐόν. ὥστε τὸ Z τῶν A, Β κοινόν ἐστι 
τρον. ὃ εθείσας οὖν τὰς μὲν AH εἰς τὰς τᾷ ᾿ 
ἴσας, noo Ὁ A els τὰ τῶ ZT ἶσα, τὰ ἐν ‘ra AH 
τμάματα ἰσομεγέθεα τᾷ N toa. ἐσσεῖται τῷ πλήθει 
τοῖς ἐν τῷ ἃ ᾿τμαμάτεσσιν ἴσοις ἐοῦσιν τῶ Δ. 
wore, ἄν ἐφ᾽ ἕκαστον “τῶν τμαμάτων τῶν ἐν τᾷ 
ΛΗ ἐπιτεϑῇ μέγεθος ἴ ἶσον τῷ ΖΦ τὸ κέντρον τοῦ 
βάρεος ἔχον ἐπὶ μέσου τοῦ τμάματος, τά Te πάντα 
Sy Babergh ι ἐντὶ τῷ A, καὶ τοῦ ἐκ πάντων te 
υ κέντρον ἐσσεῖται τοῦ βάρεος τὸ E- ἄρ 
τε γάρ ἐστι τὰ πάντα τῷ πλήθει, καὶ τὰ ep ἑκάτερα 
τοῦ E ἴσα τῷ πλήθει διὰ τὸ ἴσαν εἶμεν τὰν AE 
τᾷ HE. 

“Ὁμοίως. δὲ δεινθήσεται, ὅτι κἂν, εἴ κα ἐφ᾽ 
ἕκαστον τῶν ἐν τᾷ ΚΗ τμαμάτων ἐπιτεθῇ μέγεθος 
ἔσον τῷ ᾿ κέντρον τοῦ βάρεος ἔχον ἐπὶ τοῦ μέσου 
τοῦ τμάματος, τὰ τε πάντα μεγέθεα ἴσα ἐσσεῖται 
τῷ Β, καὶ τοῦ ἐκ πάντων συγκειμένου κέντρον τοῦ 
βάρεος ὁ ἐσσεῖται πὸ A: ἐσσεῖται οὖν τὸ μὲν A ἐπι- 
aren κατὰ τὸ E, τὸ δὲ Β κατὰ τὸ Δ, ἐσσεῖται 

ἡ μεγέθεα ἶσα ἀλλάλοις ἐπ᾽ εὐθείας κείμενα, ὧν 
τὰ κέντρα τοῦ βάρεος ἴσα ἀπ᾿ ἀλλάλων διέστακεν, 
ἰσυγκείμενα }" ἄρτια τῷ πλήθει" δῆλον οὖν, ὅτι τοῦ 
ἐκ πάντων συγκειμένου. μεγέθεος κέντρον ἐστὶ τοῦ 
βάρεος a _Sixoropiin Tas εὐθείας Tas ἐχούσας τὰ 
κέντρα τῶν μέσων μεγεθβέων. ἐπεὶ δ᾽ ἴσαι ἐντὶ 
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then AH :N=A :Ζ. [Buecl. v., Def. 5 
And KH:AH=B:A; ([Eucl. v. 7, coroll. 
therefore, er aequo, 
ΚΗ: N=B:2; [Euel, v. 22 


therefore Z is the same part of Bas Nis of KH. Now 
A was proved to be a multiple of 2; therefore ἢ is 
a common measure of A, 4. Therefore, if AH is 
divided into segments equal to N and A into seg- 
ments equal to 7, the segments in AH equal in magni- 
tude to N will be equal in number to the segments of 
A equal to Z. It follows that, if there be placed on 
each of the segments in AH a magnitude equal to Z, 
having its centre of gravity at the middle of the 
segment, the sum of the magnitudes will be equal 
to A, and the centre of gravity of the figure com- 
pounded of them all will be Εἰ ; for they are even in 
number, and the numbers on either side of Εἰ will be 
equal because AE=HE. [Prop. δ, coroll, 2.] 
Similarly it may be proved that, if a magnitude 
equal to Z be placed on each of the segments [equal 
to Ν] in KH, having its centre of gravity at the middle 
of the segment, the sum of the magnitudes will be 
equal to ΗΠ, and the centre of gravity of the fi : 
eompounded of them all will be A [Prop. δ, coroll. a: 
Therefore A may be regarded as placed at E, and 
at 4. But they will be a set of magnitudes lying on a 
straight line, equal one to another, with their centres 
of gravity at equal intervals, and even in number ; 
it is therefore clear that the centre of gravity of the 
magnitude compounded of them all is the point of 
bisection of the line containing the centres [of gravity] 
of the middle magnitudes [from Prop. 5, coroll. 9], 





1 συγκείμενα om. Helberg. 
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a μὲν AE τᾷ ΓΔ, a δὲ ED τᾷ AK, καὶ ὅλα ἄρα 


ἃ AT ἴσα τᾷ ΓΚ’ ὥστε τοῦ ἐκ πάντων μεγέθεος 
κέντρον τοῦ βάρεος τὸ Γ᾽ σαμεῖον. τοῦ μὲν ἄρα 
A κειμένου κατὰ τὸ E, τοῦ δὲ Β κατὰ τὸ ἃ, 
ἰσορροπησοῦντι κατὰ τὸ I’. 


gr’ 


Kai τοίνυν, εἴ κα ἀσύμμετρα ἕωντι τὰ μεγέθεα, 
ὁμοίως ἰσορροπησοῦντι ἀπὸ μακέων ἀντιπεπονθά- 
τως τὸν αὐτὸν λύγον ἐχόντων τοῖς μεγέθεσιν. 

"Ἔστω ἀσύμμετρα μεγέθεα τὰ AB, Γ, μάκεα 
δὲ τὰ ΔΕ, EZ, ἐχέτω δὲ τὸ AB ποτὶ τὸ I τὸν 
αὐτὸν λόγον, ὃν καὶ τὸ EA ποτὶ τὸ EZ μᾶκος" 
λέγω, ὅτι τοῦ ἐξ ἀμφοτέρων τῶν ΑΒ, Γ κέντρον 
τοῦ βάρεός ἐστι τὸ E, 

Εἰ yap μὴ ἰσορροπήσει τὸ AB τεθὲν ἐπὶ τῷ Z 
τῷ DV τεθέντι ἐπὶ τῷ A, ἤτοι μεῖζόν ἐστι τὸ AB 


A Ε Ξι- - πὰ 





τοῦ Γ᾽ ἢ ὥστε ἰσορροπεῖν [τῷ ΓῚ; ἢ οὔ, ἔστω 
μεῖζον, καὶ ἀφῃρήσθω ἀπὸ τοῦ ἈΒ ἔλασσον τᾶς 
ὑπεροχᾶς, ἃ μεῖζόν ἐστι τὸ AB τοῦ Γ΄ ἢ ὥστε 
ἰσορροπεῖν, wore [τὸ] λοιπὸν τὸ Α σύμμετρον 
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And since AE =A. and ED =AK, therefore AT=CR; 
so that the centre of gravity of the magnitude com- 
pounded of them all is the point ΤΡ, Therefore if A is 
placed at E and B at A, they will balance about I’. 


Prop. 7 


And now, if the magnitudes be incommensurable, they 
will likewise balance at distances reciprocally proportional 
fo the magnitudes. 

Let (A+ 8), Γ' be incommensurable magnitudes,* 
and let AE, EZ be distances, and let 

(A+B): ἘΞ ΕΔΊΕΖ; 


I say that the centre of gravity of the magnitude 
composed of both (A + 6), I’ is E. 

For if (A+B) placed at 4 do not balance Τ' placed 
at A, either (A+ 8) is too much greater than I’ to 
balance or less. Let it [first] be too much greater, 
and let there be subtracted from (A + B) a magnitude 
less than the exeess by which (A+B) is too much 
greater than Τ' to balance, so that the remainder A is 


® As becomes clear later in the proof, the first magnitude 
is regarded os made up of two parta—A, which is commen- 
surate with [ and B, which is not commensurate; if (A+B) 
is too ig. oF equilibrium with I, then B is so chosen that, 
when it is taken away, the remainder A is still too big for 
equilibrium with I. Similarly if (A+) is too small for 
equilibrium. 





a τῶ T om. Fwtocius, 
Ὁ τό om. Eutocius. 
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εἶμεν τῷ Γ΄. ἐπεὶ οὖν σύμμετρά ἐστι τὰ A, Γ' 
μεγέθεα, καὶ ἐλάσσονα λόγον ἔχει τὸ A ποτὶ τὸ 
-P ἢ ἁ AE ποτὶ EZ, οὐκ ἰσορροπησοῦντι τὰ A, Γ 
ἀπὸ τῶν ΔΕ, EZ μακέων, τεθέντος τοῦ μὲν A 
ἐπὶ τῷ 4, τοῦ δὲ T ἐπὶ τῷ Δ. διὰ ταὐτὰ δ᾽, οὐδ᾽ 
εἰτὰ Γ μεῖζόν ἐστιν ἢ ὥστε ἰσορρουπεῖν τῷ ΑΒ. 


(iii) Centre of Gravity of a Parallelogram 
Thid., Props. 9 et 10, Archim. ed. Heiberg ii, 140. 16-144. 4 
ΠΝ 

Παντὸς παραλληλογράμμου τὸ κέντρον τοῦ 
βάρεός ἔστιν ἐπὶ τᾶς εὐθείας tas ἐπιϊευγνυούσας 
τὰς διχοτομίας τᾶν κατ᾽ ἐναντίον τοῦ παραλλη- 
λογράμμου πλευρᾶν. eer aly 

"Ἔστω παραλληλόγραμμον τὸ ABTA, ἐπὶ δὲ 
τὰν διχοτομίαν τᾶν AB, TA a EZ: φαμὶ δή, ὅτι 
τοῦ ΑΒΓΔ παραλληλογράμμου τὸ κέντρον τοῦ 

60s ἐσσεῖται € ἐπὶ τᾶς EZ. 

“Μὴ γάρ, ἀλλ᾽, εἰ δυνατόν, €orw τὸ ©), καὶ ἄχθω 
παρὰ τὰν AB a ΘΙ. τᾶς [δὲ}" δὴ EB διχοτομου- 
μένας αἰεὶ ἐσσεῖταί ποκα ἃ καταλειπομένα ἐλάσσων 





Ὁ δὲ om. Heiberg. 
a a is incomplete and obscure; it may be thus 
compl be 
Since Az T<AE; EZ, 


A will be depressed, which [5 impossible, since there has been 
taken away from (A +E) a magnitude less than the deduc- 
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commensurate with [. Then, since A, Τ' are iobed= 
mensurable magnitudes, and 

A: DI <AE ΕΖ, 
Αι Γ᾽ will not balance at the distances AR, EZ, A being 
placed at Zand Γ πὲ ἃ, By the same reasoning, they 
will not do so if [ is greater than the magnitude 
necessary to balance (A + B).4 


(ili.) Centre of Gravity of a Parallelogram ὃ 


Thid., Props, 9 and 10, Archim, ed. Heiberg 
i. 140, 16-144, 4 


Prop. 9 


The centre of gravity of any parallelogram is on the 
siraight line Ak μὰ the Soiats of bisection of opposite 
sides of the parallefogram, 

Let ΑΒΓΔ be a parallelogram, and let EZ be the 
straight line joining the mid-points of AB, ΓΔ: then 
I say that the centre of gravity of the parallelogram 
ABI will be on EZ, 

For if it be not, let it, if possible, be @, and let ΘΙ be 
drawn parallel to AB, Now if EB be bisected, and 
the half | be bisected, and so on continually, there will 
be left some line less than 19; [let EK be less than 


yy tea. that ta ἐνὶ pce mo spent: 
aremed Sed. fore (A +B) is not greater than the magni- 
mde necesciry to produce equilibrium; in the same τους it 
can be proved not to be less; therefore it is equal. 


* The centres of gravity of a tria and a trapezium are 
also found by Abepaedes in the fist beck the pitas book 
is wholly devoted to finding the centres of gravity of a para- 
bolic segment and of a portion of it cut off by a parallel 
to the base, 
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τὰς 10- καὶ διηρήσθω ἑκατέρα ray AE, EB εἰς 
τὰς τᾷ EK ἴσας, καὶ ἀπὸ τῶν κατὰ τὰς διαιρέσιας 





σαμείων ἄχθωσαν παρὰ τὰν EZ: διαιρεθήσεται δὴ 
τὸ ὅλον παραλληλόγραμμον εἰς παραλληλόγραμμα 
τὰ i ia καὶ ὁμοῖα τῷ KZ. τῶν οὖν παραλληλο- 
γράμμων τῶν ἴσων καὶ ὁμοίων τῷ KZ ἐφαρμοζο- 
μένων. em ἄλλαλα καὶ τὰ κέντρα τοῦ βάρεος αὐτῶν 
ἐπ᾽ πεσοῦνται. ἑσσοῦνται , δὴ μεγέθεά τινα, 


πὰ ἴσα τῷ KZ, ἄρτια τῷ πλήθει, 
2 ace τοῦ βάρεος αὐτῶν nt εὐθείας 
κείμενα, κ καὶ τὰ μέσα ἴσα, Kai πάντα τὰ ἐφ' 
ἑκάτερα τῶν μέσων αὐτά τε ἴσα ἐντὶ καὶ αἱ μεταξὺ 
τῶν κέντρων. εὐθεῖαι tom τοῦ ἐκ πάντων αὐτῶν 
1p συγκειμένου. μεγέθεος τὸ κέντρον ἐσσεῖται 
τοῦ βάρεος ἐπὶ Tas εὐθείας τὰς ἐπιξευγννούσας τὰ 
κέντρα τοῦ βάρεος τῶν μέσων χωρίων. οὖκ ἔστι 
δέ: τὸ γὰρ © ἐκτός ἐστι τῶν μέσων παραλληλο- 
γράμμων. φανερὸν οὖν, ὅτι ἐπὶ tas EZ εὐθείας 
τὸ κέντρον ἐστὶ τοῦ βάρεος τοῦ ΑΒΓ Δ παραλληλο- 


γράμμου. 


' 


Παντὸς π ἰληλογράμμου τὸ κέντρον τοῦ 
βάρεός ἐστι τὸ σαμεῖον, καθ᾽ 6 αἱ διαμέτροι συμ- 
πίπτοντι. 
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1Θ.7 and let each of AE, EB be divided into parts 
equal to EK, and from the points of division let 
straight lines be drawn parallel to EZ; then the 
whole parallelogram will be divided into parallelo- 
grams equal and similar to KZ, Therefore, if these | 
parallelograms equal and similar to h4 be applied to 
each other, their centres of gravity will also coincide 
[Post. 4]. Thus there will be o set of magnitudes, 
being parallelograms equal to KZ, which are even in 
number and whose centres of gravity lie on a straight 
line, and the middle magnitudes will be equal, and 
the magnitudes on cither side of the middle magni- 
tudes will also be equal, and the straight lines between 
their centres [of gravity) will be equal ; therefore the 
centre of gravity of the magnitude compounded of 
them all will be on the straight line joining the centres 
of gravity of the middle areas [Prop. 5, coroll. 2]. 
But it is not ; for 8) lies without the middle parallelo- 
grams. It is therefore manifest that the centre of 
gravity of ne re a ite ABTA will be on the 


straight line EZ - 


Prop. 10 


The centre of gravity of any parallelogram is the point 
ἐπ which the diagonals meet. 
219 


GREEK MATHEMATICS 


μαθήμασιν κατὰ τὸ ὑποπῖπτον θεωρίαν eens 
ἐδοκίμασα γρι σοι καὶ εἰς τὸ αὐτὸ βιβλίο 
ἐξορίσαι τρόπου τινὸς ἰδιότητα, καθ᾽ ὄν σοι 
παρεχόμενον ἔσται λαμβάνειν ἀφορμὰς εἰς τὸ 
δύνασθαί τινα τῶν ἐν τοῖς μαθήμασι βεωρεῖν διὰ 
τῶν ne oa τοῦτο δὲ πέπεισμαι χρήσιμον 
εἶναι o ἧσσον καὶ εἰς τὴν ἀπόδειξιν αὐτῶν τῶν 
ark μάτων. καὶ γάρ τινα τῶν πρότερον μοι 

μηχανικῶς ὕστερον γεωμετρικῶς ἀπ- 
ἰδείχθη. διὰ τὸ χωρὶς ἀποδείξεως εἶναι τὴν διὰ 
τούτου τοῦ τρόπου θεωρίαν" ἑτοιμότερον γάρ ἐστι 
προλαβόντα διὰ τοῦ τρόπου γνῶσίν τινα τῶν 
ζητημάτων πορίσασθαι τὴν ἀπόδειξιν μᾶλλον jj 
μηδενὸς ἐγνωσμένου ζητεῖν... . . γράφομεν οὖν 
πρῶτον τὸ καὶ πρῶτον paver διὰ τῶν “μηχανικῶν, 
ὅτι πᾶν τμῆμα ὀρθογωνίου κώνου τομῆς ἐπίτριτόν 
ἐστιν τριγώνου τοῦ βάσιν ἔχοντος τὴν αὐτὴν Kal 
ὕψος ἴσον. 


ibid., Prop. 1, Archim. ed. Helberg ii. 454. 14-458, 21 


“Eorw τμῆμα τὸ ABI περιεχόμενον ὑ ὑπὸ εὐθείας 
τῆς AD καὶ ὀρθογωνίου κώνου τομῆς τῆς ΑΒΓ, 
καὶ “epics δίχα 7 ΑΓ τῷ A, καὶ παρὰ τὴν 


ΠΡ ΤῊ ἤχθω ἡ E, καὶ ἐπεζεύχθωσαν ai 


a Pee ὅτι ἐπίτριτόν ἔστιν τὸ ABD τμῆμα τοῦ 
ΑΒΓ τριγώνου. 

Ἤχϑωσαν ἀπὸ τῶν A, DP σημείων ἡ μὲν ΑΖ 
παρ τὴν ABE, ἡ δὲ ΓΖ ἐπυῤαύουσα, τῆς τομῆς, 
καὶ ἐκβεβλὴ aa ΓΒ ἐπὶ τὸ Καὶ, καὶ κείσθω τῇ 
ΓΚ ἴση 7 Qi κοέθω ζυγὸς ὁ ΓΘ καὶ μέσον 
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who gives due honour to mathematical inquiries 
when they arise, I have thought fit to write out for 
you and explain in detail in the same book the 
peculiarity of a certain method, with which furnished 
you will be able to make a beginning in the investiga- 
tion by mechanics of some of the problems in mathe- 
matics. I am persuaded that this method is no less 
useful even for the proof of the theorems themselves. 
For some things first became clear to me by 
mechanics, though they had later to be proved geo- 
metrically owing to the fact that investigation by this 
method does not amount to actual proof; but it is, 
of course, easier to provide the proof when some 
knowledge of the things sought has been acquired by 
this method rather than to seek it with no prior 
knowledge. . . . At the outset therefore I will write 
out the very first theorem that became clear to me 
through mechanics, that any segment of a section of 
a right-angled cone ts fowr-thirds of the triangle having 
the same base and equal height. 


fbid., Prop. 1, Archim. ed. Helberg li. 454. 14-453, 21 


Let ABI’ be a segment bounded by the straight 
line AD and the section ABI’ of a right-angled cone, 
and let AI be bisected at A, and let ABE be drawn 
parallel to the axis, and let AB, ΒΓ be joined. 

I say that the segment ABT is four-thirds of the 
triangle ABT’. 

From the points A, P let AZ be drawn parallel to 
ABE, and let [A be drawn to touch the section, 
and let [6 be produced to Καὶ, and let KO be placed 
equal to ΤᾺ, Let PO be imagined to be a balance 
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αὐτοῦ τὸ K καὶ τῇ EA παράλληλος τυχοῦσα ἡ 
ΜΞ. 
"Exel οὖν παραβολή ἐστιν ἡ ΓΒΑ, καὶ ἐφάπτεται 





i ΓΖ, καὶ τεταγμένως 7} ra, ἔσῃ ἐστὶν ἡ E 
A+ τοῦτο wap ἐν τοῖς στοιχείοις δείκνυται" διὰ 
τοῦτο, καὶ διότι παράλληλοι εἶσιν αἱ ZA, M 


few 
oy 


ΜΞ πρὸς BO [τοῦτο yap ἐν λήμματι δείκνυται], 
ὡς δὲ ἡ ΤᾺ πρὸς AZ, οὕτως ἡ ΓΙ πρὸς KN, καὶ 
ἴση ἐστὶν ibs τῇ KO, ὡς dpa ἡ GK πρὸς ΚΝ, 


= πρὸς BO. καὶ ἐπεὶ τὸ N σημεῖον 


ἴση ἡ ἡ TO τῇ ΘΗ, ἰσορροπήσει ἡ TOH τῇ ΜΞ 


αὐτοῦ μενούσῃ διὰ τὸ ἀντιπεπονθότως τετμῆσθαι 


with mid-point K, and let ΜΞ be drawn parallel 
to ΕΔ, 

Then since BA is a parabola," and ΓᾺ touches it, 
and [A is a semi-ordinate, EE = BA—for this is proved 
in the elements"; for this reason, and because ZA, 
ΜῈ are parallel to EA, MN = NE and ZK = KA [Eucl. 

TA: A5=M2:20, ([Quad. parab, 5, 
Enel. ν, 18 
and TA: AS=PfEKihN, [Euel. vi. 2, v.18 
while ΓΚ =K6, 
therefore OK ΚΝ ΜΞ: EO, 
And since the point N is the centre of gravity of 
the straight line ME, inasmuch as ΔΝ τὰ ΝΞ [Lemma 
47, if we place TH==O, with 6 for its centre of 
gravity, so that TO=60H [Lemma 4], then TOH will 
balance ME in its present position, because ON is cut 


® Archimedes would have said “ section of a right-angled 
cone "—dpllopurow κώνου Topi. 

* The reference will be to the Elements of Conies by Euclid 
ond Aristacus for which τὶ vol. i, pp. 486-401 and ἐν τα, 
p. 280 πὶ a; of. similar expressions in On Conoids and 
Spheroids, Prop. 3 and Quadrature of a Parabola, Prop. 3; 
the theorem is Quadrature of a Parabola, Prop, 2. 


trotro... δείαννται om. Heiberg. It ih prohably oan 
interpolator’s reference to a marginal lemma, 
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τὴν ON τοῖς TH, ME βάρεσιν, καὶ ὡς τὴν OR 


πρὸς KN, οὕτως τὴν ΜΞ πρὸς τὴν HT: ὥστε τοῦ 
ἐξ ἀμφοτέρων βάρους κέντρον ἐστὶν τοῦ βάρους 
τὸ K. ὁμοίως δὲ καί, ὅσαι ἂν ἀχθῶσιν ἐν τῷ 
ΔΑΓ τριγώνῳ παράλληλοι τῇ EA, ἰσορροπήσουσιν 

τοῦ μένουσαι ταῖς ἀπολαμβανομέναις ἀπ᾿ αὐτῶν 
ὑπὸ τῆς τομῆς μετενεχθείσαις ἐπὶ τὸ Ὁ, ὥστε 
εἶναι τοῦ ἐξ ἀμφοτέρων κέντρον τοῦ βάρους τὸ K. 
καὶ ἐπεὶ ἐκ μὲν τῶν ἐν τῷ TZA τριγώνῳ τὸ ΓΖᾺ 
τρίγωνον συνέστηκεν, ἐκ δὲ τῶν ἐν τῇ τομῇ ὁμοίως 
τῇ SO λαμβανομένων συνέστηκε τὸ ΑΒ τμῆμα, 
ἰσορρυπήσει ἄρα τὸ ZAI’ τρίγωνον αὐτοῦ μένον 
τῷ τμήματι τῆς τομῆς τεθέντι περὶ κέντρον τοῦ 
βάρους τὸ Ὁ κατὰ τὸ Καὶ σημεῖον, ὥστε τοῦ ἐξ 
ἀμφοτέρων κέντρον εἶναι τοῦ βάρους τὸ K. τε- 
τμήσθω δὴ ἡ ΤΙΣ τῷ X, ὥστε τριπλασίαν εἶναι 
τὴν TK τῆς Κα: ἔσται ἄρα τὸ X σημεῖον κέντρον 

i τοῦ AZT τριγώνου" δέδεικται γὰρ ἐν τοῖς 
ἰσορροπικοῖς. ἐπεὶ οὖν ἰσόρροπον τὸ ΔᾺΤΓ' τρί- 
ywrov αὐτοῦ μένον τῷ BAT τμήματι κατὰ τὸ Καὶ 
τεθέντι περὶ τὰ Θ᾽ κέντρον τοῦ βάρους, καὶ ἔστιν 
τοῦ ΔΑΓ τριγώνου κέντρον βάρους τὸ X, ἔστιν 
ἄρα, ὡς τὸ AZT τρίγωνον πρὸς τὸ ΑΒΓ) τμῆμα 
κείμενον περὶ τὸ ©) κέντρον, οὕτως ἡ OR. πρὸς 

Ἀν. τριπλασία δέ ἐστιν ἡ OK τῆς KX: τρι- 
πλάσιον dpa καὶ τὸ AZT τρίγωνον τοῦ ΑΒΓ) 
τμήματος. ἔστι δὲ καὶ τὸ ZAT τρίγωνον τετραπλά- 
σιον τοῦ ABI" τριγῶνον διὰ τὸ ἴσην εἶναι τὴν μὲν 
ZK τῇ ΚΑ, τὴν δὲ AA τῇ AT: ἐπίτριτον ἄρα ἐστὶν 
τὸ ΑΒΓ τμῆμα τοῦ ΑΒΓ τριγώνον. [τοῦτο οὖν 


ὁ τοῦτο. « . ἔστιν om. Heiberg. 
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in the inverse proportion of the weights TH, ΜΞ, 
and 6K :KN=xM=:HT;: 


therefore the centre of gravity of both [TH, ΜΞ] 
taken together is K. In the same way, as often as 
parallels to EA are drawn in the triangle ZAI’, 
these parallels, remaining in the same position, 
will ance the parts cut off from them by the 
section and transferred to ©, so that the centre 
of gravity of both together is K. And since the 
triangle [ZA is composed of the fetraight lines 
drawn) in ΤΑ, and the segment ABP is composed 
of the lines in the section formed in the same way 
as £0, therefore the triangle ZAD in its present 
position will be balanced about K by the segment 
of the section placed with 0 for its centre of gravity, 
so that the centre of gravity of both combined 
is K. Now let [RK be cut at X so that TK=SKX; 
then the point X will be the centre of gravity of the 
triangle AZT; for this has been ES τὴν the books 
On Equiltbriums.* Then since the triangle ZAT in its 
present position is balanced about K by the segment 
BAT placed so as to have 6 for its centre of gravity, 
and since the centre of gravity of the triangle ZAT is 
X, therefore the ratio of the triangle AZT to the 
segment ABI’ placed about 0 as its centre [of gravity] 
apes to OK: XK. But OK =SKX ; δρῦς ὁ τς Ws 


triangle AZT =3. segment ABI", 
And triangle ΔΑΓ =4. triangle AHI, 
because ZK =@KA and ΑΔ Τ᾽: 
therefore segment ABI = αὶ triangle ABI. 


© Cy. De Plan. Equil. |. 15. 
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"Τοῦτο δὴ διὰ μὲν τῶν νῦν εἰρημένων οὐκ ἀποδέ- 
δεικται, ἔμφασιν δέ τινα πεποίηκε τὸ συμπέρασμα 
ἀληθὲς εἶναι" διόπερ ἡμεῖς ὁρῶντες μὲν οὐκ ἀποϑε- 
δειγμένον, ὑπονοοῦντες δὲ τὸ συμπέρασμα ἀληθὲς 
εἶναι, τάξομεν τὴν γεωμετρουμένην ἀπόδειξιν ἐξευ- 
ρύντες αὐτοὶ τὴν ἐκδοθεῖσαν πρότερον." 


Archim. Quadr, Parab., Praef., Archim. ed. Heiberg ii 
S62. 9-266, 4 

᾿Αρχιμήδης Δοσιθέῳ εὖ πράττειν. , 
ἸΑκούσας Kovwra μὲν τετελευτηκέναι, ὥς ἦν 
οὐδὲν ἐπιλείπων ἁμῖν ἐν φιλίᾳ, τὶν δὲ Κόνωνος 
γνώριμον γεγενῆσθαι καὶ γεωμετρίας οἰκεῖον εἶμεν 
τοῦ μὲν τετελευτηκότος εἵνεκεν ἐλυπήθημες ὡς 
καὶ φίλου τοῦ ἀνδρὸς γεναμένου καὶ ἐν τοῖς μαϑη- 
μάτεσσι θαυμαστοῦ τινος, ἐπροχειριζάμεθα δὲ 
ἀποστεῖλαί ror γράψαντες, ὡς Κόνωνι γράφειν 
ἐγνωκότες ἦμες, γεωμετρικῶν θεωρημάτων, ὃ 
πρότερον μὲν οὐκ ἦν τεθεωρημένον, νῦν δὲ ὑφ᾽ 
ἁμῶν τεθειύρηται, πρότερον μὲν διὰ μηχανικῶν 
εὑρεθέν, ἔπειτα δὲ καὶ διὰ τῶν γεωμετρικῶν ἐπι- 
δειχθέν, τῶν μὲν οὖν πρότερον περὶ γεωμετρίαν 
πραγματευθέντων ἐπεχείρησάν τινες γράφειν ὡς 
δυνατὸν ἐὸν κύκλῳ τῷ δοθέντι καὶ κύκλου τμάματι 
τῷ δοθέντι χωρίον εὑρεῖν εὐθύγραμμον ἴσον, καὶ 
μετὰ ταῦτα τὸ περιεχόμενον χωρίον umd τε τᾶς 
ὁ roto... πρότερον. In the ms. the whole Peer 
“ Ε 


from τοῦτο to πρότερον comes at the beginnin Prop. 2; 
it is tore appropriate at the end of Prop. 1, 
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This, indeed, has not been actually demonstrated by 
the arguments now used, but they have given some 
indication that the conclusion is true ; seeing, there- 
fore, that the theorem is not demonstrated, but 
suspecting that the conclusion is true, we shall have 
recourse * to the geometrical proof which I myself 
discovered and have already published.* 


Archimedes, Quadrature of a Parabola, Preface, Archim, 
ed. Heiberg ii. 942, 2-266, 4 

Archimedes to Dosithens greeting. 

On hearing that Conon, who fulfilled in the highest 
degree the obligations of friendship, was dead, but 
that you were an acquaintance of Conon and also 
versed in geometry, while I grieved for the death of 
a friend and an excellent mathematician, I set myself 
the task of communicating to you, as 1 had deter- 
mined to communicate to Conon, a certain 
metrical theorem, which had not been investigated 
before, but has now been investigated by me, and 
which I first discovered by means of mechanics and 
later proved by means οἱ geometry. Now some of 
those who in former times engaged in mathematics 
tried to find a rectilineal area equal toa eo circle * 
and to a given segment of a circle, and afterwards 
they tried to square the area bounded by the section 

*T have followed Heath's rendering of τάξομεν, which 
seems more probable than Heiberg's “suo loco propanemus,” 
wes it is a difficult meaning to extract from air iste 

* Presumably Quedr, Parad. 24, the second of the proofs 
now to be given. The theorem has not been demonstrated, 
of course, because the triangle and the segment may not be 
supposed to be composed of straight lines. 

" This seems to indicate that Archimedes had not at this 
time written his own book On the Measurement of a Circle, 
For attempts to square the circle, τὶ vol. i. pp, 308-347. 
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ὅλου τοῦ κώνου τομᾶς καὶ εὐθείας τετραγωνίζειν 
ἐπειρῶντο λαμβάνοντες οὖκ εὐπαραχώρητα λήμ- 
ματα, διόπερ αὐτοῖς ὑπὸ τῶν πλείστων οὐκ εὑρι- 
σκόμενα ταῦτα brates τὸ δὲ te’ εὐθείας 
τε καὶ ὀρθογωνίου κιώνου τομᾶς τμᾶμα περιεχό- 
μενον οὐδένα τῶν προτέρων ἔγχει ιρήσαντα τετρα- 
quriery ἐπιστάμεθα, ὃ o δὴ νῦν ὑφ᾽ ἁμῶν εὕρηται: 
εἴκνυται γάρ, ὅτι πᾶν τμᾶμα περιεχύμενον ὑπὸ 
εὐθείας καὶ ὀρθογωνίου κώνου τομᾶς ἐπίτριτόν 
ἐστι τοῦ τριγώνου τοῦ βάσιν ἔχοντος τὰν αὐτὰν 
καὶ ὕψος ἴσον τῷ τμάματι. λαμβανομένου τοῦδε 
τοῦ λήμματος € ἐς τὰν ἀπόδειξιν αὐτοῦ" τῶν ἀνίσων 
χωρίων τὰν ὑπεροχάν, d ὑπερέχει τὸ μεῖζον τοῦ 
dstbos δυνατῶν ee αὐ τὰν ἑαυτᾷ συντιθε- 
μέναν παντὸς ὑπερέχειν τοῦ προτεθέντος πεπερα- 
σμένου χωρίου. κέχρηνται δὲ καὶ οὗ πρότερον 
os pall aa τῷδε τῷ λήμματι" τούς τε γὰρ κύκλους 
ἱπλασ λόγον ἔχειν ποτ᾽ ἀλλάλους τῶν ὅια- 
μέτρων dcBchefnavy αὐτῷ τούτῳ τῷ λήμματι 
χρωμένοι, & καὶ τὰς σφαίρας ὅ ὅτι τριπλασίονα λόγον 
ἔχοντι, ποτ᾽ ἀλλάλας τἂν διάμετρων, ἔτι δὲ καὶ 
ὅτι πᾶσα πυραμὶς τρίτον μέρος ἐστὶ τοῦ πρίσματος 
τοῦ τὰν αὐτὰν βάσιν ἔ ἔχοντος τᾷ πυραμίδι καὶ ὕψος 
iow καὶ διότι πᾶς κῶνος τρίτον μέρος ἐστὶ τοῦ 
κυλίνδρου τοῦ τὰν. αὐτὰν βάσιν ἔ ἔχοντος τῷ κώνω 
καὶ ὅρος ὦ igor, ὑμοῖον τῷ προειρημένῳ λῆμμά τι 
λαμβάνοντες ἔγραφον. συμβαίνει δὲ ἘΣ dil cass 
μένων θεωρημάτων ἔ ἕκαστον pipers τῶν 
ἄνευ τούτου τοῦ sitet LT OS aro ee ae πεέπι- 
στευκέναι" ἀρκεῖ δὲ. τὰν ὁμοίαν πίστιν τούτοις 
ἀναγμένων τῶν ἘΝ ἁμῶν ἐκδιδομένων. ἀἄνα- 


γράψαντες οὖν αὐτοῦ τὰς ἀποδείξιας ἀπουστέλλομες 
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of the whole cone and a straight line,* assuming 
lemmas far from obvious, so that it was recognized b 

most people that the problem had not been aired! 
But I do not know that any of my predecessors has 
atternpted to square the area bounded by a straight 
line and a section of a right-angled cone, the solution 
of which problem I have now discovered ; for it is 
shown that any segment bounded by a straight line and 
a section of a right-angled cone is _four-thirds of the 
tnangle which has the same base and height equal to the 
segment, and for the proof this lemma is assumed : 
given [to] unequal areas, the excess hy which the greater 
exceeds the less can, by being added to itself, be made to 
exceed any given finite area. Tarlier geometers have 
also nsed this lemma : for, by using this same lemma, 
they proved that circles are to one another in the 
duplicate ratio of their diameters, and that spheres 
are to one another in the triplicate ratio of their 
diameters, and also that any pyramid is « third part 
of the prism having the same base as the pyramid and 
equal height; and, further, by assuming a lemma 
similar to that aforesaid, they proved that any cone 
is a third part of the cylinder having the same base 
as the cone and equal height.¢ In the event, each 
of the aforesaid theorems has been accepted, no less 
than those proved without this lemma: and it will 
satisfy me if the theorems now published by me 
obtain the same degree of acceptance. | have there- 
fore written out the proofs, and now send them, first 


= A “section of the whole cone" is probably a section 
cutting right through it, ἔμεν. an ellipse, but the expression Is 


* For this lemma, τ. supra, p. 46 αν αν 
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πρῶτον μέν, ὡς διὰ τῶν μηχανικῶν ἐθεωρήθη, 
ετὰ ταῦτα δὲ καὶ, ὡς διὰ τῶν γεωμετρουμένων 

ἀποδείκνυται. προγράφεται δὲ καὶ στοιχεῖα κω- 
Wind χρεῖαν ἔχοντα ἐς τὰς ἀπύδειξιν, ἔρρωσο. 


fhid., Prop. 14, Archim, ed. Heiberg ii, 284. 24-200, 17 


"Eorw τμᾶμα τὸ BOD περιεχόμενον ὑπὸ εὐθείας 
καὶ ὀρθογωνίου κώνου τομᾶς. ἔστω δὴ πρῶτον 





a 


ἃ BI wor’ ὀρθὰς ra διαμέτρῳ, καὶ ἄχβω ἀπὸ μὲν 
τοῦ B σαμείου a BA παρὰ τὰν διάμετρον, ἀπὸ δὲ 
τοῦ TP a ΓΔ ἐπωμαύουσα τᾶς τοῦ κώνου τομᾶς 
κατὰ τὸ Γ΄" ἐσσεῖται δὴ τὸ ΒΓΔ τρίγωνον ὀρθο- 
γώνιον. διῃρήσθω δὴ a ΒΓ ἐς ἴσα τμάματα 
ὁποσαοῦν ra BE, EZ, ZH, HI, Γ᾿ καὶ avo Tay 
oh ἄχθωσαν παρὰ τὰν διάμετρον ai EX, ZT, 


ὁμᾶν 
Y, ἹΞ, ἀπὸ δὲ τῶν σαμείων, wal’ ἃ τέμνοντι 
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as they were investigated by means of mechanics, 
and also as they may be proved by means of geometry. 
By way of preface are included the elements of conics 


which are needed in the demonstration. Farewell. 


Thid., Prop. 14, Archim, ed. Helberg iL. 284. 24-200, 17 


Let BOP be a segment bounded by a straight line 
and a section of a right-angled cone. First let BL 
be at right angles to the axis, and from B let BO 
be drawn parallel to the axis, and from T let PA be 
drawn touching the section of the cone at Τ᾿ ; then 
the triangle ΒΓΔ will be right-angled [Eucl. i. 29). 
Let ΒΓ be divided into any number of equal seg- 
ments BE, EZ, ZH, HI, If, and from the points of 
section let EZ, ZT, HY, 12 be drawn parallel to the 
axis, and from the points in which these cut the 
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αὗται τὰν τοῦ κώνου τομάν, ἐπεζεύγθωσαν ἐπὶ 
τὸ Τ' καὶ ἐκβεβλήσθωσαν. φαμὶ δὴ τὸ τρίγωνον 
τὸ BAT τῶν μὲν τραπεῖίων τῶν Β, AZ, MH, 
NI καὶ τοῦ SIT τριγώνου ἔλασσον εἶμεν ἢ τριπλά- 
mov, τῶν δὲ τραπεΐίων τῶν AD, H@, IL καὶ τοῦ 
LOL τριγώνου μεῖζόν [ἐστιν}" ἢ τριπλάσιον. 
Διάχθω γὰρ εὐθεῖα ἃ ΑΒΓ, καὶ ἀπολελάφβω ἃ 
AB ἴσα τᾷ BY, καὶ νοείσθω ζύγιον τὸ ΑΓ μέσον 
δὲ αὐτοῦ ἐσσεῖται τὸ Ἡ- καὶ κρεμάσθω ἐκ τοῦ B, 
κρεμάσθω δὲ καὶ τὸ BAT ἐκ τοῦ ἔνγοῦ κατὰ τὰ 
B, Γ, ἐκ δὲ τοῦ θατέρου μέρεος τοῦ ζυγοῦ κρε- 
μάσθω τὰ Ῥ, X, FY, ἢ, ἃ χωρία κατὰ τὸ A, καὶ 
ἰσορροπείτω τὸ μὲν Ῥ χωρίον τῷ ΔΕ τραπεζίω 
οὕτως ἔχοντι, τὸ δὲ X τῷ LE τραπεζίῳ, τὸ δὲ Ψ 
τῷ ΤῊ, τὸ δὲ O τῷ TI, τὸ δὲ Δ τῷ EID τριγώνῳ" 


ἐσορροπήσει δὴ καὶ τὸ ὅλον τῷ ὅλω" ὥστε τρι- 
πλάσιον ἂν εἴη τὸ BAI τρίγωνον τοῦ ΡΥΨΙ 

χωρίου. καὶ ἐπεί ἐστιν τμᾶμα τὸ BVO, ὃ περιέχε- 
ται ὑπό τε εὐθείας καὶ ὀρθογωνίου κιώνου τομᾶς, 
καὶ ἀπὸ μὲν τοῦ B παρὰ τὰν διάμετρον ἄκται ἃ 
BA, ἀπὸ δὲ τοῦ T ἃ TA ἐπιψαύουσα τᾶς τοῦ 
κώνου τομᾶς κατὰ τὸ I’, ἄκται δέ τις καὶ ὅλ) 

παρὰ τὰν διάμετρον ἃ ΣΕ, τὸν αὐτὸν ἔχει λόγον 
ἃ ΒΓ ποτὶ τὰν BE, ἂν ἃ SE ποτὶ τὰν Eo: εἶστε 
καὶ a BA ποτὶ τὰν BE τὸν αὐτὸν ἔχει λόγον, ὃν 
τὸ AE τραπέζιον ποτὶ τὸ ΚΕ. ὁμοίως δὲ δειγθή- 
σεται ἃ ΑΒ ποτὶ τὰν BZ τὸν αὐτὸν ἔγουσα λόνον, 
ὧν τὰ EZ, τραπέζιον ποτὶ τὸ AZ, ποτὶ δὲ τὰν BH, 
ὅν τὰ ΤῊ ποτὶ τὸ MH, ποτὶ δὲ τὰν BI, cv τὸ YI 
movi τὸ NI. ἐπεὶ οὖν ἐστι τραπέζιον τὸ AE τὰς 


* ἐστιν om, Heiberg. 
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section of the cone Ict straight lines be drawn to T 
and produced. Then I say that the triangle BAT is 
less than three times the trapezia KE, AZ, MH, NI 
and the triangle EIT, but greater than three times 
the trapezia Li, ΗΘ, 1Π and the triangle IOT. 

For let the straight line ABI’ be drawn, and let 
AB be cut off equal to BI, and let AT be imagined 
to be a balance ; its middle point will be B; let it 
be suspended from B, and let the triangle BAT be 
suspended from the balance at B, ΓΤ, and from the 
other part of the balance let the areas P, X, ¥, 2,2 
be suspended at A, and let the area FP balance the * 
trapezium AE in this position, let X balance the 
trapezium 42, let WY balance TH, let 2 balance YI, 
and let 4 balance the triangle =I; then the whole 
will balance the whole ; so that the triangle BAT will 
be three times the area P +X +W +1 + [Prop. 6]. 
And since BIO is a segment bounded by a straight 
line and a section of a right-angled cone, and BA has 
been drawn from B parallel to the axis, and ΓΔ has 
been drawn from Τ᾿ touching the section of a cone 
at I’, and another straight line ΣῈ has been drawn 
parallel to the axis, 


BP: BE=ZE:E¢; [Prop. 5 
therefore BA: BE = trapezium AE : trapezium KE. 
Similarly it may be proved that 

AB: BZ =2Z + AZ, 

AB: BH=TH:MH, 

AB: BI «ΥἹ : ΝΙ. ; 
Therefore, since ΔῈ is a trapezium with right angles 

© For BA=BI and AE: KE=ZE: ΕΦ. 
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μὲν ποτὶ τοῖς B, Εἰ σαμείοις γωνίας ὀρθὰς ἔχον, 
τὰς δὲ πλευρὰς ἐπὶ τὸ Γ νευοῦσας, ἰσορρυπεῖ δὲ 
τε χωρίον αὐτῷ τὸ P κρεμάμενον ἐκ τοῦ ζυγοῦ 
κατὰ τὸ A οὕτως ἔχοντος τοῦ tpamefiov, ὡς νῦν 
κεῖται, καὶ ἔστιν, ὡς ad BA ποτὶ τὰν BE, οὕτως 
τὸ AE τραπέζιον ποτὶ τὸ KE, μεῖζον dpa ἐστὶν 
τὸ KE χωρίον τοῦ Ῥ χωρίου" δέδεικται γὰρ τοῦτα. 
πάλιν δὲ καὶ τὸ ZE τραπέζιον τὰς μὲν ποτὶ τοῖς 
Z, E γωνίας ὀρθὰς ἔχον, τὰν δὲ ST νεύουσαν ἐπὶ 
τὸ I’, ip δὲ αὐτῷ χωρίον τὸ X ἐκ τοῦ ζυγοῦ 
"κρεμάμενον κατὰ τὸ A οὕτως ἔχοντος τοῦ τραπε- 
ζίου, ὡς νῦν κεῖται, καὶ ἔστιν, as μὲν a AB wort 
τὰν BE, οὕτως τὸ ἘΣ τραπέζιον ποτὶ τὸ ZD, ὡς 
δὲ a ΑΒ ποτὶ τὰν BZ, οὕτως τὸ ΖΣ τραπέζιον 
ποτὶ τὸ ΛΑ" εἴη οὖν κα τὸ X χωρίον τοῦ μὲν AZ, 
τραπεζίου ἔλασσον, τοῦ δὲ ZOD μεῖζον" δέδεικται 
γὰρ καὶ τοῦτο. διὰ τὰ αὐτὰ δὴ καὶ τὸ Ἢ χωρίον 
τοῦ μὲν MH τραπεζίου ἔλασσον, τοῦ δὲ OH μεῖζον, 
καὶ τὸ Ὦ χωρίον τοῦ μὲν NOTH τραπεζίου ἔλασσον, 
τοῦ δὲ III μεῖζον, ὁμοίως δὲ καὶ τὸ A χωρίον τοῦ 
μὲν SIP τριγώνου ἔλασσον, τοῦ δὲ TIO μεῖζον. 
ἐπεὶ οὖν τὸ μὲν ΚῈ τραπέζιον μεῖζόν ἐστι τοῦ P 
χωρίου, τὸ δὲ AZ τοῦ X, τὸ δὲ MH τοῦ Ψ', τὸ 
δὲ NI τοῦ Ὡ, τὸ δὲ EIT τρίγωνον τοῦ A, φανεράν, 
ὅτι καὶ πάντα τὰ εἰρημένα χωρία μείζονά ἔστι τοῦ 
PAO: . iov. ἔστιν be τὸ ΡΧΨΩΔ τρίτον 
μέρος τοῦ ΒΤ Δ τριγώνου" δῆλον di 1, ὅτι τὸ BIA 
τρίγωνον ἔλασσόν ἐδ Pi secs pe τῶν KE, 
AZ. ΜΗ, NI τραπεζίων καὶ τοῦ ἘΠΓ τριγώνου. 
πάλιν͵ ἐπεὶ τὸ μὲν 2Φ τραπέζιον ἔλασσόν ἐστι 
τοῦ X χωρίου, τὸ δὲ OH τοῦ YW, τὸ δὲ 1Π τοῦ 02, 
τὸ δὲ [OV τρίγωνον τοῦ A, φανερόν, ὅτι καὶ πάντα 
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at the points B, E and with sides converging on T, 
and it balances the area P suspended from the 
balance at A, if the trapezium be in its present posi- 
tion, while 

HA : BE=AE : KE, 
therefore KE>P: 
for this has been proved [ Prop. 10], Again, since ἐν 
is a trapezium with right angles at the points 2, E 
and with ST converging on I’, and it balances the 
area X suspended from the balance at A, if the 
trapezium be in its present position, while 

ΑΒ: BE=Zz : Za, 

AB: ΒΖ «ὩΣ : ΔΖ, 
therefore Ad>X>Zb: 
for this also has been proved [Prop. 12]. By the 
Same reasoning 


MH> > 6H, 
and NOIH> Q> TTI, 
and similarly Ξ1» ὁ" ΓΊΟ, 


Then, since KE>P, AZ>X, Μη5 ¥, NI= 9, SIPs A, 
it is clear that the sum of the aforesaid areas is greater 
than the area P+X+4 ὦ +4, But 


P+X+¥+2+0=1 BPA; — [Prop.6 
it is therefore plain that 
BPA <a(KE +AZ +MH +N] + IP), 


Again, since Zb<X, OH <¥, Nef, Jor <A, it is 
237 


GREEK MATHEMATICS 


τὰ εἰρημένα ἐλάσσονά ἐστι τοῦ AMEX χωρίου 
φανερὸν οὖν, ὅτι καὶ τὸ BAD τρίγωνον μεῖζόν 
ἐστιν ἢ τριπλάσιον, τῶν PZ, OH, IT τραπεζίων 
καὶ τοῦ ITO τριγώνου, ἔλασσον δὲ ἢ τριπλάσιον 


τῶν προγεγραμμένων. 


Ihid,, Bee 24, Archi. ed. Hetberg i. 312, 2-314, 87 


Πᾶν τ τὸ περιεχόμενον ὑπὸ εὐθείας καὶ 
i ep κώνου τομᾶς ἐπίτριτόν ἐστι τριγώνου 
τοῦ τὰν αὐτὰν βάσιν ἔχοντος αὐτῷ καὶ ὕψος ἢ ἶσον. 

γὰρ τὸ AABET τμᾶμα περιεχόμενον ὑπὸ 
εὐθείας καὶ ὀρθογωνίου κώνου τομᾶς͵ τὸ δὲ ΑΒΙ" 
τρίγωνον ἔστω τὰν αὐτὰν βάσιν ἔχον τῷ τμάματι 





Fo -- “ν-. 


καὶ ὕψος ἴ ἴσον, τοῦ δὲ ΑΒΓ τριγώνου ἔστω ἐπί- 
τριτὸν τὸ K χωρίον. δεικτέον, ὅτι ἴσον dari τῷ 
ΑΔΒΕΓ τμάματι. 


Εἰ γὰρ μὴ ἐστιν ἴσον, ἤτοι μεῖζόν ἐστιν ἢ ἢ ἔλασσον. 
ἔστω ἐπε τα εἰ δυνατόν, μεῖζον τὸ AABEL 


ae K βίου. perpeys δὴ δὴ τὰ ΑΔΒ, 
ΕΓ ἘΔ ἀνὰ εὡς iS Ἰβον ἕν γρωψα δὲ καὶ εἰς τὰ 


περιλειπόμενα τμάματα ἄλλα τρίγωνα τὰν αὐτὰν 
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clear that the sum of the aforesaid areas is greater 
than the area A+ εχ; 
it is therefore manifest that 
BAP HZ ΕΘΗ -1Π +ITO),* 
but is less than thrice the aforementioned areas. 


Jbid., Prop. 24, Archim. ed. Helberg ii, 312. 2-314, 97 


Any ἜΡΩΣ hounded by a ph oevae and a section 


of ἃ mght-angled cone is four-thirds of the triangle 
᾿ the same base and iat heigeht. " 


For let AABED be as t bounded by a strai zh t 
line and a section of a dght-angtod cone, and let AB. 
be a triangle having the same base as the segment 
and equal height, and let the area Καὶ be’ four-thirds 
of the triangle ABT. It is required to prove that it 
is equal to the segment ABEL. 

For if it is not equal, it is either greater or less. 
Let the segment AABET first be, if possible, greater 
than the area K. Now I have inscribed the triangles 
AAR, BEI’, as aforesaid,* and I have inscribed in the 
remaining segments other triangles having the same 


* For BAT =3 (P+X4+7+0+A)>344+04+ +4). 
_. in Prop, 15 Archimedes shows that the same theorem 
holds good even if BI’ is not at right angles to the axis. It 
is then proved in Prop. 16, by the method of exhaustion, that 
the seginent is equal to one-third of the triangle BTA, “This 


of a triangle with the same base and equal height (Prop, 17). 


239 


GREEK MATHEMATICS 


βάσιν ἔχοντα τοῖς τμαμάτεσσιν καὶ ὄξος τὸ αὐτό͵ 
καὶ ἀεὶ εἰς τὰ ὕστερον γινόμενα τμάματα ἐγγράφω 
δύο τρίγωνα τὰν αὐτὰν βάσιν ἔχοντα τοῖς τμαμά- 
τεσσιν καὶ ὕψος τὸ αὐτό" ἐσσοῦνται δὴ τὰ κατα- 
λειπόμενα τμάματα ἐλάσσονα τᾶς ὑπεροχᾶς, d 
ὑπερέχει τὸ AABED τμᾶμα τοῦ K χωρίου. ὥστε 
τὸ ἐγγραφόμενον πολύγωνον μεῖζον ἐσσεῖται τοῦ 
Κ' ὅπερ ἀδύνατον. ἐπεὶ γάρ ἐστιν ἑξῆς κείμενα 
χωρία ἐν τῷ τετραπλασίονι λόγῳ, πρῶτον μὲν τὸ 
ΑΒΓ τρίγωνον τετραπλάσιον τῶν ΑΔΒ, ΒΕΓ 
τριγώνων, "ἔπειτα δὲ αὐτὰ ταῦτα τετραπλάσια τῶν 
εἰς τὰ ἐπόμενα τμάματα ἐγγραφέντων καὶ ἀεὶ 
οὕτω, δῆλον, ὡς σύμπαντα τὰ χωρία ἐλάσσονά 
ἐστιν ἢ ἐπίτριτά τοῦ μεγίστου, τὸ δὲ K ἐπίτριτάν 
ἐστι τοῦ μεγίστου χωρίου. οὐκ ἄρα ἐστὶν μεῖζον 
τὸ AABED τμᾶμα τοῦ K χωρίου. 

"Eorw δέ, εἰ δυνατόν, ἔλασσον. κείσθω δὴ τὸ 
μὲν ΑΒΓ τρίγωνον ἴσον τῷ Z, τοῦ δὲ Z τέταρτον 
τὸ H, καὶ ὁμοίως τοῦ Ἡ τὸ Θ, καὶ ἀεὶ ἑξῆς 
τιθέσθω, ἕως κα γένηται τὸ ἔσχατον ἔλασσον tas 








* This was proved geometrically in Prop. 23, and is proved 
generally tn Puck: ix. 35. It is ἘΠ αΝ αἴδωΣ to the βῆμα φημι 
1 Εἰ) Ἐ{ΠΓ +... (ἢ Ξ1.-- ).1 
=iah? 
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base as the segments and equal height, and so on 
continually I inscribe in the resulting segments two 


triangles having the same base as the segments 
and equal height; then there will be left [at some 
time] segments less than the excess by which the 
segment AABED exeeeds the area Καὶ [Prop. 20, 
eorell.]. Therefore the inscribed polygon will be 
greater than K; which is impossible. For since 
the areas successively formed are each four times 
as great as the next, the triangle ABI being four 
times the triangles ΑΔΒ, BET [Prop. 21], then these 
last triangles Be times the triangles inscribed in 
the succeeding segments, and so on continually, it 
᾿ clear that the sum of all the areas is less oe 
lour-thirds of the greatest [Prop. 23]," and K is equa 
to four-thirds of the pi si ares. ‘Therefore the 
arement AABET is not greater than the area Καὶ, 
Now let it be, if possible, less. Then let 
Z=ABI, H=}%, O=4H, 
and so on continually, until the last [area] is less than 
VOL. I Η 2+] 
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Umepoyas, d ὑπερέχει τὸ K χωρίον τοῦ τμάματος, 
pal devel ἔλασσεν τὸ I. ten δὴ τὰ Z, H, ©, I 
wpia Kai τὰ τρίτον τοῦ | ἐπέτριτα τοῦ ὦ. ἔστιν 
δὲ καὶ τὸ K τοῦ Z ἐπίτριτον'" ἴσον ἄρα τὸ K τοῖς 
“, Η, ©, I καὶ τῷ τρίτῳ μέρει τοῦ 1. ἐπεὶ οὖν 
τὸ K χωρίον τῶν μὲν Z, H, Ὁ, 1 χωρίων ὑπερέχει 
ἐλάσσονι τοῦ I, τοῦ δὲ τμάματος μείζονι τοῦ I, 
δῆλον, ὡς μείζονά ἐντι τὰ Z, H, O, 1 χωρία τοῦ 
τμάματος" ὅπερ ἀδύνατον" ἐδείχθη γάρ, ὅτι, ἐὰν 
ὑποσαοῦν χωρία ἑξῆς κείμενα ἐν τετραπλασίονι 
Meth  δνολι tor Bec ee 
ἐγγραφομένῳ τριγώνῳ, τὰ σύμπαντα χωρία ἐλάσ- 
gova ἐσσεῖται τοῦ τμάματος. οὐκ ἄρα τὸ AABET 
τμᾶμα ἔλασσόν ἔστι τοῦ K χωρίου. ἐδεί δέ, 
ὅτι οὐδὲ μεῖζον" ἴσον dpa ἐστὶν τῷ K. τὸ δὲ Καὶ 
χωρίον ἐπίτριτόν ἐστι τοῦ τριγώνου τοῦ ΑΒΓ" 
καὶ τὸ AABED dpa τμᾶμα ἐπίτριτόν ἐστι τοῦ 

ABP τριγώνου, 

(4) Ηνρμοβτατιῦβ 
(i.) Postulates 
Archim. De Corpor, Flwit, i,, Archim, el. Heiberg 
ἢ. 318, 2-8 


Ὑ ποκείσθω τὸ ὑγρὸν φύσιν ἔχον τοιαύταν, ὥστε 
τῶν μερέων αὐτοῦ τῶν ἐξ ἴσου κειμένων καὶ συν- 


" The Greek text of the book Un Floating Bodies, the 
enrliest extant treatise on hydrostaties, first Benen avall- 
able in 1906 when Helberg discovered at Constantinople the 
a8. which he terms C. Unfortunately many of the readings 
are doubtful, and those who are interested in the text shou 
consult the Teubner edition. Still more unfortunately, it is 
incomplete; but, os the whole treatise was translated into 
Latin in 1269 by Willinm of Moerbeke from a Greele ats, 
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the excess by which the area K exceeds the segment 
[Eucl. x. 1], and let 1 be [the area] less [than this 
excess]. Now 


£+H+0+14+)1= $2, [Prop. 23 
But Καξᾷ: 
therefore KReZ+H+0+1 +H. 


Therefore since the area K exceeds the areas Z, H, 
0, 1 by an excess less than I, and exceeds the segment 
by an excess greater than I, it is clear that the areas 
2, H, 0, I are greater than the segment ; which is 
impossible ; for it was proved that, if there be any 
number of areas in succession such that each is four 
times the next, and the greatest be equal to the 
triangle inscribed in the segment, then the sum of 
the areas will be less than the segment [Prop. 22]. 
Therefore the segment AABET' is not less than the 
area, And it was proved not to be greater; there- 
fore it is equal to K. But the area K is four-thirds of 
the triangle ABI’; and therefore the segment AABEL 
is four-thirds of the triangle ABI’, 


(4) Hypnostatica 
(i.) Postulates 
Archimedes, On Floating Hodies * i, Archim. ed. 
Heiberg ii. 318. 9.8 
Let the nature of a fluid be assumed to be such 
that, of its parts which lie evenly and are continuous, 


since lost, it is possible to a is Paw missing parts in Latin, 
a is done for part of Prop. 2. From a comparison with the 
Greek, where it survives, William's translation is seen to be 
60 literal as to be virtually equivalent to the original. In 
euch case Hej “s figures are taken from William's transla- 
sie us ae most unrecognizable in C; for convenience 
in reading the Greek, the figures are given the appropriate 
Greek letters in this edition, : ἘΠΕῚ 
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ἐχέων ἐόντων ἐξωθεῖσθαι τὸ GB » 
ὑπὸ τοῦ μᾶλλον θλιβομένου, i gel are 
μερέων αὐτοῦ θλέβεσθαι τῷ “ὑπεράνω αὐτοῦ ὑγρῷ 
κατὰ κάθετον ἐόντι, εἴ κα μὴ τὸ ὑγρὸν ἦ καθειργ- 
μένον ἔν τινι καὶ ὑπὸ ἄλλου τινὸς θλιβόμενον. 


Jitd. i, Archim. ed. Heiberg ii, 336, 14-16 


“Ὑποκείσθω, τῶν ἐν τῷ ὑγρῷ ἄνω φερομένων 
ἕκαστον ἀναφέρεσθαι κατὰ τὰν κάβετον τὰν διὰ 
τοῦ κέντρου τοῦ βάρεος αὐτοῦ ἀγμέναν, 


(ii.) Surface of Five at Rest 
ibid. i, Prop. 2, Archim. ed, Heiberg ii, 310. 7-820, 30 


Omnis humidi consistentis ita, ut maneat inmotum, 
superficies habebit figuram sperae habentis centrum 
idem cum terra, 

Intelligatur enim humidum consistens ita, ut 
maneat non motum, et seectur ipsius superficies 
ams per centrum terrae, sit autem terrace centrum 

superficiel autem sectio linea ABGD. Dico itaque, 





lineam ABGD cireuli esse periferiam, centrum autem 
ipsius K. 

Si enim non est, rectae a Καὶ ad lineam ABGD 
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that which is under the lesser pressure is driven along 
by that under the greater pressure, and each of 
its parts is under pressure from the fluid which is 
perpendicularly above it, except when the fluid is 
enclosed in something and is under pressure from 
something else. 


Ibid. 1... Archim. ed. Heiberg ii, 336. 14-16 


Let it be assumed that, of bodies which are borne 
upwards ina fluid, each is borne upwards along the 
perpendicular drawn through its centre of gravity. 


(ii.) Surface of Fluid at Rest 
tid, i, Prop. 2,* Archim, ed. Heiberg ii. 319. 7-320, 30 


The surface of any fintd at rest is the surface of a 
sphere having the same centre az the earth. 

For let there be conceived a fluid at rest, and let 
its surface be cut by a plane through the centre of - 
the earth, and let the centre of the earth be K, and 
let the section of the surface be the curve ABTA. 
Then I say that the curve ΑΒΓΔ is an are of a circle 
whose centre is K, 

For if it is not, straight lines drawn from Καὶ to the 


_" These are the only assumptions, other than the assump- 
tions of Euclidean geometry, made in this book by 


conclusions on the fewest and most “ self-cvident™ axioms, 
Archimedes’ treatise On Floating Bodiex must indeed be 
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occurrentes non erunt aequales. Sumatur itaque 
aliqua recta, quae est quarundam quidem a K occur- 
rentium ad lincam ABGD maior, quarundam autem 
minor, et centro quidem K, distantia autem sumptae 
lineae circulus describatur; cadet igitur periferia 
circuli habens hoc quidem extra lincam ABGD, hoe 
autem intra, quoniam quae ex centro quarundam 
quidem a K occurrentium ad lineam ABGD est 
maior, quarundam autem minor. Sit igitur deseripti 
circuli periferia quae ZBH, et a Bad K recta ducatur, 
et copulentur quae ZK, KEL aequales facientes 
angulos, describatur autem et centro Καὶ periferia 
quaedam quae XOP in plano ct in humido; partes 
itaque humidi quae secundum NOP periferiam ex 
aequo sunt positae et continuae inuicem. Et pre- 
muntur quae quidem secundum XO _ periferiam 
humido quod secundum ZB locum, quae autem 
secundum periferiam OP humido quod secundum 
BE. locum; inaequaliter igitur premuntur partes 
humidi quae secundum periferiam XO ei quae 
[ἢ κατὰ τὰν ΟΠ’ ὥστε ἐξωθήσονται τὰ ἧσσον 
θλιβόμενα ὑπὸ τῶν μᾶλλον θλιβομένων" οὐ μένει 
ἄρα τὸ ὑγρόν. ὑπέκειτο δὲ καβεστακὸς εἶμεν ὥστε 
μένειν ἀκίνητον" ἀναγκαῖον ἄρα τὰν ἉΒΓᾺ γραμ- 
μὰν κύκλου περιφέρειαν εἶμεν καὶ κέντρον αὐτᾶς 
TOK. ὁμοίως δὴ δειχθήσεται καί, ὅπως κα ἄλλως 
ἃ ἐπιφάνεια τοῦ ὑγροῦ ἐπιπέδω τμαθῇ διὰ τοῦ 
κέντρου τᾶς γᾶς, ὅτι ἃ τομὰ ἑσσεῖται κύκλου 
περιφέρεια, καὶ κέντρον αὐτᾶς ἑσσεῖται, 6 καὶ τᾶς 
γᾶς ἐστι κέντρον. δῆλον οὖν, ὅτι ἃ ἐπιφάνεια 
τοῦ ὑγροῦ καθεστακότος ἀκινήτου σφαίρας ἔχει 
τὸ σχῆμα τὸ αὐτὸ κέντρον ἐχούσας τᾷ γᾷ, ἐπειδὴ 
1 ρα, Heil ᾿ 
ae yom. Heiberg, 
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eurve ΑΒΓΔ will not be equal. Let there be taken, 
therefore, any straight line which is greater than 
some of the ρον, ig es drawn from K to the curve 
ABTA, but less than others, and with centre K and 
radius equal to the straight line so taken let a circle 
be described ; the circumference of the circle will 
fall partly outside the curve ABTA, partly inside, 
inasmuch as its radii are greater than some of the 
straight lines drawn from Καὶ to the curve ABTA, but 
less than others, Let the are of the circle so described 
beZBH, and from Β let a straight line be drawn to Καὶ, 
and let ZK, KEA be drawn making equal angles 
~ [with KB), and with centre K let there be described, 
in the plane and in the fluid, an are [OI]; then the 
parts of the Auid along SOUT lie evenly and are con- 
tinuous [v. supra, p. 243]. And the parts along the 
are 50 are under pressure from the portion of the 
fluid between it and ΖΒ, while the parts along the arc 
OU are under pressure from the portion of the fluid 
between it and BE; therefore the parts of the fluid 
along EO and the parts of the fluid along OIT are 
under unequal pressures; so that the parts under 
the lesser pressure are thrust along by the parts 
under the greater pressure [t. supra, p. 245] ; hens: 
fore the fluid will not remain at rest. But it was 
postulated that the fluid would remain unmoved ; 
therefore the curve ABA must be an are of a circle 
with centre K. Similarly it may be shown that, in 
whatever other manner the surface be cut by a plane 
through the centre of the earth, the section is an are 
of a circle and its centre will also be the centre of 
the earth. It is therefore clear that the surface of 
the fluid remaining at rest has the form of a sphere 
with the same centre as the earth, since it is such 
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τοιαύτα ἐστίν͵ ὥστε διὰ τοῦ αὐτοῦ σαμείου τμαθεῖ- 
σαν τὰν τομὰν ποιεῖν περιφέρειαν κύκλου κέντρον 
ἔχοντος τὸ σαμεῖον, δι᾽ οὗ τέμνεται τῷ ἐπιπέδῳ. 


{1||.} Solid immersed in a Fluid 
fbid. 1... Prop. 7, Archim. ed. Hoiberg ἢ. 392. 21-294. 12 


Ta βαρύτερα τοῦ ὑγροῦ ἀῤεθέντα εἰς τὸ ὑγρὸν 
οἰσεῖται κάτω, ἔστ᾽ ἂν καταβᾶντι, καὶ ἐσσοῦνἈιι 
Kouporepa ἐν τῷ ὑγρῷ τοσοῦτον, ὅσον ἔχει τὸ 
βάρος τοῦ ὑγροῦ τοῦ ταλικοῦτον ὄγκον ἔχοντος, 
ἁλίκος ἐστὶν ὁ τοῦ στερεοῦ μεγέθεος ὄγκος. 

"Ort μὲν οὖν οἰσεῖται ἐς τὸ κάτω, ἔστ᾽ ἂν κατα- 
βᾶντι, δῆλον" τὰ γὰρ ὑποκάτω αὐτοῦ μέρεα τοῦ 
ὑγροῦ θλιβησοῦνται μᾶλλον τῶν ἐξ ἴσου αὐτοῖς 

"κειμένων μερέων, ἐπειδὴ βαρύτερον ὑπόκειται τὸ 
στερεὸν μέγεϊδος τοῦ ὑγροῦ ὅτι δὲ κουφότερα 
ἐσσοῦνται, ὡς εἴρηται, δειχθήσεται. 

"Eorw τι μέγεθος τὸ A, ὅ ἐστι βαρύτερον τοῦ 
ὑγροῦ, βάρος δὲ ἔστω τοῦ μὲν ἐν ᾧ A μεγέθεας 
τὸ ΒΓ, τοῦ δὲ ὑγροῦ τοῦ ἴσον ὄγκον ἔχοντος τῷ 
A τὸ Β. δεικτέον, ὅτι τὸ A μέγεθος ἐν τῷ ὑγρῷ 
ἐὸν βάρος ἔξει ἴσον τῶ Γ. 

Λελάφθω yap τι μέγεθος τὸ ἐν aw τὸ A κουφό- 
τερον τοῦ ὑγροῦ τοῦ ἴσον ὄγκον ἔχοντος αὐτῷ, 
forw δὲ τοῦ μὲν ἐν di τὸ Δ μεγέθεος βάρος ἴσον 
τῷ Β βάρει, τοῦ δὲ ὑγροῦ τοῦ ἴσον ὄγκον ἔχοντος 
τῷ A μεγέθει τὸ βάρος ἔστω ἴσον τῷ BI βάρει. 
—————— τ στον μὰ ee 


* Or, as we should say, “ lighter by the welght of fluid 
Gitoca” yi 3 ἱμ 
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that, when it is cut [by il plane] always passing 
through the same point, the section is an are of a 
alae havin for centre the point through which it is 
eut by the plane [Prop. 1]. 


(ti.) Solid immersed in a Fluid 

ibid. |., Prop. 7, Archim. ed, Helberg ii. $32. 21-396. 19 

Solids heavier than a fluid will, if laced in the fluid, 
sink to the bottom, and they will be sclter [if weighed) in 
the flusd by the weight of a volume of the fluid equal ta 
the volume af the solid.* 

That they will sink to the bottom is manifest : for 
the parts of the fluid under them are under greater 
pressure than the parts lying evenly with them, since 
itis postulated that the solid is heavier than water ; 
that they will be lighter, as aforesaid will be [thus] 

roved. 
" Let A be any magnitude heavier than the fluid, let 
the weight of the magnitude A be B +I’, and let the 
weight of fluid having the same volume as A be B, 
It is required to prove that in the fluid the magnitude 
A will have a weight equal to I, 


For let there be taken any magnitude A lighter 
than the same volume of the fluid such that the 
weight of the magnitude A is equal to the weight B, 
while the weight of the fluid having the same volume 
as the magnitude A is equal to the weight B 4T, 
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χυντεβέντων δὴ ἐς τὸ αὐτὸ τῶν μεγεθέων, ev οἷς 
τὰ A, Δ, τὸ τῶν συναμφοτέρων μέγεθος ἰσοβαρὲς 
ἐσσεῖται τῷ ὑγρῷ" ἔστι γὰρ τῶν μεγεθέων συν- 
αμφοτέρων τὸ βάρος ἴσον συναμφοτέροις τοῖς 
βάρεσιν τῷ τε BY καὶ τῷ B, τοῦ δὲ ὑγροῦ τοῦ 
igoy ὄγκον ἔχοντος ἀμφοτέροις τοῖς μεγέθεσι τὸ 

ipos ἴσον ἐστὶ τοῖς αὐτοῖς βάρεσιν. ἀφεθέντων - 
οὖν τῶν μεγεβέων ἐς τὸ ὑγρὸν ἰσορροπησοῦνται 
τῷ by " καὶ οὔτε els τὸ ἄνω olaoirrat οὔτε εἷς 
τὸ κατω" διὰ τὸ μὲν ἐν ᾧ A μέγεθος οἰσεῖται ἐς 
τὸ κάτω καὶ τοσαύτᾳ βίᾳ ὑπὸ τοῦ ἐν ὦ A peydileos 
| erat ἐς τὸ ἄνω, τὸ δὲ ἐν ᾧ A μέγεθος, ἐπεὶ 
κουφότερον ἐστι τοῦ ὑγροῦ, ἀνοισεῖται εἰς τὸ ἄνω 
τοσαῦτα βία, ὅσον ἐστὶ τὸ I βάρος" δέδεικται γάρ, 
ὅτι τὰ κουφότερα τοῦ ὑγροῦ μεγέθεα στερεὰ βια- 
σβέντα ἐς τὸ ὑγρὸν ἀναφέρονται τοσαύτᾳ Bia ἐς τὸ 
ἄνω, ὅσον ἐστὶ τὸ βάρος, ᾧ βαρύτερον ἐστι τοῦ 
μεγέθεος τὸ ὑγρὸν τὸ ἴσογκον τῷ μεγέθει. ἔστι 
δὲ τῷ Γ βάρει ἐἰχρήρόσθαι τοῦ ἃ peyelleos τὸ ὑγρὸν 
τὸ ἴσον ὄγκον ἔχον τῷ Δ' δῆλον οὖν, ὅτι καὶ 78 ey 
ᾧ A μέγεθος ἐς τὸ κάτω οἱἰσεῖται τοσούτῳ βάρει, 
ὅσον ἐστὶ τὸ Γ΄. 





* This ΤΑΣ ον καῖ suggests a method, alternative to that 
given by Vitruvius {δὶ supra, pp. 36-89, especially p, 34 n. a), 
whereby Archimedes may have discovered the proportions of 
gold and silver in King Hiero's crown. 

Let w be the weight of the crown, and [δὲ w, and το, be the 
weights of gold and silver in it respectively, so that w= 

+ iy 

_ fake a weight w of gold and weigh It in a fluid, and let 
the loss of weight be P,, Then the loss of weight when a 
weight w, of gold is weighed in the fluid, and consequently 
the weight of fluid displaced, will be“? . P,. 
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Then if we combine the magnitudes A, A, the com- 
bined magnitude will be equal to the weight of the 
same volume of the fluid ; for the weight of the com- 
bined magnitudes is equal to the weight (B +T) +B, 
while the weight of the fluid having the same 
volume as both the magnitudes is equal to the same 
weight. Therefore, if the [combined] magnitudes 
are placed in the fluid, they will balance the Auid, 
and move neither upwards nor downwards 
[Prop. 3]; for this reason the magnitude A will move 

wnwards, and will be subject to the same force as 
that by which the magnitude A is thrust upwards, 
and since A is lighter than the fluid it will be thrust 
upwards by a foree equal to the weight Γ : for it has 
been proved that when solid magnitudes lighter than 
the fluid are forcibly immersed in the fluid, they will 
be thrust upwards ἔν a force equal to the difference 
in weight between the magnitude and an equal 
volume of the fluid (Prop, 6], But the fluid having 
the same volume as ἃ is heavier than the mage 
tude 4 by the weight ['; it is therefore plain that 
the magnitude A will be borne upwards by a force 
equal to P’.* 

Now take a weight w of silver and weigh it in the ftvid, 
and ἰδὲ the loss of weight be P,. Then the loss of weight 
when a weight w, of silver is weighed in the fluid, and con- 
sequently the weight of fluid displaced, will be = wp 

Finally, weigh the crown itself in the fluid, and let the loss 
orga and consequently the weight of fluid displaced, 


It follows that τι : P+" . Py=P, 
w, P,-P 
whence - ΡΞ’ 
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(iv.) Stability af a Parabolotd of Revolution 
ibid. li., Prop. 2, Archim, ed, Helberg ἢ. $48. 10-352, 10 


Τὸ ὀρθὸν τμᾶμα τοῦ ἀρθογωνίου κωνοειβδέος, 
ὅταν τὸν ἄξονα ἔχῃ μὴ μείζονα ἢ ἡμιόλιον τᾶς 
μέχρι τοῦ ἄξονος, πάντα λόγον ἔχον ποτὶ τὸ ὑγρὸν 
τῷ βάρει, ἀφεθὲν εἰς τὸ ὑγρὸν οὕτως, ὥστε τὰν 
βάσιν αὐτοῦ μὴ ἅπτεσθαι τοῦ ὑγροῦ, τεθὲν κεκλι- 
μένον οὐ μενεῖ κεκλιμένον, ἀλλὰ ἀποκαταστασεῖται 
ὀρθόν. ὀρθὸν δὲ λέγω καβεστακέναι τὸ τοιοῦτο 
τμᾶμα, ὁπόταν τὸ ἀποτετμακὸς αὐτὸ ἐπίπεδον 

ἀρὰ τὰν ἐπιφάνειαν ἦ τοῦ ὑγροῦ. 

Εστω τμᾶμα ἀρθογωνίου κωνοειδέος, οἷον εἴρη- 
ται, καὶ Le a κεκλιμένον. δεικτέον, ὅτι οὐ μενεῖ, 
GAN ἀποκαταστασεῖται ἀρβόν. | 

Τμαθέντος δὴ αὐτοῦ ἐπιπέδῳ διὰ τοῦ ἄξονος 
ρθῶ ποτὶ τὸ ἐπίπεδον τὸ ἐπὶ ΤῊ ἐπιφανείας τοῦ 
ἡγροῦ τμάματος ἔστω τομὰ ἃ ATIOA ὀρβονωνίου 
δύνα τομά, ἄξων δὲ τοῦ τμάματος καὶ pir aases 
tas τομᾶς a NO, τᾶς δὲ τοῦ ὑγροῦ ἐπιφανείας 
τομὰ ἃ IX. ἐπεὶ οὖν τὸ τμᾶμα οὐκ ἐστὶν ὀρθόν, 
οὐκ dy εἴη παράλληλος a AA τᾷ IE: ὥστε οὗ 
ποιήσει ὀρθὰν γωνίαν ἃ NO ποτὶ τὰν IZ. ἄχθω 





" Writing of the treatise On Floating Bodies, Heath 
(Cee M. ii, 94-95) justly says: “ Book ii,, which investigates 
ully the conditions of stability of a right segment of a para- 
boloid of revolution floating in a fui for different values of 
the specific gravity and different ratios between the avis or 
height of the segment and the pripespat furameter of the 
Peeealing parabola, is a veritable tour de foree which must 

read in full to be appreciated,” 

* In this technical term the “ axis" is the axis of the 
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(iv.) Stability of a Paraboloid of Revolution ® 
Ibid. ti. Prop. 9, Archim, ed. Heiberg fi, 345. 10-852. 19 


ΤΡ there be a right segment of a right-angled conoid, 
whose axis is not greater than one-and-a-half times 
the line drawn as far as the axis,” and whose sreight 
relative to the fiw may have any ratio, and if it he 
placed in the fivid im an inclined position in such a 
manner that tts base do mol touch the fluid, it rill not 
remain inclined but will return to the wpright position, 
I mean by returning to the upright position the figure 
formed when the plane cutting of the segment is 
parallel to the surface of the fluid. 

Let there be a segment of a right-angled conoid, 
such as has been stated, and let it be placed in an 
inclined position. It is required to prove that it will 
not remain there but will return to the upright 
position, 

Let the segment be cut by a plane through the 
axis perpendicular to the plane which forms the 
surface of the fluid, and let ATIOA be the section of 
the segment, being a section of a right-angled cone 
[De Con, et Sphaer. 11), and let NO be the axis of the 
segment and the axis of the section, and let IZ be 
the section of the surface of the liquid. Then since 
the segment is not upright, AA will not be parallel 
to IZ; and therefore NO will not make a right angle 


tight-angled cone from which the Baal crating parabola is 
derived. The lotus rectum is “ the line which is double of 
το δὲ and δὸ the condition laid down by Archimedes |s 
that the axis of the segment of the paraboloid of revolution 
Shall not be greater than three-quarters of the lafus rectum 
or principal parameter of the generating parabola, 


GREEK MATHEMATICS 
οὖν παράλληλος ἃ ἐφαπτομένα d KO τῆς τοῦ 


κώνου τομᾶς κατὰ τὸ Π, καὶ ἀπὸ τοῦ Π παρὰ τὰν 





NO ἄχθω ἁ ΠΦ' τέμνει δὴ ἁ ΠΦ δίχα τὰν ΙΣ’ 


δέδεικται γὰρ ἐν τοῖς κωνικοῖς. τετμάσθω a 
ΠΦ, ὥστε εἶμεν διπλασίαν τὰν ΠΕ τᾶς ΒΦ, καὶ 


ἐν ταῖς ᾿Ισορροπίαις, ὅτι παντὸς ὀρθογωνίου 
κωνοειδέος τμάματος τὸ κέντρον τοῦ βάρεός ἐστιν 
ἐπὶ τοῦ ἄξονος διῃρημένου οὕτως, ὥστε τὸ ποτὶ 
Ta κορυφᾷ τοῦ ἄξονος τμᾶμα διπλάσιον εἶμεν τοῦ 
λοιποῦ. ἀφαιρεθέντος δὴ τοῦ κατὰ τὰν ἹΠῸΣ 
τμάματος στερεοῦ ἀπὸ τοῦ ὅλου τοῦ λοιποῦ κέντρον 
ἐσσεῖται τοῦ βάρεος ἐπὶ τᾶς BI’ εὐθείας. δέδεικται 
γὰρ τοῦτο ἐν τοῖς Στοιχείοις τῶν μηχανικῶν, ὅτι, 
εἴ κα μέγεθος ἀφαιρεθῇ μὴ τὸ αὐτὰ κέντρον ἔχον 
τοῦ βάρεος τῷ ὅλῳ μεγέθει, τοῦ λοιποῦ τὸ κέντρον 
ἐσσεῖται τοῦ βάρεος ἐπὶ τᾶς εὐθείας τᾶς ἐπιζευ- 
γνυούσας τὰ κέντρα τοῦ τε ὅλου μεγέθεος καὶ τοῦ 
wok 
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with IS, Therefore let ΚῺ be drawn parallel [to 12] 
and touching the section of the cone at U, and from 
TI let ΠΦ be drawn parallel to NO; then ΠΦ bisects 
IS—for this is proved in the [Elements of) Contcs." 
Let ΠΦ be cut so that ΠῚ =284, and let NO be cut 
at P so that OP =2PN ; then P will be the centre of 
gravity of the greater segment of the solid, and B 
that of ΠῸΣ; for it is proved in the books On 
Equilibriums that the centre of gravity of any seg- 
ment of a right-angled conoid is at the point dividing 
the axis in such a manner that the segment towards 
the vertex of the axis is double of the remainder.’ 
Now if the solid segmeht ΓΠῸΣ be taken away from 
the whole, the centre of gravity of the remainder will 
lie upon the straight line BI’; for it has been proved 
in the Elements of Mechanics that if any magnitude be 
taken away not having the same centre of gravity as 
the whole magnitude, the centre of gravity of the re- 
mainder will be on the straight line joining the centres 
fof gravity] of the whole magnitude and of the part 


* Presumably in the works of Aristacus or Euclid, but it 
is also Quad, Parab, 1. ; 


* ‘The proof is not in any extant work by Archimedes. 
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ἀφῃρημένου ἐκβεβλημένας ἐπὶ τὰ abrd, ep ἃ τὸ 
κέ pow τοῦ ὅλου μεγέθεός ἐστιν. ἐκβεβλήσθω 
δὴ ἃ ΒΡ ἐπὶ τὸ Τ', καὶ dorw τὸ Γ τὸ κέντρον τοῦ 
ἄρεος τοῦ λοιποῦ μεγέθεος. ἐπεὶ οὖν ἃ NO τὰς 
μὲν ΟΡ ἡμιολία, τᾶς δὲ μέχρι τοῦ ἄξονος οὐ μείξων 
ἢ ἡμιολία, δῆλον, ὅτι a 0) τᾶς ἔχρι τοῦ ἄξονος 
οὐκ ἐστὶ μείζων: ἡ ΠΡ ἄρα ποτὶ τὰν KO γωνίας 
ἐνίσους ποιεῖ, καὶ d ὑπὸ τῶν PTLO γίνεται ofeta: 
ἃ ἀπὸ τοῦ Ῥ ἄρα κάθετος ἐπὶ τὰν TQ ἀγομένα 
μεταξὺ πεσεῖται τῶν Π, Ὦ, πιπτέτω ὡς ἃ PO- 
a PO dpa ὀρθά ἔστιν ποτὶ τὸ (ἀποτετμακὸς" 
ἐπίπεδον, ἐν ᾧ ἐστιν ἃ LI, ὅ ἐστιν ἐπὶ ras ἐπι- 
φανείας τοῦ ὑγροῦ. ἄχθωσαν 67) τινες ἀπὸ τῶν 
Β, Γ' παρὰ τὰν PO- ἐνεχθήσεται δὴ τὸ μὲν ἐκτὸς 
τοῦ ὑγροῦ τοῦ μεγέθεος εἰς τὸ κάτω κατὰ τὰν διὰ 
τοῦ Τ' ἀγομέναν κάβετον- ὑπόκειται γὰρ ἕκαστον 
τῶν wy εἰς τὸ κάτω φέρεσθαι κατὰ τὰν 
κάθετον τὰν διὰ τοῦ κέντρου ἀγομέναν" τὸ δὲ ἐν 
τῷ ὑγρῷ μέγεθος, ἐπεὶ κουφότερον γένεται τοῦ 
ὑγροῦ, ἐνεχθήσεται εἰς τὸ ἄνω κατὰ τὰν κάθετον 
τὰν διὰ τοῦ B ἀγομέναν. ἐπεὶ δὲ οὐ κατὰ τὰν 
αὐτὰν κάθετον ἀλλάλοις ἀντιθλίβονται, οὐ μενεῖ τὸ 
σχῆμα, ἀλλὰ τὰ μὲν κατὰ τὸ A els τὸ ἄνω ἐνεχθή- 
σεται, τὰ δὲ κατὰ τὸ ἡ εἷς τὸ κάτω, καὶ τοῦτο ἀεὶ 
ἐσσεῖται, ἕως ἂν ὀρθὸν ἀποκατασταθῇ i 

‘ ἀποτετμακὸς, of. supra, Pp. 262 line 6; Heiberg prints 
Oo δ 5, τ θὲς 

* Ifthe normal at ΠῚ meets the axis in M, then OM is greater 
than “* the line drawn as far as the axis ™ except in the case 
where ΠῚ coincides with the vertex, which case is excluded by 
the conditions of this roposition. Hence OM is always 
greater than OP; and berasse the angle O0IM is right, the’ 
angle ΠΡ must be acute, 
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taken away, produced from the extremity which ts 
the centre of gravity of the whole magnitude [De 
Plan, Aequil. i. 8). Let BP then be produced to Γ΄, 
and let Τὶ be the centre of gravity of the remain- 
ing magnitude. Then, since NO= ἃ. OP, and NO+ 
§-(the line drawn as far as the axis), it is clear that 
POs(the line drawn as far as the axis); therefore 
TIP makes unequal angles with ΚΏ, and the angle 
PIIQ is acute*; therefore the perpendicular drawn 
from P to ΠῺ will fall between 11,0. Let it fall as 
PQ; then PO is perpendicular to the cutting plane 
containing =1, which is on the surface of the fluid. 
Now let lines be drawn from B, Γ parallel to PO ; then 
the portion of the magnitude outside the fluid will 
be subject to a downward force along the line drawn 
through [—for it is postulated that each weight is 
subject to a downward force along the perpendicular 
drawn through its centre of gravity ®; and since the 
magnitude in the fluid is lighter than the fluid,’ it 
will be subject to an upward force along the perpen- 
dicular drawn through B.4 But, since they are not 
subject to contrary forces along the same perpen- 
dicular, the figure will not remain at rest but the 
portion on the side of A will move upwards and the 
portion on the side of A will move downwards, and 
this will go on continually until it is restored to the 


upright position. 


' Cf. supra, p. 245; possibly a similar assumption to this 
effect has fallen out of the text. 

* A tacit assumption, which limits the shaegebnol of the 
opening statement of the proposition that the segment may 
have any weight relative to the fluid. 

4 9. supra, p. 251. 
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XVIII. ERATOSTHENES 


(a) GenenaL 
Suidas, sr. ᾿Ερατοσθένης 


᾿Ερατοσθένης, ᾿Αγλαοῦ, οἱ δὲ ᾿Αμβροσίου" 
Κυρηναῖος, μαθητὴς φιλοσόφου "A pi. wos Xiov, 
LOD 


ve δὲ Λυσανίου τοῦ Κυρηναίου καὶ 
‘al dyov τοῦ ποιητοῦ. μετεπέμῤθη δὲ ef 
3 ἱθηνῶν ὑπ ὑπὸ τοῦ τρίτου Πτολεμαίου » καὶ διέτ ἐτρυψε 
μέχρι τοῦ πέμπτου. διὰ δὲ τὸ δευτερεύειν ἐν 
παντὶ εἴδει παιδείας τοῖς ἄκροις ἐγγίσαντα' By 

ἐπεκλήθη, οἱ δὲ καὶ ἐττρον. νέἕον Tidreos, 
ἄλλοι Πένταθλον ἐκάλεσαν. ) δὲ pas” λον. 


Moursius, ong, Adler. 
* Bare Gio ha Palins, rey eh τῇ βήματα codd, 


* Beveral of Eratosthenes' achievements have already 
been described—his solution of the Delian problem (vol, ἡ 
. 390-997), and his sivre for finding successive odd Hiimbers 
vol. i. 10Π-103}. Aschimedea. an as we have seen, dedicated 
the Method to him, and the Catile Problem, as we have alsa 





credits him with havin calculated the distance between the 
tropics (or twice the ohiij quity of the ecliptic) at 11/83rds. of 
a complete cirele or 47° ΕΝ 39°, but Ptolemy's ing is not 

losthenes also calculated the distances of the sun 
and noon from the earth and the size ofthe sun. Fr Tete 
of mun astronomical poem which he wrote under litle 
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XVIII. ERATOSTHENES 5 
(a) GENERAL 
Suidus, sc. Srafoathenes 


Enatostuenes, son of Aglaus, others “παν of 
Ambrosius; a pincer a pupil of the eierot 
Ariston of Chios, of the grammarian 

Cyrene and of the poet Callimachus*; he vals was ΓΕ 
for from Athens by the third Ptolemy * and stayed 
Hill the fifth.4 wae: to ῥοάς second aimee in all 
branches of learning, thou tonne e highest 
excellence, he saa called alled ad Others called him a 
Second or New Plato, and yet others Pentathlon. He 
was born in the 126th Olympiad * and died at the age 


Hermes have survived. He was the first person to attempt a 






" Callimachus, the famous ἢ Morin, was 
alo a Cyrenean. a the cibatiie of of 
indi wih = acredt ahaa κι 
chief librarinn of the A 7 he 
held til his death ¢ 940 a ter held the 

aire crs 
* Euergetes 1 (reigned 246-221 κι}, who sent for him lo 
Hip alias aoe mgs Philopator (vr. vol i. pp. 


“ Episbanes (reigned 204-151 o.c.). * 276-273 si 
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πιάδι καὶ ee v oF ἐτῶν ves, ἧτπιο- 
ἧς διὰ τὸ ἀβλυώττειν μαθητὴν 

ἐπίσηι » heres "A ᾿ τὸν Bularreor 
οὗ πάλιν ᾿Αρίσταρχος τῆς. μαθηταὶ δὲ αὐτοῦ 
Moactec καὶ Μένανδρος καὶ Ἄριστις. eypaye δὲ 
φιλόσοψα καὶ ποιήματα καὶ ἱστορίας, ‘Aarpovoptiay 
ἢ Karacrep μοὺς, Περὶ τῶν κατὰ pages 
aloloca, epi ἀλυπίας, διαλόγους πολλοὺς καὶ 


γραμματικα συχνά. 


(b) Ow Means 


Papp. Coll. vii. 3, ed. Hultsch 636, 18-25 


Τῶν δὲ προειρημένων τοῦ tees βιβλέων 
ἡ τάξις a τοιαύτη. ᾿Ερατοσθένους περὶ 


Papp. Coll. vii. 21, ed. Hultsch 660, 18-669. 18 


Τῶν τύπων καθόλου οἱ μέν εἰσιν ἐφεκτικοί, ες 
καὶ ᾿Απολλώνιος πρὸ τῶν ἰδίων στοιχείων Adpet 
σημείου μὲν τόπον μεῖον, γραμμῆς δὲ τόπον 
γραμμήν, ‘emiparielas δὲ ψηυῤάις πιφάνειαν, στερεοῦ δὲ 
στερεόν, oi δὲ διεξοδικοί, ὦ ὡς σημείου ip γραμμήῆν, 
γραμμῆς δ' ἐπιφάνειαν, ἐπιφανείας δὲ στερεῶν, 

a Kerraorepiopeds conl. Portus, Καταστηρίγμους codd. 


* Not, of course, Aristarchus of Samos, the mathemiaticha, 
but the celebrated Samothracian grammarian. 
eer wio was the author of a work entitled Περέπλου;, 
ree sections dealt with Europe, Asia and Africa, 
and a chilesins of oracles given at Delphi. 
* This work is extant, but is not thought to be genuing in 
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of eighty of voluntary starvation, having lost his 
i ἀπὲ he left a distinguished pupil, Avstophancs 

Byzantiom ; of whom in turn Aristarchus® was a 
pupil. Among his pupils were Mnaseas," Menander 
and Aristis. He wrote pany: ical works, poems 
and histories, Astronomy acings Among the 
Stars, On Philosophical Divisions, On Freedom from 
Pain, many dialogues and numerous grammatical 
works. 


(4) Ow Marans 
Pappus, Collection vii. 3, ed. Hultech 636. 17-35 


The order of the aforesaid books in the Treasury of 
Analysis is as follows... the two books of Eratos- 
thenes On Means." 


Pappas, Collection vii, 21, ed. Hultsch 660, 18-662. 18 


Loci in general are termed fired, as when Apollonius 
at the beginning of his own. ‘lements says the locus of 
intis a point, the locus of a line is a line, the locus 

a surface is a surface and the locus of a solid is a 
solid : Or progressive, as when it is said that the locus 
of a point is a line, the locus of a linc is a surface and 
the locus of a surface is αὶ solid: or carcumamnent! as 


its extant form ς ees eat hve tone nhs pened tes 
iain agree ΚΉΝΕ ΒΥ ΤΟΙΣ bass 
"᾿Αστρονομία. may be a mista iit tAeioebedar 6 elsew 
it is alluded to under the tithe Ἑατάλογοι. 

4 The inclusion of this work in the Treanury Υ of aay, 
along with such works as those of Euclid, Aristacus and 
Apollonius, shows that it was a standard treatise. It is not 
herw ee: but the ea with reference to means 
referred to from Pappus next cited were pre- 
Cn iheelie ταν 
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of δὲ ἀναστροφικοῖ, ὡς σημείου μὲν ἐπιφάνειαν, 


γραμμῆς δὲ στερεόν. |. . . οἱ δὲ ὑπὸ '"Ἐρατοσϑέ- 
vous ἐπιγραφέντες τόποι πρὸς μεσότητας ἐκ τῶν 
προειρημένων εἰσὶν τῷ γένει, ἀπὸ δὲ τῆς ἰδιότητος 
τῶν ὑποθέσεων. . ἐκείνοις." 


(¢) Tae * Puaroxtcus 
Theon Smyr., ed. Hiller 61, 17-82, 5 


᾿Ερατοσθένης δὲ ἐν τῷ Πλατωνικῷ ia τι, μὴ 
ταὐτὸν εἶναι διάστημα καὶ λόγον. ἐπειδὴ Aayos 
μέν ἔστι δύο μεγεθῶν ἡ πρὸς ἄλληλα ποιὰ oydene 
γίνεται δ' αὕτη καὶ ἐν διαφόροις {καὶ ἐν ἀδιαβό- 
pois). οἷον ἐν ᾧ λόγῳ ἐστὶ τὸ αἰσθητὸν πρὸς 
τὸ νοητόν, ἐν τούτῳ δόξα πρὸς ἐπιστήμην, καὶ 
διαφέρει καὶ τὸ νοητὸν τοῦ ἐπιστητοῦ ᾧ καὶ ἡ 
δόξα τοῦ αἰσθητοῦ. διάστημα δὲ ἐν διαφέρουσι 
μόνον, ἢ κατὰ τὸ μέγεθος ἢ κατὰ ποιότητα ἢ κατὰ 
θέσιν ἢ ἄλλως ὁπωσοῦν. δῆλον δὲ καὶ ἐντεῦθεν, 
* The passage of which this forms tue Concluding sentence 


o fill the 
lacuna before ἐκείνοις he suggests ἀνάμοιοι ὑκείνοις, following 


7 a rascand pee red that these were the loci of points 
such that their distances from three fixed lines Provided a 
“ médiété,” ie, loci (straieht lines and conics) which can be 
represented in trilinear co-ordinates by such equations as 
fy=r+e, yx, μία +2) = Ore, wiz -- ᾿ὴ) τε ξίῳ -- =), 
αὐ» -- νὴ τ- γί -- εἰ: 

these represent respectively the arithmetic, geometric a 
harmonic means, ind the means subcontrary to the pecan 
and geometric means (Ὁ, vol. i. pp. 122-125). Zeuthen has 
ΘΜ 
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when it is said that the locus of a point is a surface and 
the locus of a line isa solid. [. . . the loci described 
by Eratosthenes as having reference to means belong 
to one of the aforesaid classes, but from a peculiarity 
in the assumptions are unlike them.) 5 


(c) Toe “ Puwroxtcus " 
Theon of Smyrna, ed. Hiller 61, 17-82. 5 


Eratosthenes in the Platonicus'* says that interval 
and rafio are not the same. Inasmuch as a ratio is a 
sort of relationship of two magnitudes one towards 
the other? there exists a ratio both between terms 
that are different and also between terms that are not 
diferent. For example, the ratio of the perceptible 
to the intelligible is the same as the ratio of opinion 
to knowledge, and the difference between the intel- 
ligible and the known is the same as the difference of 
opinion from the perceptible. But there can be an 
interval only between terms that are different, 
according to magnitude or quality or position or in 
some other way. It is thence clear that ratio is 


an alternative conjecture on similar lines (Die Lehre von den 
Kegelschnitten im Altertuen, pp. 390-891), 

* Theon cites this work in one other pa e (ed. Hiller 2. 
3-12) telling how Plato was consulted about the doubling of 
the cube; it has already been cited (vol. i. p. 256), Eratos- 
thenes’ own solution of the problem has already | given 
in vol. 1. pp. 290-297, ond a letter purporting to be from 
Eratosthenes to Ptolemy Evergetes is given in vol. i pp. 255- 
261. Whether the Platoniew was a commentary on Plato 
τῇ cpl dn in which Plato was an interlocutor cannot be 

ecided. 

" Cf. Eucl, v. Def. 3, cited in vol. i. p. 444, 

* A reference to Plato, Rep. vi. 509 o—511 Eg, ¥il, 817 a— 
518 μ. 

ath 


GREEK MATHEMATICS 


ὅτι λόγος διαστήματος ἕτερον" τὸ γὰρ ἥμισυ πρὸς 
τὸ διπλάσιον ζκαὶ τὸ διπλάσιον πρὸς τὸ ἥμισυ 
ἦγον μὲν οὐ τὸν αὐτὸν ἔχει, διάστημα δὲ τὸ αὐτό, 


[ἡ MrasuneMent or THe ΠΛΗΤῊ 
Cleom. Dy motu eire. 1.10, 83, ed. Ziegler 94, 23-100, 93 


Kai ἡ μὲν τοῦ Ποσειδωνίου ἔφοδος περὶ τοῦ 
κατὰ ἪΝ γῆν μεγέθους τοιαύτη, ἡ δὲ τοῦ ᾽Ἔρα- 
τοσθένους γεωμετρικῆς ἐφόδου ἐχομένη, καὶ bo- 
κοῦσά τε ἀσαφέστερον ἔχειν. ποιήσει δὲ σαφῆ 
τὰ λεγόμενα tn’ αὐτοῦ τάδε προῦποτιβεμένων 
ἡμῶν. ὑποκείσθω ἡμῖν πρῶτον μὲν κἀνταῦθα, 
ὑπὸ τῷ αὐτῷ μεσημβρινῷ κεῖσθαι ἙἘνήνην καὶ 
᾿Αλεξάνδρειαν, καὶ δεύτερον, τὸ διάστημα τὸ 
μεταξὺ τῶν πόλεων πεντακισχιλίων σταδίων εἶναι, 
καὶ τρίτον, τὰς καταπεμπομένας ἀκτῖνας ἀπὸ 
διαφόρων μερῶν τοῦ ἡλίου ἐπὶ διάφορα τῆς γῆς 
μέρη παραλλήλους εἶναι" οὕτως γὰρ ἔχειν αὐτὰς 
οἱ γεωμέτραι ὑποτίθενται. τέταρτον ἐκεῖνο ὑπο- 
κείσθω, δεικνύμενον παρὰ τοῖς γεωμέτραις, τὰς 
εἰς παραλλήλους ἐμπιπτούσας εὐθείας τὰς ἐναλλὰξ 
γωνίας ἴσας ποιεῖν, πέμπτον, τὰς ἐπὶ ἴσων γωνιῶν 
alan περιφερείας ὁμοίας εἶναι, τουτέστι τὴν 
wry ἀναλογίαν καὶ τὸν αὐτὸν λόγον ἔχειν πρὸς 
τοὺς οἰκείους κύκλους, δεικνυμένου καὶ τούτου 
a τοῖς γεωμέτραις, ὑπόταν γὰρ περιφέρειαι 
ἐπὶ ἴσων γωνιῶν ὦσι βεβηκυῖαι, ἂν μία ἡτισοῦν 
1 καὶ, . . ἥμιον odd. Hiller, 

© The difference between ratio and interval is explained a 
itth more neatly by Theon himself (eal. Hiller 81, 6-9); 
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different from interval; for the relationship of the 
half to the double and of the double to the half does 
not furnish the same ratio, but it docs furnish the 
same interval.® 


(Ὁ Measunement or tne FEarru 


Cleomedes," On the Circular Motion of the Heavenly 
Bodies i, 10, 52, ed. Ziegler 94, 23-100, 95 


Such then is Posidonius’s method of investigatin 
the size of the earth, but Eratosthenes’ aethad 
depends on a geometrical argument, and gives the 
impression of being more obscure. What he says 
will, however, become clear if the following assump- 
tions are made, Let us suppose, in this case also, 
first that Syene and Alexandria lie under the same 
meridian circle : secondly, that the distance between 
the two cities is 5000 stades ; and thirdly, that the 
rays sent down from different parts of the sun upon 

ferent parts of the earth are parallel; for the 
fererete proceed on this assumption. Fourthly, 
et paternal enh as is proved by the geometers, 
straight lines falling on parallel straight lines make 
the alternate ται cata, and annie that the ares 
subtended by equal angles are similar, that is, have 
the same proportion and the same ratio to their 
proper circles—this also being proved by the 
meters. For whenever ares of circles are subtended 
by equal angles, if any one of these is (say) one-tenth 
τῶν cy ru ὥρων πρὸς ἀλλήλους ὁ ᾿ 

i Cleomedes | a Pet Poe the ΕΝ OF Nie first 
Century πζ΄. | Left) it ft cirewiari Corpor in 
jaclosilons is largely based on Posidonins, 
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αὐτῶν δέκατον ἦ μέρος τοῦ οἰκείου κύκλου, καὶ 
αἱ λοιπαὶ πᾶσαι δέκατα μέρη γενήσονται τῶν 
οἰκείων κύκλων. 

Τούτων o κατακρατήσας οὐκ ay χαλεπῶς τὴν 
ἔφοδον τοῦ "Ἐρατοσθένους καταμάθοι ἔχουσαν 
οὕτως. ὑπὸ τῷ αὐτῷ κεῖσθαι μεσημβρινῷ φησι 
Συήνην καὶ ᾿Αλεξάνδρειαν. ἐπεὶ οὖν μέγιστοι τῶν 
ἐν τῷ κόσμῳ οἱ μεσημβρινοΐ, δεῖ καὶ τοὺς thro- 
κειμένους τούτοις τῆς γῆς κύκλους μεγίστους εἶναι 
ἀναγκαίως. ὥστε ἡλίκον ἂν τὸν διὰ Σνήνης καὶ 
᾿Αλεξανδρείας ἥκοντα κύκλον τῆς γῆς ἡ ἔφοδος 
ἀποδείξει αὕτη, τηλικοῦτος καὶ 6 μέγιστος ἔσται 
τῆς γῆς κύκλος. Φησὶ τοίνυν, καὶ ἔχει οὕτως, τὴν 
ὡπσήνην ὑπὸ τῷ θερινῷ τροπικῷ κεῖσθαι κύκλῳ, 
ὑπόταν οὖν ἐν καρκίνῳ γενόμενος ὅ ἥλιος καὶ 
θερινὰς ποιῶν τροπὰς ἀκριβῶς μεσουρανήσῃ, ἄσκιοι 
γένονται οἵ τῶν ὡρολογίων γνιώμονες ἀναγκαίως, 
κατὰ κάθετον ἀκριβῆ τοῦ ἡλίου ὑπερκειμένου" καὶ 
τοῦτο γίνεσθαι λόγος ἐπὶ σταδίους τριακοσίους 
τὴν διάμετρον. ἐν ᾿Αλεξανδρείᾳ δὲ τῇ αὐτῇ cpa 
ἀποβάλλουσιν οἱ τῶν ὡρολογίων γνώμονες σκιάν, 
ἅτε πρὸς ἄρκτῳ μᾶλλον τῆς Συήνης ταύτης τῆς 
πόλεως κειμένης. ὑπὰ τῷ αὐτῷ μεσημβρινῷ 
τοίνυν καὶ μεγίστῳ κύκλῳ τῶν πόλεων κειμένων, 
ἂν περιπιγάγωμεν περιφέρειαν ἀπὸ τοῦ ἄκρου τῆς 
τοῦ γνώμονος σκιᾶς ἐπὶ τὴν βάσιν αὐτὴν τοῦ 
γνώμονος τοῦ ἐν "Ἀλεξανδρείᾳ ὡρολογίου, αὕτη 
ἡ περιφέρεια τμῆμα γενήσεται τοῦ μεγίστου τῶν 
ἐν τῇ σκάφῃ κύκλων, ἐπεὶ μεγίστῳ κύκλω ὑπό- 
κεῖται ἡ τοῦ ὡρολογίου σκάφη. <i οὖν ἑξῆς 
νοήσαιμεν εὐθείας διὰ τῆς γῆς ἐκβαλλομένας ad’ 
ἑκατέρου τῶν γνωμόνων, πρὸς τῷ κέντρῳ τῆς γῆς 
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of its proper circle, all the remaining ares will be 
tenth parts of their proper circles. 

Anyone who has mastered these facts will have 
no difficulty in understanding the method of 
Eratosthenes, which is as follows. Syene and Alex- 
andria, he asserts, are under the same meridian, 
Since meridian circles are great Circles in the universe, 
the circles on the earth which lie under them are 
necessarily great circles also. Therefore, of whatever 
size this method shows the circle on the earth through 
Syene and Alexandria to be, this will be the size of 
the great circle on the earth. He then asserts, as is 
indeed the case, that Syene lies under the summer 
tropic, Therefore, whenever the sun, being in the 
Crab at the summer solstice, is exactly in the middle 
of the heavens, the pointers of the sundials necessarily 
throw no shadows, the sun being in the exact vertical 
line above them; and this is said to be true over a 
space $00 stades in diameter. But in Alexandria at 
the same hour the pointers of the sundials throw 
shadows, because this city lies farther to the north 
than Syene. As the two cities lie under the same 
meridian great circle, if we draw an are from the 
extremity of the shadow of the pointer to the base of 
the pointer of the sundial in Alexandria, the are will 
be a segment of a great circle in the bow] of the sun- 
dial, since the bowl lies under the great circle. If 
then we conceive straight lines produced in order 
from each of the pointers through the earth, they 
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συμπεσοῦνται, ἐπεὶ οὖν τὸ ἐν Συήνῃ ὡρολόγιον 


κατὰ κάθετον ὑπόκειται τῷ ἡλίῳ, ἂν ἐπινοήσωμεν 
εὐθεῖαν ἀπὸ τοῦ ἡλίου ἥκουσαν ἐπ᾿ ἄκρον τὸν τοῦ 
ὡρολογίου γνώμονα, μία γενήσεται εὐθεῖα ἡ ἀπὸ 
τοῦ ἡλίου μέχρι τοῦ κέντρου τῆς γῆς ἥκουσα. ἐὰν 
οὖν ἑτέραν εὐθεῖαν νοήσωμεν ἀπὸ τοῦ ἄκρου τῆς 
σκιᾶς τοῦ γνώμονος δι' ἄκρου τοῦ γνώμονος ἐπὶ 
τὸν ἥλιον ἀναγομένην ἀπὸ τῆς ἐν ᾿Αλεξανδρείᾳ 
σκάφης, αὔτη καὶ ἡ προειρημένη εὐθεῖα. παράλλη- 
ὅσοι γενήσονται ἀπὸ διαφόρων γε τοῦ ἡλίου μερῶν 
ἐπ δ κέρμα μέρη τῆς γῆς διήκουσαι. εἰς ταύτας 
τοίνυν παραλλήλους οὖσας ἐμπίπτει εὐθεῖα ἡ ἀπὸ 
τοῦ κέντρου τῆς γῆς ἐπὶ τὸν ἐν ᾿Αλεβανδρεία 
γνώμονα ἥκουσα, ὥστε τὰς ἐναλλὰξ γωνίας ἴσας 
ποιεῖν. ὧν ἡ μέν ἐστι πρὸς τῷ κέντρῳ τῆς γῆς 
κατὰ σύμπτωσιν τῶν εὐθειῶν, at ἀπὸ τῶν ὡρο- 
λογίων ἤχθησαν ἐπὶ τὸ κέντρον τῆς γῆς, γινομένη, 
ἢ δὲ κατὰ σύμπτωσιν ἄκρου τοῦ ἐν ᾿Αλεξανδρείᾳ 
γνώμονος καὶ τῆς ἀπ' ἄκρου τῆς σκιᾶς αὐτοῦ ἐπὶ 
τὸν ἥλιον διὰ τῆς πρὸς αὐτὸν ψαύσεως ἀναχθείσης 
γεγενημένη. καὶ ἐπὶ μὲν ταύτης βέβηκε περι- 
φέρεια ἡ ἀπ᾽ ἄκρου τῆς σκιᾶς τοῦ γνώμονος ἐπὶ 
τὴν βάσιν αὐτοῦ περιαχθεῖσα, ἐπὶ δὲ τῆς πρὸς 
τῷ oe τῆς γῆς ἡ ἀπὸ Συήνης διήκουσα εἰς 
᾿Αλεξάνδρειαν. ὅμοιαι τοίνυν αἱ περιφέρεια εἶσιν 
ἀλλήλαις ἐπ' ἴσων γε γωνωῶν βεβηκυῖαι. ὧν apa 
λόγον ἔχει ἡ ἐν τῇ σκάφῃ πρὸς τὸν οἰκεῖον κύκλον, 
τοῦτον ἔχει τὸν λόγον καὶ ἡ ἀπὸ Συήνης εἰς 
᾿Αλεξάνδρειαν ἥκουσα. ἡ yy ye ἐν πρίαιτο 
πεντηκοστὸν μέρος εὑρίσκεται τοῦ οἰκείου κύκλου. 
Set οὖν ἀναγκαίως καὶ τὸ ἀπὸ © yens εἰς ᾿Αλεξ- 
ἀνδρειαν διάστημα πεντηκοστὸν es μέρος τοῦ 
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will meet at the centre of the earth. Now since the 
sundial at Syene is vertically under the sun, if we 
conceive a straight line drawn from the sun to the 
top of the pointer of the sundial, the line stretching 
from the sun to the centre of the earth will be one 
straight line. If now we conceive another straight 
line drawn upwards from the extremity of the shadow 
of the pointer of the sundial in Alexandria, through 
the top of the pointer to the sun, this straight line 
and the aforesaid straight line will be parallel, being 
straight lines drawn through from different parts of 
the sun to different parts of the earth. Now on these 
parallel straight lines there falls the straight line 
drawn from the eentre of the earth to the pointer at 
‘Alexandria, so that it makes the alternate angles 
equal; one of these is formed at the centre of the 
earth by the intersection of the straight lines drawn 
from the sundials to the centre of the earth; the 
other is at the intersection of the top of the pointer 
in Alexandria and the straight line drawn from the 
extremity of its shadow to the sun through the point 
where it meets the pointer. Now this latter angle 
subtends the arc carried round from the extremity of 
the shadow of the pointer to its base, while the angle 
at the centre of the earth subtends the are stretching 
from Syene to Alexandria. But the ares are similar 
since they are subtended by equal angles. Whatever 
ratio, therefore, the are in the bow] of the sundial has 
to its proper circle, the are reaching from Syene to 
Alexandria has the same ratio. But the are in the 
bowl is found to be the fiftieth part of its proper 
cirele. Therefore the distance from Syene to Alex- 
andria must necessarily be a fifticth part of the great 
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μεγίστου τῆς γῆς κύκλου" καὶ ἔστι τοῦτο σταδίων 
πεντακισχιλίων. ὃ ἄρα σύμπας κύκλος γίνεται 
μυριάδων εἴκοσι πέντε. καὶ ἡ μὲν ᾿Ερατοσθένους 


Heron, Diopfra 36, ed. H. Βεμῦπε $02. 10-17 


καὶ "Ρώμης ὁδὸν ἐκμετρῆσαι τὴν ἐπ᾽ εὐθείας͵ τήν ἡ 
γε ἐπὶ κύκλου περιφερείας μεγίστου τοῦ ἐν τῇ γῇ, 


προσομολογουμένου τοῦ ὅτι περίμετρος τῆς γῆς 

σταδίων ἐστὶ ji καὶ ἔτι βι ὡς ὦ μάλιστα τῶν 

ἄλλων ἀκριβέστερον πεπραγματευμένος *Eparo- 

σθένης δείκνυσιν ἐν τῷ" ἐπιγραφομένῳ Περὶ τῆς 
1 τῷ add. Ἡ, Schiine. 


* The attached figure will help to clucidate Cleomedes, 
5S is Syene and A Alexandria; the 
centre of the earth is ὦ, The sun's 
rays at the two places are represented 
by the broken straight lines, If a be 
the angle made by the sun's rays with 
the pointer of the sundial at Alexandria 
(OA uced), the angle SOA is also 
equal to a, or one-fiftieth of four right 
angles, The are SA is known to be 
“NK? stades and it follows that the 
whole circumference of the earth must 
be 250000 stades, 





ΤᾺ 


ERATOSTHENES 


circle of the earth, And this distance is 5000 stades, 
Therefore the whole great circle is 250000 stades. 
Such is the method of Eratosthenes." 


Heron, Diopira 36, ed, H. Schone 302. 10-17 


Let it be required, perchance, to measure the 
distance between Alexandria and Rome along the are 
of a great circle, on the assumption that the peri- 
meter of the earth is 259000 stades, as Eratosthenes, 
who investigated this question more aecurately than 
others, shows in the book which. he wrote On the 
Measurement of the Earth. 


5 ν mor along the circumference of the greatest circle on 
i en 

" Strabo (ii. 5. ΤΊ and Theon of Smyrna (ed. Hiller 124. 
ae also give Eratosthenes’ measurement as 252000 


round ἘΣ ΤΡ ΤΥ ea for one : If Pliny (i Ἢ. 
nated ρας Pi Era crmbgreagtaw ean 
pian 





or 157-4 metres, ἔν... ΕἸ Τὰ fect. an the ‘ef the ated 
On this basis 252000 stades works out to 24662 miles, and 
the diameter of the earth to about 7350 miles, only 50 miles 
shorter than the true polar diameter, a surprisingly close 
approximation, however niuch it owes to happy accidents in 
the calculation ἡ (Heath, ὦ, ΔΓ, ii, 107). 
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XIX. APOLLONIUS OF PERGA 


ATA. APOLLONIUS OF PERGA 
(@) Tue Conic Secrions 
(i.) Helation to Previous Works 


Eutoc. Comm, in Con., Apoll. Perg. ed. Heiberg ἢ. 
165. 5-170, 26 


᾿Απολλώνιος ὁ MURR: ὦ φίλε ἑταῖρε "Av- 
θέμιε, γέγονε μὲν ex ς τῆς ἐν Παμφυλίᾳ 
ἐν χρόνοις τοῦ Eve του Irodepalov, ὡς ἱστορεῖ 
᾿ράκλεῖοῦ 8 τὸν βίον Pies panes γράφων, ὃς 
καὶ ῴφησι τὰ κωνικὰ ὡρήμι To gaa μὲν 
are row ‘Aaxuion,. τὸν δὲ ᾿Απολλώνιον αὐτὰ 
sr ὑπὸ "Ap ιμήδους μὴ ἐκδοθέντα ἰδιοποιή- 
at, οὐκ aA εὐων κατὰ ye τὴν ἐμήν. ὦ τε 
γὰρ ge apa ἐν πολλοῖς φαίνεται wg παλαιο- 
στοιχειώσεως τῶν κωνικῶν μένος, 

ἘΣ πολλίνο οὐχ we ἰδίας pied raga 
οὐ εὐ γὰρ ἂν ἔφη “ἐπὶ πλέον καὶ καθόλου μᾶλλον 











* Searcely anything more is known of the life of one of the 
joo ont han of all time than is stated in this brief 
reference. From Pappos, Coll. vil., ed. Hultsch 67 (quoted in 
vol. |. p. 4388), it is known that he spent much time at Alex- 
andria with Fuclid's successors. ene Euergetes 
ΘΒ} μος, and os Ptolemocus Chennus (ened Pinan 
Bibl, cod. cxe., ed. Bekker 151 ἢ 18) mentions an astro- 
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AIX. APOLLONIUS OF PERGA 
(a) Tue Contec Secrions 
(i.) Relation fo Prevtows Works 


Eutocius, Commentary on nena Conic, 
Apoll. Perg. ed. Heiberg ii. 168. 5-170, 98 


Arottoxius the geometer, my dear Anthemius, 
flourished at Perga in Pamphylia during the time of 
Ptolemy Euergetes,® as is related in the life of Archi- 
medes written by Heraclius,® who also says that 
Archimedes first conceived the theorems in conics 
and that Apollonius, finding they had been discovered 
by Archimeres but not published, appropriated them 
for himself, but in my opinion he errs. For in many 
places Archimedes appears to refer to the elements of 
conics as an older work, and moreover Apollonius 
does not claim to be Biving his own discoveries ; 
otherwise he would not have described his purpose as 
“ to investigate these properties more fully and more 
xvi gave ape re da ses aol in the time of 
| iy Pt tor (221-204 ec.) the great geometer 
probably meant, This fits in with Apollonius dea real 

oka ἦν. ὙΠ], of his Contes to King Attalus 1 (247-197 s.c.). 
From the preface to Book i., quoted infra (p. 261), we gather 
that Apollonius visited Eudemus at Pergamum, and to 
Eudemus he dedicated the first two books of the second 
edition of his work, 

* More probably Herarclides, vr. supra, p. 18 ne a. 
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ἐξειργάσθαι ταῦτα παρὰ τὰ ὑπὸ τῶν ἄλλων ye- 
γραμμένα." ἀλλ' ὅπερ φησὶν ὁ Γέμινος ἀληθές 
ἐστιν, ὅτι οἱ παλαιοὶ κῶνον ὁριζόμενοι τὴν τοῦ 
ὀρθογωνίου τριγώνου. περιφορὰν μενούσης μιᾶς 
τῶν περὶ τὴν ὀρθὴν εἰκότως καὶ τοὺς κώνους 
πάντας ὀρθοὺς ὑπελάμβανον γίνεσθαι καὶ μίαν 
τομὴν ἐν ἑκάστῳ, ἐν μὲν τῷ ὀρθογωνίῳ τὴν νῦν 
καλουμένην παραβολήν, ἐν δὲ τῷ ἀμβλυγωνίῳ τὴν 
ὑπερβολήν, ἐν δὲ τῷ ὀξυγωνίῳ τὴν ἔλλειψιν" καὶ 
ἔστι παρ᾽ αὐτοῖς εὑρεῖν οὕτως ὀνομαζομένας τὰς 
τομάς. ὥσπερ οὖν τῶν ἀρχαίων ἐπὶ ἑνὸς ἑκάστου 
εἴδους τριγώνου βεωρησάντων τὰς δύο ὀρθὰς 
πρότερον ἐν τῷ ἰσοπλεύρῳ καὶ πάλιν ἐν τῷ ἰσο- 
σκελεῖ καὶ ὕστερον ἐν τῷ σκαληνῷ of μεταγενέ- 
στεροι καθολικὸν θεώρημα ἀπέδειξαν τοιοῦτο. 
παντὸς τριγώνου ai ἐντὸς τρεῖς γωνίαι δυσὶν ὀρθαῖς 
ἴσαι εἶσίν' οὕτως καὶ ἐπὶ τῶν τοῦ κώνου τομῶν' 
4 , " - τ Ὁ. # i 
Le yap λεγομένην ὀρθογωνίου Aco TOT 
ἐν ὀρθογωνίῳ μόνον κώνω ἐθειώρουν τεμνομένῳ 
ἐπιπέδῳ ὀρθῷ πρὸς μίαν πλευρὰν τοῦ κώνου, τὴν 
δὲ τοῦ ἀμ, wiou κώνου τομὴν ἐν ἀμβλυγωνίῳ 
γινομένην κώνῳ ἀπεδείκνυσαν, τὴν δὲ τοῦ ὀξυ- 
γωνίου ἐν ὀξυγωνίω, ὁμοίως ἐπὶ πάντων τῶν 
κώνων ἄγοντες τὰ ἐπίπεδα ὀρθὰ πρὸς μίαν πλευρὰν 
τοῦ κώνου" δηλοῖ δὲ καὶ αὐτὰ τὰ ἀρχαῖα ὑνόματα 
τῶν γραμμῶν, ὕστερον δὲ "Ἀπολλώνιος ὃ Περ- 
γαΐος καθόλου Τι ἐθεώρησεν, ὅτι ἐν παντὶ κώνω 
καὶ ὀρθῷ καὶ σκαληνῷ πᾶσαι αἱ τομαΐ εἶσι κατὰ 
διάφορον τοῦ ἐπιπέδου πρὸς τὸν κῶνον προσβολήν" 
ὧν καὶ θαυμάσαντες of κατ᾽ αὐτὸν γενόμενοι διὰ 
τὸ θαυμάσιον τῶν ὑπ᾽ αὐτοῦ δεδειγμένων CULE 
ee μέγαν γεωμέτρην ἐκάλουν. ταῦτα 
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generally than is done in the works of others." " But 
what Geminus says is correct : defining a cone as the 
figure formed by the revolution of a right-angled 
triangle about one of the sides containing the right 
anes the ancients naturally took all cones to be right 
with one section in each—in the right-angled cone the 
section now called the parabola, in the obtuse-angled 
the hyperbola, and in the acute-angled the ellipse ; 
and in this may be found the reason for the names 
they gave to the sections. Just as the ancients, 
investigating each species of triangle separate: ἐ 
proved that there were two right angles first in the 
equilateral triangle, then in the isosceles, and finally 
in the scalene, whereas the more recent geometers 
have proved the general theorem, that in any triangle 
the three internal angles are equal to two right angles, so 
it has been with the sections of the cone; for the 
ancients investigated the so-called section of a right- 
angled cone in a right-angled cone only, cutting it by 
a plane perpendicular to one side of the cone, and they 
demonstrated the section of an obfuse-angled cone in an 
obtuse-angled cone and the section of an acute-angled 
cone in the acute-angled cone, in the cases of all the 
eones drawing the planes in the same way perpen- 
dicularly to one side of the cone; hence, it is clear, 
the ancient names of the curves. But later Apollonius 
of Perga proved generally that all the sections can be 
obtained in any cone, whether right or scalene, 
according to different relations of the plane to the 
cone. In admiration for this, and on account of the 
remarkable nature of the theorems in conics proved 
by him, his contemporaries called him the “ Great 


* This comes from the preface to Book i, 2. infra, p. 988, 
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μὲν. οὖν ὁ Γέμινος ἐν τῷ. ἔκτῳ φησὶ ris Τῶν 


μαθημάτων θεωρίας. 
Gi.) Scope of the Work 


Apoll, Conic, ἵν, Praef., Apoll. Perg. ed. Heiberg 
i. 2, oh ΨΩ 


᾿Απολλώνιος Εὐδήμῳ. χαίρειν. 

Et τῷ τε σώματι εὖ ἐπανάώγεις καὶ τὰ ἄλλα κατὰ 
γνώμην ἐστί σοι, καλῶς ἂν ἔχοι, μετρίως δὲ ἔχομεν 
καὶ αὐτοί. wall!’ ἂν δὲ καιρὸν ἤμην μετά σου ἐν 
Περγάμῳ, ἐθεώρουν σε σπεύδοντα μετασχεῖν τῶν 
πεπραγμένων ἡμῖν κωνικῶν- πέπομφα οὖν σοι τὸ 
πρῶτον βιβλίον διορθωσάμενος, τὰ δὲ λοιπά, ὅταν 
εὐαρεστήσωμεν, ἐξαποστελοῦμεν" οὐκ ἀμνημονεῖν 
γὰρ οἴομαί σὲ παρ᾽ ἐμοῦ ἀκηκούτα, διότι τὴν περὶ 
ταῦτα ἐῤοῦον ἐποιησάμην ἀξιωθεὶς ὑπὸ Ναυκρά- 
Tous τοῦ γεωμέτρου, καθ᾿ ὃν καιρὸν ἐσχόλαζε 





. Menacchmus, os shown in vol. i. p ᾿ 278-288, and Beet 
particularly p. 283 πὶ a, solved the problem of the doubling 
railcar cube by means of the intersection of a parabola with a 





bola, and also by means of the intersection of two para 
This is the earliest mention of the conic sections 
and therefore Menaechoms { @. 360-950 
eredited with their discovery; and. a: 


| rg 
296) speaks of “ cutting the 
| οὐ tt be given credit for 
discovering the ellipse as well. He may have obtained them 
all by the method suggested by Geminus, but Heath (H.GAL 
ii, 111-116) gives cogent reasons for thinking that he may 
have obtained his ec Ser hyperbola by a section of ἢ 
Seaside sor irgcae ae 

- ready quoted (vol. i. pp. 486-489) frog Pa 
(ed. faltseh 673, is-7B. 24) informs us that fli on the 
conic sections were written by Aristaeus and Euclid. Aris 
taews’ work, in five books, was entitled Soffa Loci; Eueclid’s 
250 
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Geometer.” Geminus relates these details in the 
sixth book of his Theory of Mathematics.* 


(ii.) Scope of the Work 
Apollonius, Comics 1., Preface, re Perg. ed. Heiberg 


+ 7. 


Apollonius to Eudemus ® greeting. 

] ἐτϑὰ are in good health end πα ΠΣ are in other 
respects as you wish, it is well; 1 am poe well too, 
During the time I spent with you at Pergamum, 
1 noticed how eager you were to make acquaint- 
ance with my work in conics; I have therefore 
sent to you the first book, which 1 have revised, and 
I will send the remaining books when I am satis- 
fied with them. I suppose you have not forgotten 
hearing me say that I took up this study at the request 
of Naucrates the geometer, at the time when he came 


Contes was in four books, The work of Aristacus was 
obviously more original and more specialized ; that of Euclid 
was admittedly o compilation largely based on Aristacus. 
Euclid flourished about 300 nc. As noted in vol, i, p. 495 
n. εἰς the focus-directrix property must have been known to 
Euclid, and probably to Aristaens; curiously, it does not 
st #a in Apollonius’s treatise. 

Many propessicn of conics are assumed in the works of 
Archimedes without proof and several have been encountered 
in this work; they were no doubt taken from the works of 
Aristacus or Enelid. As the reader will notice, Archimedes’ 
terminology differs in several respects from that of Apollonius, 
are from the fundamental difference on which Geminus 

siress., 


The history of the conic sections in antiquity is admirably 
reated by Zenthen, Die Lehre con den Negelechnitten im 
Altertwm (1886) and Heath, pollonins of Perga, <vii-clvi. 

* Not, of course, the pupil of Aristotle wh wrote the 
famous History of Geometry, unhappily lost. 
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: παραγενηθεὶς εἷς ᾿Αλεξάνδρειαν, καὶ 
διό aries αὐτὰ ev ὀκτὼ βιβλίοις ἐξ 
αὐτῆς μεταδεδώκαμεν αὐτὰ εἰς τὸ σπουδαιότερον 
διὰ τὸ πρὸς ἔκπλῳ αὐτὸν εἶναι οὐ διακαθάραντες, 
ἀλλὰ πάντα τὰ ὑποπίπτοντα ἡμῖν θέντες ὡς 
ἔσχατον alse Gee ὅθεν καιρὸν νῦν λαβόντες 
ἀεὶ i ΡΝ  όσεως ἐκδίδομεν. καὶ ἐπεὶ 
συμβέβηκε καὶ ous τινᾶς τῶν συμμεμιχότων 

ἡμῖν μετειληφέναι τὸ πρῶτον καὶ τὸ Sta 

:. ape 7 διορθωθῆναι, μὴ θαυμάσῃς, ἐὰν 
μι γνῶ αὐτοῖς ἑτέρως ἔχουσιν. 

ὲ τῶν ὀκτὼ βιβλίων τὰ πρῶτα τέσσαρα 
λοις εἰς ἀγωγὴν στοιχεμώδη, περιέχει δὲ τὸ 
μὲν πρῶτον τὰς γενέσεις τῶν τριῶν τομῶν καὶ 
τῶν ἀντικειμένων καὶ τὰ ἐν αὐταῖς ἀρχικὰ συμπτώ- 
ματα ἐπὶ πλέον καὶ καθόλου μᾶλλον ἐξειργασμένα 
παρὰ τὰ ὑπὸ τῶν ἄλλων γεγραμμένα, τὸ δὲ δεύ- 
τερον τὰ περὶ τὰς διαμέτρους καὶ τοὺς ἄξονας τῶν 
τομῶν συμβαίνοντα καὶ τὰς ἀσυμπτώτους. καὶ 

γενικὴν καὶ ἀναγκαίαν χρείαν ΡῈ ev 
πρὸς τοὺς διορισμούς᾽" Twas δὲ ΑΕ ταὶ 
τίνας ἄξονας καλῶ, εἰδήσεις ἐκ τούτου τοῦ βιβλίου. 
τὸ δὲ τρίτον πολλὰ καὶ παράδοξα θεωρήματα 
χρήσιμα πρὸς τε τὰς συνθέσεις τῶν στερεῶν 
τόπων» καὶ τοὺς διορισμούς, ὧν τὰ πλεῖστα καὶ 
κάλλιστα ξένα, ἃ καὶ κατανοήσαντες συνείδομεν 
μὴ συντιβέμενον ὑπὸ Εὐκλείδου τὸν ἐπὶ τρεῖς καὶ 
POR pas γραμμὰς τύπον, ἀλλὰ μόριον τὸ τυχὸν 
αὐτοῦ καὶ τοῦτο οὐκ εὐτυχῶς" οὐ γὰρ ἦν δυνατὸν 
ἄνευ τῶν προσευρημένων ἡμῖν τελειωθῆναι τὴν 
tea tocar ine dees eames τς λεθδμιδὴν hot 
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to Alexandria and stayed with me, and that, when 1 
had completed the investigation in eight books, I gave 
them to him at once, a little too hastily, because he 
was on the point of sailing, and so [ was not able to 
correct them, but put down everything as it occurred 
to me, intending to make a revision at the end. 
Accordingly, as opportunity permits, I now publish 
on each occasion as much of the work as I have been 
able to correct. As certain other persons whom | 
have met have happened to get hold of the first and 
second books before they were corrected, do not be 
surprised if you come across them in a different form. 
"Ofthe eight books the first four form an elementary 
introduction. The first includes the methods of pro- 
ducing the three sections and the opposite branches 
[of the hyperbola] and their fundamental properties, 
which are investigated more fully and more generally 
than in the works of others. The second book in- 
cludes the properties of the diameters and the axes 
of the sections as well as the asymptotes, with other 
things generally and necessarily used in determining 
limits of possibility ; and what 1 call diameters | 
axes you will learn from this book." The third book 
includes many remarkable theorems useful for the 
syntheses of solid loci and for determining limits of 
possibility ; most of these theorems, and the most 
elegant, are new, and it was their discovery which 
e me realize that Euclid had not worked out the 
synthesis of the locus with respect to three and four 
lines, but only a chance portion of it, and that not 
successfully ; for the synthesis could not be com- 
pleted without the theorems discovered by πιὸ." 


* For this locus, and Eppes comments on Apolloninus's 
claims, v. vol. i. pp. 456-150. 
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σύνθεσιν. τὸ δὲ τέταρτον, ποσαχῶς αὖ τῶν κώνων 
τομαὶ ἀλλήλαις τε καὶ τῇ τοῦ κύκλου περιφερείᾳ 
συμβάλλουσι͵ καὶ ἄλλα ἐκ περιασοῦ, ὧν ΕΣ 
ὑπὸ τῶν πρὸ ἡμῶν ee κώνου τομὴ 
ae περιφέρεια κατὰ πόσα σημεῖα ov 


Ta δὲ λοιπά ἐστι περιουσιαστικιύτερα" ἔστι 
γὰρ τὸ μὲν περὶ ἐλαχίστων καὶ μεγίστων ἐπὶ 
πλέον, τὸ δὲ περὶ ἴσων καὶ ὁμοίων κώνου τομῶν, 
τὸ δὲ περὶ διοριστικῶν θεωρημάτων, τὸ δὲ πὶ 
βλημάτων κωνικῶν διωρισμένων, οὐ μὴν ἃ, 
καὶ πάντων ἐκδοθέντων ἔξεστι τοῖς περιτυγχάνουσι 


κρίνειν αὐτὰ, ὡς ay αὐτῶν ἕκαστος αἱρῆται. 
εὐτύχει. 





(Π1.}) Definitions 
ibid... Deff., Apoll. Perg. ed. Heiberg i. 8. 2-8, 20 


"Ἐὰν ot ἀπό Tuas σημείου πρὸς sr SEES 
ὃς οὐκ ἔστιν ἐν τῷ αὐτῷ ἐπιπέδ sar 
εὐθεῖα ἐπιζευχθεῖσα ἐφ᾽ ἑκάτερα, ἐδυθωδον 
καὶ μένοντος τοῦ σημείου ἡ εὐθεῖα ταλῤδεόλρία 
περι ov fr τοῦ κύκλου περιφέρειαν. εἰς τὸ αὐτὸ πάλιν 
ἱποκατασταθῇ, ὄθεν ἤρξατο φέρεσθαι, τὴν γρα- 
φεῖσαν ἡ τῆς εὐθείας ἐπιφάνειαν, | σύγκειται 
ex Guo ἐπιφανειῶν κατα κορυφὴν ἃ ἀλλήλ is μεὶ- 
μένων, ὧν ἑκατέρα els ererpoy αὔξεται τῆς 


* Only the first four books forvivein Greek. Flooks v,-*ii. 
have survived in Arabic, but Book vill, is wholly lost, Hallee. 
(Oxford, 1710) edited the first seven books had kia edition 
still the only source for Books vi. and vii, The first four 
books have since been edited by Heibe (Leipzig, 1891-1693) 
and Book v. (up to Prop. Τῇ by L. Ni = (helps. 1880). The 
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The fourth book investigates how many times the 
sections of cones can meet one another and the cir- 
cumference of a circle ; in addition it contains other 
things, none of which have been discussed by pre- 
vious writers, namely, in how many points a section 
of a cone or a circumf cae of a circle can meet 
the opposite branches of rbolns |], 
The remaining books eben in by way of 
addition: one of them discusses fully minima and 
maxima, another deals with equal and similar sections 
of cones, another with theorems about the dete rmina- 
tions of limits, and the last with determinate conic 
problems. When they are all published it will be 
possible for anyone who reads them to form his own 


a 


judgement. Farewell. 


(iii.) Definitions 
ftid., Definitions, Apoll. Perg. ed. Heiberg i. 6. 9-8. 20 


[fa straight line be drawn from a point to the cir- 
cummference of a circle, which is not in the same plane 
with the point, and be produced in either direction, 
and if, while the point remains stationary, the straight 
line be made to move round the circumference of the 
cirele until it returns to the point whence it set out, 
I call the surface deseribed by the straight line a 
comical surface ; it is composed of two surfaces lying 
vertically opposite to each other, of which each 
by ΤΣ ΤΟ Heath, Apollonius of Pega (Cambniign teog ὑὰ 
iW J. L. Heat oni of Pe Cambri LES) am 
anna into reach by ful Ver Beck, Let Com ᾿ ci εἰ" 

f ale ruges, 1923). 

Franca times νων ‘dited the first four books with 
a commentary which still survives and is published in 
Heiberg's edition, Serenus ond Hypatia also wrote com- 
meéentaries, and Pappus a number of 
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γραφούσης εὐθείας εἰς ἄπειρον προσεκβαλλομένης, 
καλῶ κωνικὴν ἐπιφάνειαν, κορυφὴν δὲ αὐτῆς τὸ 
μεμενηκὸς σημεῖον, ἄξονα δὲ τὴν διὰ τοῦ σημείου 
καὶ τοῦ κέντρου τοῦ κύκλου ἀγομένην εὐθεῖαν, 

Κῶνον δὲ τὸ περιεχόμενον σχῆμα ὑπά τε τοῦ 
κύκλου καὶ τῆς μεταξὺ τῆς τε κορυφῆς καὶ τῆς 
τοῦ κύκλου περιφερείας κωνικῆς ἐπιφανείας, κορυ- 
φὴν δὲ τοῦ κώνου τὸ σημεῖον, ὃ καὶ τῆς ἐπιφανείας 
ἐστὶ κορυφή, ἄξονα δὲ τὴν ἀπὸ τῆς κορυφῆς ἐπὶ 
τὸ κέντρον τοῦ κύκλου ἀγομένην εὐθεῖαν, βάσιν 
Se τὸν κύκλον. 

Τῶν δὲ κώνων ὀρθοὺς μὲν καλῶ τοὺς πρὸς 
ὀρθὰς ἔχοντας ταῖς βάσεσι τοὺς ἄξονας, σκαληνοὺς 
δὲ τοὺς μὴ πρὸς ὀρθὰς ἔχοντας ταῖς βάσεσι τοὺς 
προσ ‘ Loe arene 

S κΚαμπυλὴης γράμμῃης, ἐξ ἐστὶ» €F ἐν 
δα νβὴν διάμετρον μὲν καλῶ εὐθεῖαν, WTS ἠγμένη 
ἀπὸ τῆς καμπύλης γραμμῆς πάσας τὰς ἀγομένας 
ἐν τῇ γραμμῇ εὐθείας εὐθείᾳ τινὶ παραλλήλους 
- δίχα διαιρεῖ, κορυφὴν δὲ τῆς γραμμῆς τὸ πέρας 
τῆς εὐθείας τὸ πρὸς τῇ γραμμῇ, τεταγμένως δὲ 
ᾧ τὴν διάμετρον κατῆχθαι ἑκάστην τῶν παραλ- 


Ὁμοίως δὲ καὶ δύο καμπύλων γραμμῶν ev ἑνὶ 
ἐπιπέδῳ κειμένων διάμετρον καλῶ πλαγίαν μέν, 
ἥτις εὐθεῖα τέμνουσα τὰς δύο γραμμὰς πάσας τὰς 
αἰ MERE ἐν ἑκατέρᾳ τῶν γραμμῶν παρά τινὰ 

tay δίχα τέμνει, κορυφὰς δὲ τῶν γραμμῶν τὰ 
πρὸς ταῖς γραμμαῖς πέρατα τῇ διαμέτρου, cpliay 
δέ, ἥτις κειμένη μεταξὺ τῶν δύο oti te si} τ 
τὰς ἀγομένας παραλλήλους εὐθείας εὐθείᾳ τινὶ καὶ 
ἀπολαμβανομένας μεταξὺ τῶν γραμμῶν δίχα 
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extends to infinity when the straight line which 
describes them is produced to infinity ; I call the 
fixed point the verter, and the straight line drawn 
through this point and the centre of the circle I eall 
the aris. 

The figure bounded by the circle and the conical 
surface between the vertex and the circumference of 
the circle I term a cone, and by the werter of the cone 
I mean the point which is the vertex of the surface, 
and by the ατὶν I mean the straight line drawn from 
the vertex to the centre of the circle, and by the base 
I mean the circle. 

Of cones, I term those right which have their axes 
at right angles to their bases, and scalene those which 
have their axes not at right angles to their bases, 

In any plane curve I mean by a diameter a 
straight line drawn from the curve which bisects 
all straight lines drawn in the curve parallel to a given 
straight line, and by the vertex of the curve I mean the 
extremity of the straight line on the curve, and I 
deseribe each of the parallels as being drawn ordinate- 
wise to the diameter, 

Similarly, in a pair of plane curves I mean by a 
fransverse diameter a straight line which cuts the two 
eurves and bisects all the straight lines drawn in either 
curve parallel to a given straight line, and by the 
vertices of the curves 1 mean the extremities of the 
diameter on the curves; and by an erect diameter I 
mean a straight line which lies between the two 
curves and bisects the portions cut off between the 
curves of all straight lines drawn parallel to a given 
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τέμνει, τεταγμένως δὲ ἐ ἐπὶ τὴν διάμετρον κατῆχθαι 


ἑκάστην τῶν παρ 

Συζυγεῖς καλῶ παρ ΟΣ ΤῈ [δύο]! Reames 
γραμμῆς καὶ δύο καμπύλων γραμμῶν εὐθείας, ὧν 
See eee οὖσα τὰς τῇ ἑτέρᾳ mits 
λήλους δύ 

“Afova δὲς een καμπύλης γραμμῆς καὶ δύο 
καμπύλων γραμμῶν εὐθεῖαν, ἥτις διάμετρος οὖσα 

γραμ iis ft τῶν γραμμῶν πρὸς ἀρθὰς τέμνει 





ἐδιοξε νας καλῶ ἄξονας καμπύλης γραμμῆς καὶ 
δύο καμπύλων γραμμῶν εὐθείας, αἵτινες διάμετροι 
οὖσαι συζυγεῖς πρὸς ὀρθὰς τέμνουσι τὰς ἀλλήλων 
παραλλήλους. 


(iv.) Construction of the Sections 
Ibid,, Props, 7-0, Apoll, Perg, ed, Heiberg L. 22. 26-36. 5 
ἐδ 
᾿Εὰν κῶνος ἐπιπέδω τμηθῇ διὰ τοῦ ἄξονος, 
τμηθῇ δὲ καὶ ἑτέρῳ ἐπιπέδων τέμνοντι τὸ ἐπίπεδον, 
ἐν ᾧ ἐστιν ἡ βάσις τοῦ κώνου, κατ᾽ εὐθεῖαν πρὸς 
ὀρθὰς οὖσαν ἥτοι τῇ βάσει τοῦ διὰ τοῦ ἄξονος 
τριγώνου ἢ τῇ ἐπ᾿ εὐθείας αὐτῇ, at ἀγόμεναι 
εὐθεῖαι ἀπὸ τῆς γενηϑείσης τομῆς ἐν τῇ τοῦ κώνου 
ἐπιφανείᾳ, ἣν ἐποίησε τὸ τέμνον ἐπίπεδον, παράλ- 
ληλοι τῇ πρὸς ὀρθὰς τῇ βάσει τοῦ τριγώνου 
εὐθείᾳ ἐπὶ τὴν κοινὴν γονὴν πεσοῦνται τοῦ τέμ- 
1 fvo om. Heiberg. 
* This iopuaition defines α ‘conte. section “In the 


παραὶ 
general way with reference to any diameter. 1815 only much 
ΒΒ 
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straight line ; and 1] deseribe each of the parallels as 
drawn ordinate-wise to the diameter. 

By conjugate diameters in a curve or pair of curves I 
mean straight lines of which each, being a diameter, 
bisects parallels to the other. 

By an aris of a curve or pair of curves 1 mean a 
straight line which, being a diameter of the curve or 
pair of curves, bisects the parallels at right angles. 

By conjugate ares in a curve or pair of curves | mean 
straight lines which, being conjugate diameters, 
bisect at right angles the parallels to each other. 


(iv.) Construction of the Sections 
Ibid., Props. 7-2, Apoll. Perg. ed. Heiberg 1. 22. 26-36. δ 


Prop. 1" 
Tf 'acane be cut by 5 plene ross the axis, and if it be 
also cut by another plane cutting the plane containing the 


base of the cone in a straight line per ndiewlar to the base 
of the axial triangle,® or to the produced, a section 
will be made on the surface of the cone by peraen | 
plane, and straight lines drawn τὰ it parallel to the straigin 
bine pendicular to the base of the axial triangle will 
meet the common section of the cutting plane and the axial 


later in the work (i. 52-58) that the principal axes are intro- 
duced as diameters at right angles to their ordinates. The 
proposition ts an excellent example of the generality of 
Apollonius’s methods. 

Apollonius followed ey the Euclidean form of 
pret. In consequence his general enunciations are extremely 
long and often can be made tolerable in an English rendering 
only by splitting them up; but, though Apollonius seems to 
have taken a malicious pleasure in their length, they are 
formed on a perfect logical pattern without a superfluous 
i 


word, 
» Lit. “ the triangle through the axis.” 
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vorros ἐπιπέδου καὶ τοῦ διὰ τοῦ ἄξονος τριγώνου 
καὶ προσεκβαλλόμεναι ἕως τοῦ ἑτέρου μέρους τῆς 
τομῆς diya τμηθήσονται ὑπ᾽ αὐτῆς, καὶ ἐὰν μὲν 
ὠρθὸς ἦ ὦ κῶνος, ἡ ἐν τῇ βάσει εὐθεῖα mpos ὀρθὰς 
ἔσται τῇ κοινῇ τομῇ τοῦ τέμνοντος ἐπιπέδου καὶ 
τοῦ διὰ τοῦ ἄξονος τριγώνου, δὰν᾽ δὲ σκαληνός, 
οὐκ αἰεὶ πρὸς ἀρθὰς ἔσται, ἀλλ᾽ ὅταν τὸ διὰ τοῦ 
ἄξονος ἐπίπεδον πρὸς ἀρθὰς ἦ τῇ βάσει τοῦ κώνου. 

Ἕστω κῶνος, οὗ Kopudy μὲν τὸ A ao μεῖον, 
βάσις δὲ 6 ΒΓ κύκλος, καὶ τετμήσθω ἐπιπέ ῳ διὰ 


A 





τοῦ ἄξονος, καὶ ποιείτω τομὴν τὰ ΑΒΓ τοῖν ror, 
τετμήσθω δὲ καὶ ἕτέρῳ, ἐπιπέδω τατον τὸ 
ἐπίπεδον, ἐν ὦ ἐστιν ὁ BT κύκλος, κατ᾽ εὐθεῖαν 
τὴν AE ἤτοι πρὸς ὀρθὰς οὖσαν ἢ ΒΓ ἢ τῇ ἐπ' 
εὐθείας αὐτῇ, καὶ ποιείτω τομὴν E τῇ ἐπιφανείᾳ 
τοῦ κώνου τὴν AZE* κοινὴ δὴ τομὴ τοῦ τέμνοντος 
ἐπιπέδου καὶ τοῦ ΑΒΓ τριγώνου ἢ ΖΗ. καὶ 
20 
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triangle and, if produced to the other part of the section, 
will be bisected by its if the cone be right, the straight line 
ἐπὶ the base will be perpendicular to the common section of 





the cutting plane and the axial triangle; bud if it be sea- 
lene, tt weil! not in general be perpendicular, but only when 
the plane through the axis is perpendicular to the base of 

Let there be a cone whose vertex is the point A and 
whose base is the circle BI’, and let it be cut by a 





plane through the axis, and let the section so made 
be the triangle ABT’. Now let it be cut by another 
plane cutting the plane containing the circle BI ina 
straight line AE which is cither perpendicular to ΒΓ 
or to ΒΓ produced, and let the section made on the 
surface of the cone be AZE*: then the common 
section of the cutting plane and of the triangle ΑΒΓ 


Ὁ This applies only to the first two of the figures given In 
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εἰληῴθω τε σημεῖον ἐπὶ τῆς ΔΖΕ τομῆς τὸ ©, 

καὶ ἤχθω διὰ τοῦ O τῇ AE παράλληλος ἡ OK. 

λέγω, ὅτι ἡ OK συμβαλεῖ τῇ ZH καὶ ἐκβαλλο-. 

μένη ἕως τοῦ ἑτέρου μέρους τῆς ΔΖΕ τομῆς δίχα 
hard ZH εὐθεῖς. 


ἕως τοῦ ἑτέρου μέρους τῆς ἐπιφανείας δίχα τμηθή- 


υ καὶ τοῦ ABD τριγώνου. κοινὴ 
δὲ τομῇ ἐστι τῶν ἐπιπέδων ἡ ΖΗ: ἡ dpa διὰ τοῦ 
Θ τῇ ἃ 


Ἤτοι δὴ ὁ κῶνος ὀρθός ἐστιν, ἢ τὸ διὰ τοῦ 
ἄξονος τρίγωνον τὸ ABI ὀρθόν ἐστι πρὸς τὸν BT 
κύκλον, ἢ οὐδέτερον. 

Ἕστω πρότερον 0 κῶνος ὄρθάς" εἴη ay οὖν καὶ 
τὸ ABD τρίγωνον ὀρθὰν πρὸς τὸν BD κύκλον. 
ἐπεὶ οὖν ἐπίπεδον τὸ ABT πρὸς ἐπίπεδον τὸ BT 
ὀρθόν ἐστι, καὶ τῇ rl αὐτῶν τομῇ τῇ ΒΓ ἐν 
evi τῶν ἐπιπέδων τῷ ΒΓ πρὸς ὀρθὰς ἥκται ἡ AE, 
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is ZH. Let any point © be taken on AZE, and 
through © let ORK be drawn parallel to AE. I say 
that OK intersects ZH and, if produced to the other 
part of the section AZE, it will be bisected by the 
straight line ΖΗ. 

For since the cone, whose vertex is the point A and 
base the circle BI’, is cut by a plane through the axis 
and the section so made is the triangle ABT’, and 
there has been taken any point θ᾽ on the surface, not 
being on a side of the triangle ABT’, and AH is per- 
pendicular to BI’, therefore the straight line drawn 
through © parallel to AH, that is 6K, will meet the 
triangle ABT and, if produced to the other part of the 
surface, will be bisected by the triangle [Prop. 6]. 
Therefore, since the straight line drawn through Ε) 
parallel to AE meets the triangle ABT and is in the 
plane containing the section AZE, it will fall upon the 
common section of the cutting plane and the triangle 
ABP, But the common section of those planes is ZH ; 
therefore the straight line drawn through 6 parallel 
to AE will meet 4H; and if it be produced to the 
other part of the section AZE it will be bisected by 
the straight line 2H. 

Now the cone is right, or the axial triangle ABT is 
perpendicular to the circle BI’, or neither. 

First, let the cone be right ; then the triangle ABT’ 
will be perpendicular to the circle ΒΓ (Def. 3; Ἐπ]. 
xi. 18). Then since the plane ABI is perpendicular 
to the plane BI’, and AE is drawn in one of the planes 
perpendicular to their common section BT’, therefore 
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ἡ AE apa τῷ ΑΒΓ τριγώνῳ ἐστὶ ee ὀρθάς" καὶ 
πρὸς πάσας ἄρα τὰς ἁπτομένας αὐτῆς εὐθείας 
καὶ οὔσας ἐν τῷ ΑΒΓ τριγώνῳ, ΤΡ ἐστιν. ὥστε 
καὶ πρὸς τὴν ΖΗ ἐστι πρὸς. 

Μὴ ἔστω δὴ ὅ κῶνος ὀρθός. εἰ μέν οὖν τὸ διὰ 
τοῦ ἄξονος τρίγωνον ὀρθόν ἐστι πρὸς τὸν ΒΡ 
κύκλον, ὁμοίως δείξομεν, ὅτι καὶ ἡ AE τῇ ZH 
ἐστι πρὸς ὀρθάς. μὴ ἔστω δὴ τὸ διὰ τοῦ άξονο; 
τρίγωνον τὸ ΑΒΓ ὁ ἂν πρὸς τὸν ΒΡ Ke 
λέγω, ὅτι οὐδὲ ἡ Δ τῇ H ἐστι πρὸς ἀρϑάς. 
εἰ γὰρ Suvardv, ἔστω" ἔστι δὲ καὶ 7: BI" πρὸς 
ὀρθάς" ἡ ἄρα AE ἑκατέρᾳ τῶν ΒΓ, ΔῊ ἐστι πρὸς 
ὀρθάς. καὶ τῷ διὰ τῶν BI’, ZH emimédw. ἄρα 
πρὸς ὀρθάς ἐστι. τὸ δὲ διὰ τῶν ΒΓ, HZ ἀπο 
πεδὸν ἐστι τὸ ΑΒΓ’ καὶ ἡ ΔΕ dpa τῷ ΑΒΓ _ Tp 
γώνῳ ἐστὶ πρὸς ἀρθάς. καὶ πάντα ἄρα τὰ δι' 
αὐτῆς ἐπίπεδα τῷ ΑΒΓ' τριγώνῳ ἐστὶ πρὸς ὀρθάς. 

ἕν δέ τι τῶν διὰ τῆς ΔΕ ἐπιπέδων ἐστὶν o BI 
Eaae o Br ἄρα κύκλος “πρὸς ὀρθάς ἐστι τῷ 
ΑΒΓ τριγώνῳ. wore καὶ τὸ ABP ; τρίγωνον ἀρβὸν 
ἔσται πρὸς τὸν ΒΓ κύκλον" ὅπερ οὐ ὑπόκειται. 
οὐκ ἄρα ἡ ΔΕ τῇ ΖΗ ἐστι πρὸς ὀρθάς. 





Πόρισμα 
"Ex δὴ τούτου φανερόν, ὅ ὅτι τῆς ΔΖΕ τομῆς διά- 
ory ἐστιν ἡ ΔΗ, ἐπείπερ τὰς ἀγομένας παραλ- 
δήλους εὐθείᾳ τινὶ τῇ AE diya τέμνει, καὶ ὅτι 
δυνατὸν ἔστιν ὑπὸ τῆς διαμέτρου τῆς ΔῊ παραλ- 
λήλους τινὰς δίχα τέμνεσθαι καὶ μὴ πρὸς ὀρθάς. 


# 


Ἐὰν κῶνος ἐπιπέδῳ τμηθῇ διὰ τοῦ ἄξονος, 
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AE is ndicular to the triangle ABT" [Euel. xi. 
Def. ἧι and therefore it is perpendicular to all 
the straight lines in the triangle ABI which meet 
it a xi. Def. $]. Therefore it is perpendicular 
to 4A. 

Now let the cone be not right. Then, if the axial 
triangle is perpendicular to the circle BI, we may 
similarly show that AE is perpendicular to ZH. Now 
let the axial triangle ABT be not perpendicular to the 
circle ΗΓ. I say that neither is AE perpendicular to 
4H. For if it is possible, let it be; now it is also 
perpendicular to BT; therefore AE is perpendicular 
to both BI’, ΔΗ. And therefore it is perpendicular to 
the plane through ΒΓ, ZH [Euel. xi. 4. But the 
plane through ΒΓ, HZ is ABI’; and therefore AE is 
perpendicular to the triangle ABT, Therefore all the 
planes through it are perpendicular to the triangle 
ΑΒΓ [Euel. xi. δι But one of the planes through 
AE is the circle BI’; therefore the circle BT is per- 
pendicular to the triangle ABT. Therefore the 
triangle ABT’ is perpendicular to the cirele BP; which 
is contrary to ἐλ date Therefore AE is not 
perpendicular to ΖΗ. 


Corollary 
From this it is clear that ZH is a diameter of the 
section AZE [Def. 4], inasmuch as it bisects the 
straight lines drawn parallel to the given straight 
line GE, and also that parallels can be bisected by 
the diameter ZH without being perpendicular to it. 


Prop. 8 
[fa cone be cut by a plane through the axis, and it be 
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τ δὲ καὶ ἑτέρῳ ἐπιπέδῳ τέμνοντι τὴν βάσιν τιν 
Ἴ Adee Kar εὐθεῖαν πρὸς ὀρθὰς οὖσαν τῇ βάσει 
τοῦ διὰ τοῦ ἄξονος τριγώνου, ἡ δὲ διάμετρος τῆς 
γινομένης ἐν τῇ ἐπυφανείᾳ τομῆς ἤτοι παρὰ pou 
τῶν τοῦ τριγιόνου πλευρῶν ἢ 7} συμπίπτῃ αὐτῇ 
ἐκτὸς τῆς “κορυφῆς τοῦ κώνου, προσεκβάλληται 
ἐ ἢ τε τοῦ κώνου ἐπ ela καὶ τὸ τέμνον ἐπί- 
πεῦον εἰς ἄπειρον, καὶ ἡ τομὴ εἰς ἄπειρον αὐξηθή- 
σεται, καὶ ἀπὸ τῆς διαμέτρου τῆς τομῆς πρὸς τῇ 
κορυφῇ πάσῃ τῇ δοθείσῃ εὐθείᾳ ἴ ἴσην ἀπολήψεταί 
τις εὐθεῖα ἀγομένη απὸ τῆς τοῦ κώνου τομῆς 
παρὰ τὴν ἐν τῇ βάσει τοῦ κώνου εὐθεῖαν. 
» κῶνος, οὗ κορυφὴ μὲν τὸ A σημεῖον, 


βάσις δὲ ὁ BI κύκλος, καὶ Fiesta ἐπιπέδω 





διὰ τοῦ ἄξονος, καὶ ποιείτω τομὴν τὸ ABT τρί- 
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also cut hy another plane cutting the base of the cone in a 
line perpendicular to the base of the axial triangle, and if 
the diameter of the section made on the surface be either 
parallel to one of the sides of the triangle or meet it beyond 
the verter of the cone, and if the surface of the cone and 
the cutting plane be produced to infinity, the section will 
also increase to infinity, and a straight line can be drarn 
from the section of the cone parallel to the straight line tn 
the hase of the cone so as to cut off from the diameter 
of the section towards the vertex an intercept equal to any 
given straight line. 

Let there be a cone whose vertex is the point A and 
base the circle BI’, and let it be cut by a plane through 
the axis, and let the section so made be the triangle 
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γώνον δὲ καὶ ἑτέρῳ ἐπιπέδω τέμνοντι 
τὸν Bt mel Kar εὐθεῖαν τ' ν ΔΕ eae sce 


ἔραν eer αὐτῇ ἀκτὰς τοῦ Hy sme saat 


ἐὰν ἢ τε τοῦ κώνου ἐπιφάνεια καὶ τὸ 


ἐπίπεδον ἐκβάλληται. εἰς ἄπειρον, καὶ ἡ 


Η μέρη οὐδέποτε 
συμπεσοῦνται. ἐκβεβλήσθωσαν οὖν, καὶ εἰλήφθω 
@ eyeion τῇ ne BI Holos ἠχῶν ἡ KA 
Auihsgrees τῇ μὲν ΒΓ παράλληλος ἤχθω Λ 
ΔῈ παράλληλος ν ΜΘΝ: τὸ ἄρα ὦ τῶν 

te ἐπίπεδον παραλληλόν ἐ ἔστι τῷ διὰ τῶν 

ae, AE. κύκλος dpa ἐστὶ τὸ KAMN ἐπίπεδον. 
iva A, E, M, N σημεῖα ἐν τῷ τέμνοντί 

ἐστιν ἐπιπέδῳ, ἔστι δὲ καὶ ὦ τῇ ἐπιβανείς τοῦ 


κώνου, ἐπὶ τῆς κοινῆς dpa τομῆς ἐστιν" ee 
ἄρα ἡ ΔΖΕ μέχρι τῶν ΜΙΝ σημείων. 
ἄρα τῆς ἐπιφανείας τοῦ κώνου καὶ Biri τέμνοντος 
ἐπιπέδου μέχρι τοῦ KAMN κύκλου ηὔξηται καὶ 
Ε τομὴ μέχρι τῶν M, N σημείων. ὑμοίως 
1 δείξομεν, ὅτι wal, ἐὰν εἰς ἄπειρον ἐκβάλλ 
i Te τοῦ κώνου ἐπιφάνεια καὶ TO τέμνον ἐπίπ 


καὶ ἡ ΜΔΖΕΝ τομὴ εἰς ἄπειρον αὐξηθήσεται, 
Kai dave 


Nps heey ards ated 
us 
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ABD ; now let it be cut by another plane cutting the 
cdrele BD in the straight line AE perpendicular to HI, 
and let the seetion made on the surface be the curve 
AAE; let 4H, the diameter of the section AZE, be 
cither parallel to AT or let it, when produced, meet 
AD beyond the point A. [say that if the surface of 
the cone and the cutting plane be produced to infinity, 
the section 4ZE will also increase to infinity. 

For let the surface of the cone and the cutting plane 
be produced ; it is clear that the straight lines, AB, 
AD, ΖΗ are simultaneously produced. Since ZH is 
cither parallel to AT or meets it, when produced, 
beyond the point A, therefore ZH, AT’ when produced 
in the directions H, Τ᾽, will never meet. Let them be 
produced accordingly, and let there be taken any 
point © at random upon ZH, and through the point © 
let KOA be drawn parallel to ΒΓ, ent let MGN be 
drawn parallel to AE; the plane through ΚΑ, MN 
is therefore parallel to the plane through ΒΓ, AE 
[Euel. xi. 15}. Therefore the plane KAMN is a circle 
[Prop. 4]. And since the points ἃ, E, M,N are in the 
eutting plane, and are also on the surface of the cone, 
they are therefore upon the common section ; there- 
fore AZE has increased to M, N. Therefore, when 
the surface of the cone and the cutting plane increase 
up to the cirele RAMN, the section AZE increases up 
to the points M,N, Similarly we may prove that, if 
the surface of the cone and the eutting plane be 
produced to infinity, the section MAZEN will increase 
to infinity, 

And it is clear that there can be cut off from the 
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ἀπολήψεταί τις ἀπὸ τῆς ZO εὐθείας πρὸς τῷ Z 
σημείῳ. ἐὰν γὰρ τῇ δοθείσῃ ἴσην θῶμεν τὴν ΖΞ 
καὶ τοῦ SB τῇ AE ἔλληλον ἀγάγωμεν, 
συμπεσεῖται τῇ τομῇ, ὥσπερ καὶ ἡ διὰ τοῦ Ὁ 
ἀπεδείχθη συμπίπτουσα τῇ τομῇ κατὰ τὰ ΜΙΝ 
σημεῖα" ὥστε dyeral τις εὐθεῖα συμπίπτουσα τῇ 
τομῇ παράλληλος οὖσα τῇ ΔΕ ἀπολαμβάνουσα 
ἀπὸ τῆς ΔῊ εὐθεῖαν ἴσην τῇ δοθείσῃ πρὸς τῷ Z 
σημείῳ. ἧς 


᾿Ἐὰν κῶνος ἐπιπέδῳ τμηθῇ συμπίπτοντι μὲν 
ἑκατέρᾳ πλευρᾷ τοῦ διὰ τοῦ ἄξονος τριγώνου, 
μήγε δὲ mapa τὴν βάσιν ἡγμένῳ μήτε ὑπενοννίως 
ἡ τομὴ οὐκ ἔσται κύκλος. 


“Ἕστω᾽ κῶνος, οὗ κορυφὴ μὲν τὸ Α σημεῖον, 






βάσις δὲ ὁ ΒΓ νύκλος, καὶ τετμήσθω ἐπιπέδῳ 


APOLLONIUS OF PERGA 

straizht line ZO in the direction of the point Ζ an 
intercept equal to any given straight line. For if we 
place ΖΞ equal to the given straight line and through 
= draw a parallel to AE, it will meet the section, just 
as the parallel through 0 was shown to meet the 
section at the points M, N; therefore a straight line 
parallel to AE has been drawn to meet the section so 
as to cut off from ZH in the direction of the point vA 
an intercept equal to the given straight line. 


Prop. 9 
Tf a cone be cut by a plane meeting either side of the 
axial triangle, but neither parallel to the base nor suls- 
contrary," the section rill not be a circle. 
Let there be a cone whose vertex is the point A 
and base the circle BI’, and let it be cut by a plane 
neither parallel to the base nor subcontrary, and let 


* In the figure of this theorem, the section of the cone by 
the plane AE would be a subcontrary rection {ὑπεναντία top) 
if the triangle AAE were similar to the triangle ABT’, but ina 
contrary sense, i.¢., if angle AAE=angle ΑΓΒ, Apollonius 
proves in i, 4 that subcontrary sections of the cone are circles ; 
it was proved in i. 4 that all sections parallel to the base are 
sacle: 
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ἐναντίως, καὶ ποιείτω τομὴν ἐν τῇ ἐπιφανείᾳ τὴν 
AKE γραμμήν. λέγω, ὅτι ἡ AK 


Et yap δυνατόν, ἔστω, καὶ συμπιπτέτω τὸ 
τέμνον ἐπίπεδον τῇ βάσει, καὶ ἔστω τῶν ἐπιπέδων 
κοινὴ τομὴ ἡ ΔΗ, τὸ δὲ κέντρον τοῦ ΒΓ κύκλου 
ἔστω τὸ ©, καὶ ἀπ᾿ αὐτοῦ κάθετος ἤχθω ἐπὶ τὴν 
2Ὴ ἡ ΘΗ, καὶ ἐκβεβλήσθω διὰ τῆς HO καὶ τοῦ 
ἄξονος ἐπίπεδον καὶ ποιείτω τομὰς ἐν τῇ κωνικῇ 


ἐπιφανείᾳ τὰς BA, AT εὐθείας. ἐπεὶ οὖν τὰ Δ, 


μετρὸς ἔστι τοῦ AKA κύκλου. ἤχθω Sh Sia 
τοῦ M τῇ BI" παράλληλος ἡ ΝΜΞ' ἔστι δὲ καὶ 
ἡ ΚΛ τῇ ZH παράλληλος" ὥστε τὸ διὰ τῶν ΝΞ, 
ΚΜ ἐπίπεδον παράλληλόν ἔστε τῷ διὰ τῶν ΒΓ, 


ΚΜ: κύκλος γὰρ ὑπόκειται ἡ AKEA γραμμή, καὶ 
διάμετρος αὐτοῦ ἡ ἃ τὸ dpa ὑπὸ τῶν 
NM= ἴσον ἐστὶ τῷ ὑπὸ AME. ἔστιν dpa ὡς ἡ 


ἐστὶ τὸ AMN τρίγωνον τῷ EME τριγώνῳ, καὶ ἢ 
ὑπὸ ANM γωνία ἴση ἐστὶ τῇ ὑπὸ MEE. ἀλλὰ 
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the section so made on the surface be the curve AKE. 
I say that the curve AKE will not be a circle. 

For, if possible, let it be, and let the cutting plane 
meet the base, and let the common section of the 
planes be ZH, and let the centre of the circle BI be 6, 
and from it let QOH be drawn perpendicular to ZH, 
and let the plane through HO and the axis be pro- 
duced, and let the sections made on the conical sur- 
face be the straight lines BA, AT. Then since the 
points 4, E, H are in the plane through AKE, and are 
also in the plane through A, B, I’, therefore the points 
4, E, H are on the common section of the planes ; 
therefore HEA isa straight line [Eucl. xi. 3]. Now 
let there be taken any point K on the curve AKE, and 
through K let KA be drawn parallel to ZH ; then 
KM will be equal to MA [Prop. 7]. Therefore AE is a 
diameter of the cirele AKEA [Prop. 7, coroll.], Now 
let NM= be drawn through M parallel to ΒΓ ; but 
KA is parallel to ZH; therefore the plane through 
NE, KM is parallel to the plane through BI, ZH 
[Euel. xi. 15], that is to the base, and the section will 
bea circle [Prop. 4]. Letitbe NKE. And since ZH 
is perpendicular to BH, KM is also perpendicular to 
NE [Eucl. xi. 10]; therefore NM.M==KM* But 
AM .ME=KM2; for the curve AKEA is by hypothesis 
a cirele, and AE is a diameter in it. Therefore 
NM.M=E=AM.ME. Therefore MN:MA=EM:ME, 
Therefore the triangle AMN is similar to the triangle 
EME, and the angle ANM is equal to the angle MEE. 
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(v.) Fundamental Properties 
Itid., Props. 11-14, Apoll. Perg. ed. Heiberg |. 36, 26-55, 7 


ἐβ 


a 

᾿Εὰν κῶνος ἐπιπέδιυ τμηθῇ διὰ τοῦ ἄξονος, 
τμηθῇ δὲ καὶ ἑτέρῳ ἐπιπέδῳ τέμνοντι τὴν βάσιν 
τοῦ κώνου κατ᾽ εὐθεῖαν πρὸς ὀρθὰς οὖσαν τῇ βάσει 
τοῦ διὰ τοῦ ἄξονος τριγώνου, ἔτι δὲ ἡ διάμετρος 
τῆς τομῆς παράλληλος ἡ μιᾷ πλευρᾷ τοῦ διὰ τοῦ 
ἱξονος τριγώνου, ἥτις av ἀπὸ τῆς τομῆς τοῦ κώνου 
παράλληλος ἀχθῇ τῇ κοινῇ τομῇ τοῦ τέμνοντος 
ἐπιπέδου καὶ τῆς βάσεως τοῦ κώνου μέχρι τῆς 
μέτρου τῆς τομῆς, δυνήσεται τὸ περιεχόμενον 
} τε τῆς ἀπολαμβανομένης ὑπ᾽ Gives. Get σὴν 
διαμέτρου πρὸς τῇ κορυφῇ τῆς τομῆς καὶ ἄλλης 
τινὸς εὐθείας, ἢ λόγον ἔχει πρὸς τὴν μεταξὺ τῆς 
τοῦ κώνου γωνίας καὶ τῆς κορυφῆς τῆς τομῆς, 
Gv τὸ τετράγωνον τὸ ἀπὸ τῆς βάσεως τοῦ διὰ τοῦ 
ἄξονος τριγώνου πρὸς τὸ περιεχόμενον ὑπὸ τῶν 
λοιπῶν τοῦ τριγώνου ΟΝ πλευρῶν: καλείσθω δὲ 
ἢ τοιαύτη τομὴ : 

"Ἕστω SSL δὲ ἐδ Α σημεῖον κορυφή, βάσις 
δὲ 6 ΒΓ κιίλος, καὶ τετμήσθω ἐπιπέδῳ διὰ τοῦ 
ἄξονος, καὶ ποιείτω τομὴν τὸ ABI τρίγωνον, 
τετμήσθω δὲ καὶ ἑτέρῳ ἐπιπέδῳ τέμνοντι τὴν 

σιν τοῦ κώνου war’ εὐθεῖαν τὴν ΔῈ πρὸς opllas 
S04 
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But the angle ANM is equal to the angle ABI; for 
NE is parallel to BI’; and therefore the angle ABI" 
is equal to the angle MES. Therefore the section 
is subecontrary [Prop. 5]; which is contrary to hypo- 
thesis, Therefore the curve AKE is not a circle. 


(v.) Fuadamental Properties 
ibid, Props, 11-14, Apoll, Perg, ed. Heiberg 1. 36. 26-58. 7 


Prop. 11 


_ Let a cone be cut by a plane through the axis, and let it 
be also cut by another plane cutting the base of the cone 
m a straight line perpendicular to the base of the axial 
triangle, and further let the diameter of the section be 
parallel to one side of the axial triangle; then if any 
straight line be drawn from the section of the cone parallel 
to the common section of the cutting plane and the base of 
the cone as far as the diameter of the section, its square 
will be equal to the rectangle bounded by the intercept 
made by it on the diameter in the direction of the vertex 
of the section and a certain other straight line; this 
straight line wll bear the same ratio to the intercept 
between the angle of the cone and the vertex of the segment 
as the square on the base of the axial triangle bears to 
the rectangle bounded by the remaining two sides of the 
friangle; and let swch a section be called a parabola. 

For let there be a cone whose vertex is the point A 
and whose base is the circle BI’, and let it be cut by 
a plane through the axis, and let the section so made 
be the triangle ABI’, and let it be cut by another 
plane cutting the base of the cone in the straight line 
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οὖσαν τῇ BI, καὶ ποιείτω τομὴν ἐν τῇ ἐπιφανείᾳ 
τοῦ κώνου τὴν ΔΖΕ, ἡ δὲ διάμετρος τῆς τομῆς 
ἡ ZH παράλληλος ἔστω μιᾷ πλευρᾷ τοῦ διὰ τοῦ 
ἄξονος τριγώνου τῇ Al’, καὶ dae τοῦ Ζ σημείου 
τῇ ΔῊ εὐθείᾳ πρὸς ὀρθὰς ἤχθω ἡ ZO), καὶ πε- 
ποιήσθω, ὡς τὸ ἀπὸ ΒΓ πρὸς τὸ ὑπὸ BAL, οὕτως 
ἡ £0 πρὸς ZA, καὶ εἰλήφθω τι σημεῖον ἐπὶ τῆς 
τομῆς τυχὸν τὸ K, καὶ διὰ τοῦ K τῇ AE παράλ- 
τῷ ὑπὸ τῶν OZA, 

"Ἤχθω γὰρ διὰ τοῦ A τῇ ΒΓ παράλληλος ἡ 
MN- ἔστι δὲ καὶ ἡ ΚΛ τῇ ΔΕ παράλληλ 
ἄρα διὰ τῶν ΚΑ, ΜΝ ἐπίπεδον mapdMa\bv @ ἐστι 
τῷ διὰ τῶν BI, AE ἐπιπέδῳ, τοντέστι τῇ βάσει 
τοῦ κώνον. τὸ ἄρα διὰ τῶν KA, ΜΝ ἐπίπεδον 
κάθετος ἐπὶ τὴν MN ἡ KA, ἐπεὶ καὶ ἡ ΔῈ ἐπὶ 
τὴν BY: τὸ dpa ὑπὸ τῶν MAN ἴσον ἐστὶ τῷ ἀπὸ 
τῆς ΚΑ. καὶ ἐπεί ἐστιν, ὡς τὸ ἀπὸ τῆς ΒΓ πρὸς 
τὸ ὑπὸ τῶν BAI, οὕτως ἡ ΘΖ πρὸς ΖΑ, τὸ Be 
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ΔΕ; σαν to BI", and let the section so made 

ha tasfuae of ‘thertus be AZE, and let ZH, the 
ἀμ ΔΩΥ nf the eeekion: he parallel to AT’, one side of 
the axial triangle, and from the delat Κὶ let 20 be 
drawn icular to ZH, and let BI?:BA. AT 
20:2 sand let any point Med taken ab renciom) 20 
the section, and throu it ΚΑ be drawn parallel 
toAE. Isa <i linet raid 

ΜΙ 


For let be drawn through ἃ parallel to ΒΓ; 
but ΚΑ is parallel to AE ; om the plane through 





ΚΑ, MN jis parallel to the plane through ΒΓ, AE 

[Back x ui. 15), that is to the base of the cone. There- 
δ through ΚΑ, MN is a circle, whose 

tinker ts MN [Prap. 4]. And KA is ndicalar 

to MN, since AE is perpendicular to BI’ [Euel. xi. 10]; 

therefore MA.AN=KA*® 

And since BI"; BA. AD «ΘΖ : ΖΑ, 
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ἀπὸ τῆς BI’ πρὸς τὸ ὑπὸ τῶν BAT λόγον ἔχει 
τὸν συγκείμενον ἔκ τε τοῦ, ὃν ἔχει ἡ ΒΓ πρὸς ΓᾺ 
καὶ ἡ ΒΓ πρὸς BA, ὁ ἄρα τῆς OZ πρὸς ZA λόγος 
ὄγκειται ἐκ τοῦ τῆς BI" πρὸς [A καὶ τοῦ τῆς 
ΓΒ πρὸς ΒΑ. ἀλλ᾽ ὡς μὲν ἡ ΒΓ πρὸς ΓΑ, οὕτως 
i MN πρὸς NA, τουτέστιν ἡ MA πρὸς AZ, ὡς 
ε ἡ ΒΓ πρὸς ΒΑ, οὕτως ἡ ΜΝ πρὸς MA, του- 
τέστιν ἡ AM πρὸς MZ, καὶ λοιπὴ ἡ NA πρὸς ZA. 
ὁ dpa τῆς OZ πρὸς ZA λύγος σύγκειται dx τοῦ 
ns MA πρὸς AZ καὶ τοῦ τῆς ΝᾺ πρὸς ΖΑ. ὁ 
δὲ συγκείμενος λόγος ἐκ τοῦ τῆς MA πρὸς AZ 
καὶ τοῦ τῆς AN πρὸς ZA ὃ τοῦ ὑπὸ MAN ἐστι 
πρὸς τὸ ὑπὸ AZA. ὡς ἄρα ἡ ΘΖ πρὸς ZA, οὕτως 
τὸ ὑπὸ MAN πρὸς τὸ ὑπὸ AZA. ὡς δὲ ἡ OZ 
πρὸς ZA, τῆς ZN κοινοῦ ὕψους λαμβανομένης 
οὕτως τὸ ὑπὸ OZA πρὸς τὸ ὑπὸ AZA- ὡς ἄρα 
τὸ ὑπὸ MAN πρὸς τὸ ὑπὸ AZA, οὕτως τὸ ὑπὸ 
QZA πρὸς τὸ ὑπὸ AZA. ἴσον apa ἐστὶ τὸ ὑπὸ 
MAN τῷ ὑπὸ OZA. τὸ δὲ ὑπὸ MAN ἴσον ἐστὶ 
τῷ ἀπὸ τῆς ΚΛ' καὶ τὸ ἀπὸ τῆς KA ἄρα ἴσον 
ἐστὶ τῷ ὑπὸ τῶν ΘΖΛ. ἐν 
᾿Καλείσθω δὲ ἡ μὲν τοιαύτη τομὴ παραβολή, ἡ 
δὲ OZ παρ᾽ ἣν δύνανται αἱ καταγόμεναι TeTay- 


μένως ἐπὶ τὴν ZH διάμετρον, καλείσθω δὲ καὶ 
ὀρθία, 


ἼΝ 


Ἔν κῶνος ἐπιπέδῳ τμηθῇ διὰ τοῦ ἄξονος, 
τμηθῇ δὲ καὶ ἑτέρῳ ἐπιπέδῳ τέμνοντι τὴν βάσιν 





* A parabola {παραβολή because the squar the ordinat 
KA bs applied ἐπαραβαλεῖν) to the parameter OZ in the Kaen 
S08 


APOLLONIUS OF PERGA 


while ΒΓΕ BA. AT (ΒΓ PAB : BA), 
therefore 64: ZA {ΒΓ : TAS : BA). 
But Br: TA=MN:NA 

=MA: AZ, [Euel. vi.4 
and Br: BA= MN ; MA 


=AM:MZ [ibid 
=NA : ZA. [Euel. vi.2 


Therefore ΘΖ :ZA=(MA:AZ\NA :ZA\). 
But (MA :AZ(AN:ZA)=MA.AN: AZ. ZA, 
Therefore ΘΖ: ZAmMA.AN + AZ. ZA, 
But OZ :ZA=02 .ZA +: AZ. ZA, 


by taking a common height 4A; 
therefore MA. AN: AZ.ZA=02.2A:A2Z. ZA, 


Therefore MA. ΔΝ «ΘΖ. ΖΔ. (Euel. vy. 9 
But MA.AN=KA®; 
and therefore RAt={6027 , ZA, 


Let such a section be called a parabola, and let OZ 
be called the parameter of the ordinates to the dia- 
meter ZH, and let it also be called the erect side (loins 
rectum).* 

Pop 12 

Let a cone be cut ὃ through the axis, and let 
it be cut by another ἐς fed poe cutting the the his of the cone in 
of the rectangle OZ. ZA, and is exactly equal to this 
rectangle. It was Apollonins’s most distinctive achievement 
Pyihagonst theory ot the uppatoution of Gress (amedont sce 

e ication of areas i 
tation for which τς vol. i pp. 186-215. The exp saan 
of the term fafus rectum 1 Tecdese σεν Obiae tac the 
eases of the hyperbola and the ellipse; τὶ infra, p. 317 π᾿ a. 


GREEK MATHEMATICS 


τοῦ κώνου κατ᾽ εὐθεῖαν πρὸς ὀρθὰς οὖσαν τῇ βάσει 
τοῦ διὰ τοῦ ἄξονος τριγώνου, καὶ ἡ διάμετρος τῆς 
τομῆς ἐκβαλλομένη συμπίπτῃ μιᾷ πλευρᾷ τοῦ 
Gia τοῦ ἄξονος τριγεύνου ἐκτὸς τῆς τοῦ κώνου 
κορυφῆς, ἥτις ἂν ἀπὸ τῆς τομῆς d ἢ παράλληλος 
Τῇ κοινῇ τομῇ τοῦ τέμνοντος ἐπιπέδου καὶ τῆς 

is τοῦ κώνου, ἕως τῆς διαμέτρου τῆς τομῆς 

νήσεταί τι χωρίον παρακείμενον Tapa τινὰ 
εὐθεῖαν, πρὸς ἣν λόγον ἔχει ἡ ἐπ᾽ εὐθείας μὲν οὖσα 
τῇ διαμέτρῳ τῆς τομῆς, ὑποτείνουσα δὲ τὴν ἐκτὸς 
τοῦ τριγώνου γωνίαν, Gv τὸ τετράγωνον τὸ ἀπὸ 
τῆς ἡγμένης ἀπὸ τῆς κορυφῆς τοῦ κώνου παρὰ 
τὴν διάμετρον τῆς τομῆς ἕως τῆς βάσεως τοῦ 
τριγώνου πρὸς τὸ περιεχόμενον ὑπὸ τῶν τῆς 
ae τμημάτων, ὧν ποιεῖ ἡ ἀχθεῖσα, πλάτος 
ἔχον τὴν ἀπολαμβανομένην ta’ αὐτῆς ἀπὸ τῆς 
διαμέτρου πρὸς τῇ κορυφῇ τῆς τομῆς, ὑπερβάλλον 
εἴδει ὁμοίῳ τε καὶ ὁμοίως κειμένῳ τι περιεχο- 
μένῳ tard τε τῆς ὑποτεινούσης oy ἐκτὸς γωνίαν 
τοῦ τριγώνου καὶ τῆς wap’ ἣν δύνανται αἱ κατο 
ἀγόμεναι" καλείσθω δὲ ἡ τοιαύτη τομὴ ὑπερβολή. 
“στὰ κῶνος, οὗ κορυφὴ μὲν τὸ A σημεῖον, 
βάσις δὲ ὅ ΒΓ κιίκλος, καὶ τετμήσθω ἐπιπέδω 
διὰ τοῦ ἄξονος, καὶ ποιείτω τομὴν τὸ ABD τρί- 
γώνον, τετμήσθω δὲ καὶ ἑτέρῳ ἐπιπέδῳ τέμνοντι 
τὴν βάσιν τοῦ κώνου Kar’ εὐθεῖαν τὴν ἃ πρὸς 
apfas οὖσαν τῇ BI βάσει τοῦ ABT τριγώνου, 
καὶ ποιείτω τομὴν ἐν τῇ ἐπιφανείᾳ τοῦ κώνου ἣν 
ΔΖΕ γραμμήν, ἡ δὲ διάμετρος τῆς τομῆς ἡ ΖΗ 
ἐκ μένη τος μιᾷ πλευρᾷ τοῦ ΑΒΓ 
τριγώνου τῇ ΑΤ' ἐκτὸς τῆς τοῦ κώνου Kopuda 
ad τὸ Θ, καὶ διὰ τοῦ A τῇ διαμέτρω τῆς ΠΕ 
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a straight line perpendicular to the base of the axtal 
triangle, and let the diameter of the section, μον gf 
d soupy ceca ὉΡ᾿ ἐδε δια! Ghar re gee the 
veriex of the cone; then if any straight line be drawn 
from the section of the cone parallel to the common section 
ted aes 8 Sas and the base of the cone as far as the 
diameter of the section, tls square will be equal to the area 
applied to a certain straight line; Uus line ts such that the 
straight line subtending the external angle of the triangle, 
lying in the same straight line with the diameter of the 
section, will hear to if the same ratio as the square on the 
line drawn from the vertex of the cone parallel to the dia- 
meter of the section as far as the base of the triangle 
hears ta the rectangle bounded by the segments of the base 
made by the line so dramn; the breadth of the applied 
igure mill he the intercept made by the ordinate on the 
diameter in the direction of the veriex of the section ; anil 
the applied figure will exceed by a figure similar and 
similarly situated to the rectangle bounded by the straight 
line subtending the external angle of the triangle and 
celta of the ordinates; and let swch a section be 
c a hyperbola, 

Let there be a cone whose vertex is the point A 
and whose base is the circle BI’, and let it be cut by 
a plane through the axis, and let the section so made 
be the triangle ABT, and let it be cut by another 
plane cutting the base of the cone in the straight line 
AE perpendicular to BI’, the base of the triangle ABI, 
and let the section so made on the surface of the cone 
be the curve AZE, and let ZH, the diameter of the 
section, when produced, meet AI’, one side of the 
triangle ΑΒΓ, beyond the vertex of the cone at 0, 
and ugh A let AK be drawn parallel to ΔΗ, the 
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τῇ ZH ἘαΛΌμοΣ. via AK, καὶ τεμνέτω τὴν 
Γ, καὶ ἀπὸ τοῦ Zhi πρὸς ὀρθὰς ἤχθω ἡ 





Θ 


“ZA, καὶ πεποι ἴσθω, ὡς τὸ ἀπὸ ΚΑ πρὸς τὸ ὑπὸ 
ΒΚΓ, οὕτως ἢ ZO) πρὸς τὴ se εἰλή θω Τι 
ἴον ἐπὶ τῆς τομῆς ὧν καὶ διά τοῦ 
Maa AE ai; nAos ἴχθω ἡ MN, διὰ δὲ roa N 
| te es ἡ Rog, wal ἐπιζευχϑεῖσα ἡ 

OA ἐκβεβλήσθω. ἐπὶ τὸ Ξ, καὶ διὰ τῶν A, 5 τῇ 
N παράλλῃ Aot 1 x αἱ AO, ell, λέγω, ὅτι 
ΤΙ δύνεται Τ ZS, a παράκειται παρὰ THY 
ZA, πλάτος ἔχον τὴν ZN, ὑπερβάλλον εἴδει τῷ 
AS ὁμοίῳ ὄντι τῷ ὑπὸ τῶν OZA. | 


"H διὰ οὔ N ΒΓ : 
PNY ee ala NM rf A western rel ἡ 
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diameter of the section, and Jet it cut BI’, and from 
4 let 4A be drawn perpendicular to ZH, and let 
RA?: ΒΚ, ἘΠ «70 : ΖΔ, and let there be taken at 
random any point M on the section, and through M 
let MN be drawn parallel to AE, and through N let 
NOE be drawn parallel to ZA, and let ΘᾺ be joined 
and produced to Ξ, and through A, =, let AO, EIT be 
drawn parallel to ZN. I say that the square on MN 
is ἜΘ ΠΑ] to ΖΞ, which is applied to the straight line 
“4, having ZN for its breadth, and exceeding by 
the figure AZ which is similar to the rectangle 
contained by 62, ZA, 

For let PN= be drawn through N parallel to BI’; 
but NM is parallel to AE ; therefore the plane through 
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ἄρα διὰ τῶν MN, PE ἐπίπεδον παράλληλόν ἐστι 


τῷ διὰ τῶν ΒΓ, AE, τουτέστι τῇ βάσει τοῦ κώνου. 
ἐὰν ἄρα ἐκβληθῇ τὸ διὰ τῶν MN, ΡΣ ἐπίπεδον, 
ἡ τομὴ κύκλος ἔσται, οὗ διάμετρος ἡ ῬΝΣ. καὶ 
ἔστιν ἐπ᾿ αὐτὴν κάθετος ἡ ΜΝ' τὸ ἄρα ὑπὸ τῶν 
PNE ἴσον ἐστὶ τῷ ἀπὸ τῆς ΜΝ, καὶ ἐπεί ἐστιν, 
ὡς τὸ ἀπὸ AK πρὸς τὸ ὑπὸ BRI, οὕτως ἡ ZO 
πρὸς GA, ὁ δὲ τοῦ ἀπὸ τῆς AK πρὸς τὸ ὑπὸ ΒΕΓ 
λόγος σύγκειται ἔκ τε τοῦ, ov ἔχει ἡ AK πρὸς KT 
καὶ ἡ AK πρὸς KB, καὶ 6 τῆς ZO ἄρα πρὸς ' 

ΖΑ λόγος σύγκειται ἐκ τοῦ, ὃν ἔχει ἡ AK πρὸς 
ΚΓ καὶ ἡ ΑΚ πρὸς ΚΒ. ἀλλ᾽ ὡς μὲν ἡ AK 
πρὸς KI, οὕτως ἡ OH πρὸς HI’, τουτέστιν ἡ ON 
πρὸς NX, ws δὲ ἡ AK πρὸς KB, οὕτως ἡ ΖΗ πρὸς 
HB, τουτέστιν ἡ ZN πρὸς NP. ὁ dpa τῆς ΘΖ 
πρὸς LA λόγος σύγκειται ἔκ τε τοῦ τῆς GN πρὸς 
ΝΣ καὶ τοῦ τῆς ZN πρὸς NP. o δὲ συγκείμενος 
λόγος ἐκ τοῦ τῆς ON πρὸς NXE καὶ τοῦ τῆς ZN 
πρὸς ΝΡ o τοῦ ὑπὸ τῶν ΟΝ ἐστι πρὸς τὸ ὑπὸ 
τῶν ΝΡ: καὶ ὡς dpa τὸ ὑπὸ τῶν ONZ πρὸς τὸ 
ὑπὸ τῶν ΝΡ οὕτως ἡ OAL πρὸς ZA, τουτέστιν 
ἘΝ πρὸς ΝΞ. ἀλλ᾽ ὡς ἡ ON πρὸς NE, τῆς 
ZN κοινοῦ ὕψους λαμβανομένης οὕτως τὸ ὑπὸ 
τῶν ΘΝΖ πρὸς τὸ ὑπὸ τῶν ZNSE. καὶ ὡς ἄρα 
τὸ ὑπὸ τῶν ONZ πρὸς τὸ ὑπὸ τῶν ENP, οὕτως 
apa ὑπὸ ENP ἴσον ἐστὶ τῷ ὑπὸ ENZ. τὸ δὲ 
ἀπὸ MN ἴσον ἐδείχθη τῷ ὑπὸ ΣΝΡ' καὶ τὸ ἀπὸ 
τῆς MN ἄρα ἴσον ἐστὶ τῷ ὑπὸ τῶν ΞΝΖ, τὸ δὲ 


ὑπὸ ἘΝΖ ἐστι τὸ EZ παραλληλόγραμμον. ἡ ἄρα 
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MN, ῬῈ is parallel to the plane through BI, AE 
[Euel. xi. 15], that is to the base of the cone. If, 
then, the plane through MN, ΡΣ be produced, the 
section will be a circle with diameter PNZ [Prop. 4]. 
And MN is perpendicular to it; therefore 


PN. N2= MNS, 
And since AK?:BK.Kr=Z6:ZA, 
while AK?: BK, KI'=(AK : KT\AK : KB), 
therefore 60 τ ΛΈ (ΑΚ : KWAK : KB). 
But AK : KT ΘΗ : ΗΓ, 
i.€., “ἘΝ: ΝΣ, [Eucel. vi. 4 
and ARK :KB=aZH : ΗΒ, 
ints, =ZN : NP. [ibhie. 
Therefore OZ :ZA=(ON : NIYZN : NP), 


But (ON : NZ\(ZN:NP)=ON.NZ:=EN.NP; 
and therefore 

GON .NZ:EN.NP={02:ZA 

Ξε ἡ : ΝΕ. [ἐῤία, 

But ON : NE=ON .NZ:ZN , NE, 
by taking a common height ZN. 
And therefore 

ON.NZ:2N.NP=ON .NZ:EN . NZ. 


Therefore ZN .NPeEN ΝΖ. [Encl ν᾿ ἢ 
But MN?=2N . NP, 

as Was proved ; 

and therefore MNI25N NZ, 


But the rectangle EN . NZ is the parallelogram ΞΖ. 
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MN δύναται τὸ EZ, 6 παράκειται παρὰ τὴν ZA, 
πλάτος ἔχον τὴν ZN, ὑπερβάλλον τῷ ΛΞ ὁμοίῳ 
ὄντι τῷ ὑπὸ τῶν ΘΖΛ. καλείσθω δὲ ἡ μὲν 

ταύτη τομὴ ὑπερβολή, ἡ δὲ AZ παρ᾽ ἣν δύνανται 
αἱ ἐπὶ τὴν ZH καταγόμεναι τεταγμένως" καλείσθω 
δὲ ἡ αὐτῇ καὶ ὀρθία, πλαγία δὲ ἡ ZO, 


vy” 

Ἐὰν κῶνος ἐπιπέδῳ τμηθῇ διὰ τοῦ ἄξονος, 
τμηθῇ δὲ καὶ ἑτέρῳ ἐπιπέδῳ συμπίπτοντι μὲν 
ἑκατέρᾳ πλευρᾷ τοῦ διὰ τοῦ ἄξονος τριγώνου, 
μήτε δὲ παρὰ τὴν βάσιν τοῦ κώνου ἠἡγμένῳ | ἦτε 
ὑπεναντίως, τὸ δὲ ἐπίπεδον, ἐν ᾧ ἔστιν ἡ Bos 
τοῦ κώνου, Kal τὸ τέμνον ἐπίπεδον συμπίπτῃ κατ᾽ 
εὐθεῖαν πρὸς ὀρθὰς οὖσαν ἤτοι τῇ βάσει τοῦ διὰ 
τοῦ ἄξονος τριγώνου ἢ τῇ ἐπ᾽ εὐρείας αὐτῇ, ἥτις 
ἄν ἀπὸ τῆς τομῆς τοῦ κώνου παράλληλος ἀχθῃ τῇ 
κοινῇ τομῇ τῶν ἐπιπέδων ἕως τῆς διαμέτρου τῆς 
τομῆς, δυνήσεταί τι χωρίον παρακείμενον παρά 
τινα εὐθεῖαν, πρὸς ἣν λόγον ἔχει ἡ διάμετρος τῆς 
τομῆς, OF τὸ τετράγωνον τὸ ἀπὸ τῆς ἡγμένης 
ἀπὸ τῆς κορυφῆς τοῦ κώνου παρὰ τὴν διάμετρον 

ἧς τομῆς ἕως τῆς βάσεως τοῦ τριγώνου πρὸς 
τὸ περιεχόμενον ὑπὸ τῶν ἀπολαμβανομένων ὑπ' 
αὐτῆς πρὸς ταῖς τοῦ τριγώνου εὐθείαις, πλάτος 
ἔχον τὴν ἀπολαμβανομένην ter’ αὐτῆς ἀπὸ τῆς 
διαμέτρου πρὸς τῇ κορυφῇ τῆς τομῆς, ἐλλεῖπον 
εἴδει ene Te καὶ arpa κειμένῳ τῷ περιεχο- 
μένῳ ὑπὸ τε τῆς διαμέτρου καὶ τῇς δ ἣν 
δύνανται" Kohls δὲ ἡ τοιαύτη ra Desks. 

Ἕστω κῶνος, οὗ κορυφὴ μὲν τὸ Α σημεῖον, 
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Therefore the square on MN is equal to ΞΖ, which 
is applied to ZA, having ZN for its breadth, and 
exceeding by AZ similar to the rectangle contained 
by 02, ZA. Let such a section be called a Ayperbola, 
let AZ be called the parameter to the ordinates to ZH ; 
and let this line be also called the erect wide (latus 
rectum), and ZO the transverse nde." 


Prop. 13 


Let a cone be cut by a plane through the axis, and let it be 
cut by another plane meeting each side of the azial triangle, 
being neither parallel to the base nor sees: aa let 
the plane containing the base of the cone meet the cuiting 
plane in a@ straight line perpendicular either to the base 
of the axial triangle or to the base produced; then if a 
straight line be drawn from any point of the section of the 
cone parallel to the common section of the planes as far 
as the diameter of the section, its square twill he equal to 
an area applied to a certain straight line; this line ws such 
that the diameter of the section will bear to it the same 
ratio as the square on the line drawn_from the vertex of the 
cone parallel to the diameter of the section as far as 
the base of the triangle bears to the rectangle contained 
by the intercepts made by it on the sides of the triangle; 
the breadth of the applied figure will he the intercept made 
by if om the diameter in the direction of the vertex of the 
section; and the applied figure will be deficient by a 
figure similar and similarly situated to the rectangle 
bounded by the diameter and the parameter; and let such 
a section be called an ellipse. 

Let there be a cone, whose vertex is the point A 

* The erect and transverse side, that is to say, of the figure 
{εἶδος} applied to the diameter. In the case of the parabola, 
the transverse side is infinite, 
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βάσις δὲ ὁ BI’ κύκλος, καὶ τετμήσθω ἐπιπέδω 
eee ἄξονος, καὶ ποιείτω re ΑΒΓ zpi- 
γώνον, τετμήσθω δὲ καὶ ἑτέρῳ ἐπιπέδω συμπί- 
πτοντὶ μὲν ἑκατέρᾳ πλευρᾷ τοῦ διὰ τοῦ ἄξονος 
τριγώνου, μήτε δὲ παραλλήλῳ τῇ βάσει τοῦ κώνου 
μήτε ὑπεναντίως ἡγμένῳ, καὶ ποιείτω τομὴν ἐν 
τῇ ἐπιφανείᾳ τοῦ κώνου τὴν ΔΕ γραμμήν" κοινὴ 





δὲ τομὴ τοῦ τέμνοντος ἐπιπέδου καὶ τοῦ, ἐν 

ἐστιν ἡ βάσις τοῦ κώνον, ἔστω ἡ ΔῊ πρὸς ὀρθὰς 
οὖσα τῇ BI", ἡ δὲ διάμετρος τῆς τομῆς ἔστω ἡ 
EA, καὶ ἀπὸ τοῦ E 265 ὀρθὰς ἤχθω ἡ EO, 





οὕτως ἡ ΔΕ πρὸς τὴν ΕΘ, καὶ εἰλήφθω τι σημεῖο : 
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and whose base is the circle BI’, and let it be cut by 
a plane through the axis, and let the section so made 
be the triangle ABI, and let it be cut by another 
plane meeting either side of the axial triangle, being 
drawn neither parallel to the base nor subeontrary, 
and let the section made on the surface of the cone 
be the curve AE; let the common:section of the 
cutting plane and of that containing the base of the 
cone be ZH, perpendicular to BI’, and let the diameter 
of the section be EA, and from E let ΕΘ be drawn 
perpendicular to EA, and through A let AK be drawn 
parallel to EA, and let AK? :; ΒΚ. ΚΓ =AE : E6, and 
let any point A be taken on the section, and through 
4 let AM be drawn parallel to ZH. I say that the 
square on AM is equal to an area applied to the 
straight line ΕΘ, having EM for its breadth, and 
being deficient by a figure similar to the rectangle 
contained by AE, ΕΘ, 
For let ΔΘ be joined, and through M let MEN be 
8:1} 
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OE τα oa mos xt ἡ MEN, διὰ δὲ τῶν Θ, Ξ 


Τῇ Ε χθωσαν αὐ ON, EO, καὶ διὰ 
τοῦ M τῇ BI παράλληλος ἤχθω ἡ TIMP. ἐπεὶ 
οὖν ἡ ITP τῇ ΒΓ παράλληλός ἐστιν, ἔστι δὲ καὶ 
) AM τῇ ΖΗ παράλ 


ἱ τῇ dos, τὸ ἄρα διὰ τῶν AM, 
Ῥ ἐπέπεδον παράλληλόν ἔστι τῷ διὰ τῶν ZH, 
ΒΓ ἐπιπέδῳ, τουτέστι τῇ βάσει τοῦ κώνου. ἐὰν 


σον ἐστὶ τ amo τῆς AM. καὶ ἐπεί ἐστιν, ὡς τὰ 


δὲ συγκείμενος λόγος ἔκ τε τοῦ, ὃν ἔχει ἡ EM 
πρὸς MIT, καὶ ἡ ΔΜ πρὸς MP, 6 τοῦ ὑπὸ τῶν 


ὑπὸ SME ἄρα ἐστὶν ἴσον τῷ ἀπὸ τῆς ΛΜ. ἡ AM 
a2) 
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drawn parallel to BE, and through 6, =, let GN, ΞΟ 
be drawn parallel to EM, and tiiough M let LIMP 
be drawn pedi to ΒΓ, Then since ΠΡ is parallel 
to BI, and AM is parallel to ZH, therefore the plane 
through AM, ITP is parallel to the plane through 
ZH. BE’ uch. xi. 15], that is to the base of the cone. 
If, therefore, the plane through AM, ΠΡ be produced, 
the section will be a circle with diameter ΠΡ [Prop. 4]. 
And AM is perpendicular to it; therefore | 


TM . MP=AM® 
And since AK? : ΒΕ, KT =EA : ΕΘ, 


and AK? : BR. ΚΓ =(AK : KB)(AK : KD), 
while AK: KKB=EH : HB 
= EM: ΜΠ, (Buel. vi. 4 
and AK: ΚΤ “ΔῊ : HT 

= AM: MP, [ἐῤῥί, 
therefore AE: ΕΘ «(ΕΜ : MID(AM: MP), 


But (EM: MIN(AM: MP) ΞΈΝΟ MA: TIM. MP. 
Therefore 
EM.MA:0M.MP=AE: EO 


τε ΔῊ : Ma. [ἐδίη, 
But AM :MB=]AM.ME:2M. ME, 
by taking a common height ME. 
Therefore AM. ME:TM.,MP=AM.ME:=2M. ME. 
Therefore IIM.MP=5M.ME. [Euel. v.9 
But IIM.MP=AM®, 
as Was proved ; 


and therefore EM. ME =» AM? 
TOL. I ¥ a2] 
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dpa δύναται τὸ MO, ὃ παράκευται παρὰ τὴν ΘΕ, 
πλάτος ἔχον τὴν ΕΜ, ἐλλεῖπον εἴδει τῷ ON ὁμοίῳ 
ὄντι τῷ ὑπὸ AEG. καλείσθω δὲ ἡ μὲν τοιαύτη 
τομὴ ἔλλειψις, ἡ δὲ EO παρ᾽ ἣν δύνανται αἱ κατ- 
ἀγόμεναι ἐπὶ τὴν ΔῈ τεταγμένως, ἡ δὲ αὐτὴ καὶ 
ὀρθία, πλαγία δὲ ἡ EA, 


‘or 

"Edy af κατὰ κορυφὴν ἐπιφάνειαι ἐπιπέδῳ τμὴ- 
δῶσι μὴ διὰ τῆς κορυφῆς, ἔσται ἐν ἑκατέρᾳ τῶν 
ἐπιφανειῶν τομὴ ἡ καλουμένῃ ὑπερβολή, καὶ τῶν 
δύο τομῶν ἢ τε διάμετρος ἡ αὐτὴ ἔσται, καὶ παρ᾽ 
ἃς δύνανται αἱ ἐπὶ τὴν διάμετρον. καταγόμεναι 
παράλληλοι τῇ ἐν τῇ βάσει τοῦ κώνου εὐθείᾳ ἴσαι, 
καὶ τοῦ εἴδους ἡ πλαγία πλευρὰ κοινὴ ἡ μεταξὺ 
τῶν κορυφῶν τῶν τομῶν" καλείσθωσαν δὲ αἱ 
τοιαῦται τομαὶ ἀντικείμεναι. 

Ἔστωσαν αἱ κατὰ κορυφὴν ἐπυῤάνειαι, ὧν 
κορυφὴ τὸ A σημεῖον, καὶ τετμήσθωσαν ἐπιπέδω 
μὴ διὰ τῆς κορυφῆς, καὶ ποιείτω ὃν τῇ ἐπιφανείᾳ 
τομᾶς τὰς ΔΕΖ, ΗΘΚ. λέγω, ὅτι ἑκατέρα τῶν 
AEZ, HOK τομῶν ἐστιν ἢ καλουμένη ὑπερβολή. 


Se 


* Let p be the parameter of a conic section and d the corr 
sponding diameter, and let the diameter of the section and the 
eae obi a ote taken as axes of co-ordinates (in 
rem oblique), “rope. 11-19 ; equivalent te + 
Cartesian equations, ὼ mille onsale 
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Therefore the square on AM is equal to MO, which 
is applied to OF, having EM for its breadth, and being 
deficient by the figure ON similar to the rectangle 
AE, EQ, Let such a section be called an eclipse, 
let EQ be called the parameter to the ordinates to AK, 
and let this line be called the erect side (latus rectum), 
and EA the transverse side.* 


Prop. 14 


If the vertically opposite surfaces [of a double cone] be 
πὸ ἃ plane sot throwoh the “hana there will be formed 
on each of the surfaces the section called a hyperboia, and 
the diameter of hoth sections will be the samep and the 
parameter to the ordinates drawn parallel to the straight 
line tn the base of the cone will be equal, and the trans- 
verse side of the figure will be common, being the straight 
line between the vertices af the sections; and let such 
sections be called opposite. : 

Let there be vertically opposite surfaces having the 
point A for vertex, and let them be cut by a plane 
not through the vertex, and let the sections so made 
on the surface be AEZ, HOK. I say that each of the 
sections AEZ, HOK is the so-called hyperbola. 


and 


yoprs ra (the hyperbola and ellipse respectively), 
[t is the essence of Apollonius’s treatment to express the 
fundamental properties of the conics as equations between 
areas, Whereas Archimedes had given the fundamental pro- 
perties of the central conics as proportions 
y+ (a9 4 2) S07: δ, 

This form is, however, equivalent to the Cartesian equations 
referred to axes through the centre. 
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Ἕστω γὰρ ὃ κύκλος, Kall! οὗ φέρεται 4 τὴν 
ἐπιφάνειαν γράφουσα εὐθεῖα, ὁ BATE, καὶ ἤχθω 





— 
ἐν τῇ κατὰ Kopudyy ἐπιφανείᾳ παράλληλον αὐτῷ 
ἐπίπεδον τὸ sHOK. κοιναὶ δὲ iti τὸν ΗΘΚ, 
4 rake καὶ τῶν πύον αἱ ZA, HK- ἔσονται 
ἢ παράλληλοι. ἄξων δὲ ἔστω τῆς κωνικῆς ἔπι- 
φανείας ἡ ΛΑΥ εὐθεῖα, κέντρα $2 τῶν aE i τὰ 
A, Ὑ, καὶ ἀπὸ τοῦ A ἐπὶ τὴν ΖΔ κάθετος ἀχθεῖσα 
ἐκβεβλήσθω ἐπὶ τὰ B, Τ' σημεῖα, καὶ διὰ τῆς ΒΓ 
καὶ τοῦ ἄξονος ἐπίπεδον ἐκβεβλήσθω: ποιήσει δὴ 
τομὰς ἐν μὲν τοῖς κύκλοις παραλλήλους εὐθείας 
τὰς SO, ΒΓ, ἐν δὲ τῇ ἐπιφανείᾳ τὰς BAO, PAS: 
alt 
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For let BATZ be the cirele round which revolves the 
straight line describing the surface, and in the verti- 
cally opposite surface let there be drawn parallel to 
ita plane SHOK; the common sections of the see- 
tions ΗΘΚ, ZEA and of the circles [Prop. 4] will be 
24, HK; and they will be parallel [Eucl. xi. 16]. 
Let the axis of the conical surface be AAY, let the 
~ centres of the cireles be A, Y,and from ἡ let a per- 
pendicular be drawn to ZA and produced to the points 
B, TP’, and let the plane through BI and the axis be 
produced ; it will make in the circles the parallel 
straight lines SO, BI’, and on the surface BAO, T'AE ; 
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ἕσται δὴ καὶ ἡ SO τῇ HK πρὸς ὀρθάς, ἐπειδὴ καὶ 
ἡ Br 2) ZA ἐστι ade Bods, καὶ ἐστιν Scaedoa 
τ ἀράλληλας καὶ ἐπεὶ τὸ διὰ τοῦ ἄξονος ἐπίπεδον 
ταῖς τομαῖς συμβάλλει κατὰ τὰ M, N σημεῖα ἐντὸς 
τῶν γραμμῶν, δῆλον, ὡς καὶ τὰς γραμμὰς τέμνει 
τὸ ἐπίπεδον. τεμνέτω κατὰ τὰ ©, E+ τὰ apa 
M, E, ©, N σημεῖα ἔν τε τῷ διὰ τοῦ ἀξονός ἐστιν 
ἐπιπέδῳ καὶ ἐν τῷ ἐπιπέδῳ, ἐν ᾧ εἶσιν αἱ γραμμαί" 
εὐθεῖα ἄρα ἐστὶν ἡ MEON γραμμή. καὶ φανερόν, 
ὅτι τά τε Ξ, ©, A, Γ ἐπ᾿ εὐθείας ἐστὶ καὶ τὰ B, 
E, A, Ο ἐν τε γὰρ τῇ κωνικῇ ἐπιφανείᾳ ἐστὶ καὶ 
ἐν τῷ διὰ τοῦ ἄξονος ἐπιπέδῳ. ἤχθωσαν δὴ ἀπὸ 
μὲν τῶν Ὁ, E τῇ ΘΕ πρὸς ὀρθάς αἱ OP, EM, διὰ 
δὲ τοῦ A τῇ ΜΕΘΩΝ παράλληλος ἤχθω ἡ SAT, 
καὶ πεποιήσθω, ὡς μὲν τὸ ἀπὸ τῆς AX πρὸς τὸ 
ὑπὸ BLT, οὕτως ἡ ΘΕ πρὸς ἘΠ, ὡς δὲ τὸ ἀπὸ 
τῆς AT πρὸς τὸ ὑπὸ OTS, οὕτως ἡ EO πρὸς OP. 
ἐπεὶ οὖν κῶνος, οὗ κορυφὴ μὲν τὸ A σημεῖον, βάσις 
δὲ ὁ ΒΓ κύκλος, τέτμηται ἐπιπέδωι διὰ τοῦ ἄξονος, 
καὶ πεποίηκε τομὴν τὸ ΑΒΓ τρίγωνον, τέτμηται 
δὲ καὶ ἑτέρῳ ἐπιπέδῳ τέμνοντι τὴν βάσιν τοῦ 
eee κατ᾽ εὐθεῖαν τὴν AMZ πρὸς ὀρθὰς οὖσαν 
τῇ BY, καὶ πεποίηκε τομὴν ἐν τῇ ἐπιφανείᾳ τὴν 
AEZ, ἡ δὲ διάμετρος ἡ ME ΤΣ 
πέπτιυκε μιᾷ πλευρᾷ τοῦ διὰ τοῦ ἄξονος τριγώνου 
ἐκτὸς τῆς κορυφῆς τοῦ κώνου, καὶ διὰ τοῦ A 
σημείου τῇ διαμέτρῳ τῆς τομῆς τῇ ΕΜ παράλληλος 
ἧκται ἡ AX, καὶ ἀπὸ τοῦ E τῇ ἘΜ πρὸς ὀρθὰς 
ἧκται ἡ ΕΠ, καὶ ἐστιν ὡς τὸ ἀπὸ AX πρὸς τὸ 
ὑπὸ BED, οὕτως ἡ EQ πρὸς ἘΠ, ἡ μὲν ΔΕΖ ἄρα 
τομὴ ὑπερβολή ἐστιν, ἡ δὲ ET] παρ᾽ ἣν δύνανται 
αἱ ἐπὶ τὴν EM καταγόμεναι τεταγμένως, πλαγία 
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now =O will be perpendicular to HK, since ΒΓ 
perpendicular to ZA, and each is parallel [Euel. xi. 
10], And since the plane through the axis meets 
the sections at the points M, N within the curves, it 
is clear that the plane cuts the curves. Let it cut 
them at the points 0, E; then the points M, E, 
0, N are both in the plane through the axis and in 
the plane containing the curves; therefore the line 
MEGQN is a straight line [Eucl. xi. 8]. And it is clear 
that =, 6, A, T are ona straight line, and also B, E, 
A, 0}; for they are both on the conical surface and 
in the plane through the axis, Now let OP, EI be 
drawn from 6, E perpendicular to ΘΕ, and through 
A let ZAT be drawn parallel to MEON, and let 

| AS? : BE. I = OE : Ell, 

and 

AT? OT . TS = EO: OP. 

Then since the cone, whose vertex is the point A and 
whose base is the cirele BI’, is cut by a plane through 
the axis, and the section so made is the triangle ABI’, 
and it is cut by another plane cutting the base of the 
cone in the straight line AMZ perpendicular to BI’, 
and the section so made on the surface is AEZ, and 
the diameter ME produced meets one side of the axial 
triangle beyond the vertex of the cone, and ΑΞ is 
drawn through the point A parallel to the diameter 
of the section EM, and ἘΠῚ is drawn from E perpen- 
dicular to EM, and AZ?: ΒΣ ΣΙ =E6:E0, there- 
fore the section AEZ is a hyperbola, in which ἘΠῚ is 
the parameter to the ordinates to EM, and ΘΕ is the 


GREEK MATHEMATICS 


δὲ τοῦ εἴδους πλευρὰ ἡ OE. ὁμοίως δὲ καὶ ἡ 
H@K ὑπερβολή ἐστιν, ἧς διάμετρος μὲν ἡ ΘΝ, 
ἡ δὲ OP παρ' ἣν δύνανται αἱ ἐπὶ τὴν ON καταγό- 
pe τεταγμένως, πλαγία δὲ τοῦ εἴδους πλευρὰ 


7) 

Λέγω, ὅτι ἴση ἐστὶν ἡ OP τῇ ΕΠ. ἐπεὶ γὰρ 
παράλληλός ἐστιν ἡ ΒΓ τῇ EO, ἔστιν ὡς ἡ ΑΣ 
πρὸς ZI, οὕτως ἡ AT πρὸς TE, καὶ ὡς ἡ ἈΣ 
πρὸς 2B, οὕτως ἡ AT πρὸς ΤΌ. ἀλλ᾽ ὅ τῆς 
AX πρὸς ἜΤ᾽ λόγος μετὰ τοῦ τῆς AL πρὸς SB 
6 τοῦ ἀπὸ AX ἐστι πρὸς τὸ ὑπὸ BED, 6 δὲ τῆς 
AT πρὸς TE μετὰ τοῦ τῆς AT πρὸς TO ὁ τοῦ 
ἀπὸ AT πρὸς τὸ ὑπὸ ETO- ἔστιν ἄρα ὡς τὸ ἀπὸ 
AX πρὸς τὸ ὑπὸ BEI", οὕτως τὸ ἀπὸ AT πρὸς 
τὸ ὑπὸ STO. καί ἐστιν ὡς μὲν τὸ ἀπὸ ἈΣ 
πρὸς τὸ ὑπὸ BET, ἡ ΘΕ πρὸς ἘΠ, ὡς δὲ τὸ 
ἀπὸ ἈΤ ae τὸ τ "SEO" ΘΕ pe OP: καὶ 
ws apa πρὸς ἘΠ, πρὸ . ἴση apa 
ia ἢ tn τῇ OP. ees 


(vi.) Dransition to New Diameter 


Ftid., Prop. 50, Apoll, Perg. ed. Heiberg i. 145. 17-154. 5 


if 


᾿Ἐὰν ὑπερβολῆς ἢ ἐλλείῤῥεως ἢ κύκλου περι- 
depeiag εὐθεῖα ἐπυῤαύουσα συμπέπτῃ τῇ διαμέτρῳ, 
καὶ διὰ τῆς ἀφῆς καὶ τοῦ κέντρου εὐθεῖα ἐκβληθῇ, 
ἀπὸ δὲ τῆς κορυφῆς ἀναχθεῖσα εὐθεῖα παρὰ τεταγ- 
μένως κατηγμένην συμπίπτῃ τῇ διὰ τῆς ἁφῆς καὶ 
* Apollonius is the first person known to have recognized 


the opposite branches of a hyperbola as portions of the same 
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transverse side of the figure (Prop. 12]. Similarly 
HOR is a hyperbola, in which ON is a diameter, OP is 
the parameter to the ordinates to ON, and OE is the 
transverse side of the figure. 

Isay thatQOP=ET. For since ΒΓ is parallel to 20, 


AZ :2.P = AT: Te, 
and AZ: 2BRa AT : TO. 
But (A>: =D AL: ΣΒῚ τ AD: BE. ST, 
and (AT: TEXAT : TO}=AT*: ST .TO. 
Therefore AZ*: BE. ΣΤ =AT*® : ST . TO. 


But AZ?; BE. ΣΓ -- Θ Καὶ :- ΕΠ, 
while AT? ET. ΤΌ Ξ- ΘΕ : OP: 
therefore BE :- ἘΠ᾿ - ΕΘ : OP, 
Therefore EN=|OP.* [Eucl. v. 9 


(vi.) Transition to New Diameter 
Ibid., Prop. 50, Apoll. Perg. ed. Heiberg i. 148, 17-154. 8 
Prop. 50 


In @ hyperbola, ellipse or circumference of a circle let 
a straight line be drawn to touch [the curve] and meet the 
diameter, and let the straight line through the inf of 
contact and the centre be produced, and from the aries 
let a straight line be drawn parallel to a straight line 
drawn ordinate-wise #0 as to meet the ee line drawn 


curve. It is his practice, ἢ ible to diseuss 
the ri Ἐγᾷ e-branch hyperbola (or th (or the h ene liciter - 
be would call it) together with frog Lat and See and 

deal with the opposite branches separately. But onsteinially, 


as in i. 30, the double-branch hyper and the ellipse are 
included in one enunciation, bole ae 
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τοῦ κέντρου ἡγμένῃ εὐθείᾳ, καὶ ποιηθῇ, ὡς τὸ 
τμῆμα τῆς ἐφαπτομένης τὸ μεταξὺ τῆς ἀφῆς καὶ 
τῆς ἀνηγμένης πρὸς τὸ τμῆμα τῆς ἡγμένης διὰ 
τῆς adie καὶ τοῦ κέντρου τὸ μεταξὺ τῆς αἀφῆς 
καὶ τῆς ἀνηγμένης, εὐθεῖά τις πρὸς τὴν διπλασίαν 
Tis ἐφαπτομένης, ἥτις ἄν ἀπὸ τῆς τομῆς ἀχθῇ 
ἐπὶ τὴν διὰ τῆς ἁφῆς καὶ τοῦ κέντρου ἡγμένην 
εὐθεῖαν παράλληλος τῇ ἐφαπτομένῃ, δυνήσεταί τι 
χωρίον ἀρθογώνιον παρακείμενον παρὰ τὴν πορι- 
σθεῖσαν, πλάτος ἔχον τὴν ἀπολαμβανομένην ὑπ' 
αὐτῆς πρὸς τῇ ἁφῇ, ἐπὶ μὲν τῆς ὑπερβολῆς ὑπερ- 
βάλλον εἴδει ὁμοίῳ τῷ περιεχομένῳ ὑπὸ τῆς 
διπλασίας τῆς μεταξὺ τοῦ κέντρου καὶ τῆς ἀφῆς 
καὶ τῆς πορισθείσης εὐθείας, ἐπὶ δὲ τῆς ἐλλείψεως 
καὶ τοῦ κύκλου ἐλλεῖπον. 

“Ἕστω ὑπερβολὴ ἢ ἔλλειψις ἢ κύκλου περιφέμεια͵ 
ἧς διάμετρος ἡ ΑΒ, κέντρον δὲ τὸ Γ, ἐφαπτομένη 
δὲ ἡ AE, καὶ ἐπιζευχθεῖσα 7 ΓΕ ἐκβεβλήσθω ἐφ' 
ἑκάτερα, καὶ κείσθω τῇ ἘΠ ἴση ἡ ΓΚ, καὶ διὰ τοῦ 
Β τεταγμένως ἀνήχθω ἡ ΒΖΗ͂, διὰ δὲ τοῦ Ε τῇ 
ET πρὸς ὀρθὰς ἤχθω ἡ ἘΘ, καὶ γινέσθω, ὡς ἡ 
ΔΕ πρὸς ΕΗ, οὕτως ἡ ΕΘ πρὸς τὴν διπλασίαν τῆς 
EA, καὶ ἐπιζευχθεῖσα ἡ ΘΚ ἐκβεβλήσθω, καὶ 
εἰλήφθω τι ἐπὶ τῆς τομῆς σημεῖον τὸ A, καὶ 6c 
αὐτοῦ τῇ EA παράλληλος ἤχθω ἡ AME, τῇ δὲ 


* To save space, the figure is here given for the hyperbola 
oan tin the mss. there are figures for the ellipse αἱ 
ns well, 





The general enunciation is not easy to follow, but the Ὑ 
ticular enunciation will make it casier to understand, The 
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through the point of contact and the centre, and let the 
segment of the tangent between the point of contact and 
the line ἀνα ΝῊ οὐδ μαίοηνις bear to the segment of the 
line drawn through the point of contact and the centre 
between the point of contact and the line drawn ordinate- 
wise the same ratto as a certain straight line bears to 
double the tangent; then if any straight line be drawn 
from the section parallel to the tangent so ag to meet the 
siraight line drawn through the point of contact and 
the centre, ile square will be equal to a certain rectilineal 
eevee fo the postulated straight line, having for its 
breadth the opie between it and the point of contact, 
in the case of the hyperbola exceeding by a figure similar 
fo the rectangle hounded by double the straight line betireen 
the centre and the point of contact and the postulated 
straight line, in the case of the ellipse and circle falling 
r a 

In a hyperbola, ellipse or circumference of a circle, 
with diameter AB and centre I’, let AE bea tangent, 
and let IE be joined and produced in either direction, 
and let DK be placed equal to ET, and through 
B let BZH be drawn ordinate-wise, and through 
E let EO be drawn perpendicular to ET, and let 
ZE - EH=E@:2EA, and let OK be joined and pro- 
duced, and let any point A be taken on the section, 
and through it let AME be drawn parallel to EA and 
purpose of this important proposition is to that, Lf any 
other ΔΙκιὰξίει be taken, the disetersunere oe τὰ eon 
with reference to this diameter has the same form as the 
ordinate-property with reference to the original diameter. 
The theorem amounts to a transformation of co-ordinates from 
the original diameter and the tangent at its extremity to any 
diameter and the tangent at its extremity. In succeeding 
positions, showing how to cx Uc oO 
ata, Apollonius introduces the axes for the first time as 

special cases of diameters, 
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BH ἡ APN, τῇ δὲ ΕΘ ἡ ΜΠ. λέγω, ὅτι τὸ ἀπὸ 
AM ἴσον ἐστὶ τῷ, ὑπὸ ae 

Ἤχθω γὰρ διὰ τοῦ TH Aas 
ΓΣΌ. καὶ ἐπεὶ toy ἐστὶν ED τῇ ΓΚ, ὡς δὲ 





ET πρὸς ΚΓ, ἡ EX πρὸς EO, ἴση dpa καὶ ἡ ΕΣ 
τῇ ΣΘ. καὶ ἐπεί ἐστιν, ὡς ἡ ZE πρὸς EH, ἡ 
QE πρὸς τὴν διπλασίαν τῆς EA, καί ἐστι τῆς EO 
ἡμίσεια ἡ EX, ἔστιν dpa, ὡς ἡ ZE πρὸς EH, ἡ 
LE πρὸς EA. ὡς δὲ ἡ ΖΕ πρὸς EH, ἡ AM πρὸς 
ΜΡ' ὡς dpa ἡ AM πρὸς MP, ἡ ΣΕ πρὸς EA. 
καὶ ἐπεὶ τὸ ῬΝΤ τρίγωνον τοῦ ΗΒΓ τριγώνου, 
τουτέστι τοῦ TAKE, ἐπὶ μὲν τῆς ὑπερβολῆς μεῖζον 
ἐδείχθη, ἐπὶ δὲ τῆς ἐλλείψεως καὶ τοῦ κύκλου 
ἔλασσον τῷ ANE, κοινῶν ἀφαιρεθέντων ἐπὶ μὲν 
τῆς ὑπερβολῆς τοῦ τε ἘΓΔ τριγώνου καὶ τοῦ 
NPME τετραπλεύρου, ἐπὶ δὲ τῆς ἐλλείψεως καὶ 
τοῦ κύκλου τοῦ MED τριγώνου, τὸ AMP τρίγωνον 
τῷ MEAS τετραπλεύρῳ ἐστὶν ἴσον. καὶ ἔστι 
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APN parallel to BH, and let MI be drawn parallel to 
EQ. [say that AM*=EM . ΜΠ. 

For through I’ let [EO be drawn parallel to ΚΠ. 
Then since 


ET=TK 
and ΕΓ ΓΚ ΞΕΣ : 56, [Euel, vi. 2 
therefore ΕΣ = 0, 
And since ZE: EH «ΘῈ :2EA, 
and EZ=4E6, 
therefore ΖΕ : ΕῊ --ξ καὶ : EA, 
But £E:EHeAM:MP:; [Eucl. vi. 4 
therefore AM :MP=ZE : EA, 


And since it has been proved [Prop. 43] that in the 
hyperbola 
triangle PNY = triangle HBT + triangle ANE, 
i.e, triangle PNT =triangle ΓΔΕ +triangle ANE,* 
while in the ellipse and the cirele 
triangle PNT = triangle HBT - 
triangle ANE, 
ie., triangle PNI’ + triangle ANE =triangle PAE,! 
therefore by taking away the common elements—in 
the hyperbola the triangle ETA and the quadrilateral 
NPME, in the ellipse and the circle the triangle MEI, 
triangle AMP = quadrilateral MEAEZ, 


® For this step συ. Eutocius’s comment on Prop. 43. 
' See Eutochus, 
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παράλληλος ἡ ΜΞ τῇ AE, ἡ δὲ ὑπὸ AMP τῇ ὑπὲ 


ΕΜΞ ἐστιν ἴση" ἴσον dpa ἐστὶ τὸ ὑπὸ AMP τῷ 
ὑπὸ τῆς EM καὶ συναμφοτέρου τῆς EA, ΜΞ. καὶ 
émet ἐστιν, ὡς ἡ ΜΓ πρὸς ΓΕ, ἤ τε ME πρὸς EA 
καὶ ἡ MO πρὸς EX, ὡς dpa ἡ MO πρὸς EX, ἡ 
MS πρὸς ΔΕ. καὶ συνθέντι, ὡς συναμφότερος ἡ 
MO, ZE πρὸς EX, οὕτως συναμφύτερος ἡ ME, 
EA πρὸς EA- ἐναλλάξ, ὡς συναμφότερος ἡ MO, 
ΣΕ πρὸς συναμφότερον τὴν ΞΜ, EA ἡ ΣΕ πρὸς 
ΕΔ. ἀλλ' ὡς μὲν συναμφότερος ἡ MO, EX πρὸς 
συναμφότερον τὴν ΜΞ, AE, τὸ ὑπὸ συναμφοτέρου 
τῆς MO, EX καὶ τῆς ΕΜ πρὸς τὸ ὑπὸ συναμῴο- 
τέρου τῆς ΜΞ, ΕΔ καὶ τῆς ΕΜ, ὡς δὲ ἡ ΣΕ πρὸς 
EA, ἢ LE πρὸς EH, τοντέστιν ἧ AM πρὸς ΜΡ, 
τουτέστι τὸ ἀπὸ AM πρὸς τὸ ὑπὸ AMP: ὡς ἄρα 
τὸ ὑπὸ συναμφοτέρου τῆς MO, EX καὶ τῆς ME 
πρὸς τὸ ὑπὸ συναμφοτέρου τῆς ΜΞ, EA καὶ τῆς 
EM, τὸ ἀπὸ AM πρὸς τὸ ὑπὸ AMP. καὶ ἐναλλάξ, 
ὡς τὸ ὑπὸ συναμφοτέρου τῆς MO, EX καὶ τῆς 
ME πρὸς τὸ ἀπὸ MA, οὕτως τὸ ὑπὸ συναμφοτέρου 
τῆς ΜΞ, EA καὶ τῆς ME πρὸς τὸ ὑπὸ AMP. 
ἴσον δὲ τὸ ὑπὸ AMP τῷ ὑπὸ τῆς ME καὶ συναμφο- 
τέρου τῆς ΜΞ, EA: ἴσον ἄρα καὶ τὸ ἀπὸ AM τῷ 
ὑπὸ EM καὶ συναμφοτέρου τῆς MO, ΕΣ, καί 
ἐστιν ἡ μὲν SE τῇ LO) ton, ἡ δὲ LO τῇ ὉΠ’ ἴσον 
ἄρα τὸ ἀπὸ AM τῷ ὑπὸ ἘΜΠ. 
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But ME is parallel to AE and angle AMP =angle 
EMS (Euel. i. 157; 


therefore AM. MP=EM , (EA + ΜΞ). 
And since " MI: TE=ME : EA, 
and MI: TE=MO ΕΣ, 
| : [πο], vi. 4 
therefore MO : ΕΣ = ME: AE. 
Componendo, MO +2E: EX=ME+EA:EA; 
and permufando 
ΜΟΊ ΣΕ ΞΜ 4EA=*E : EA, 
But MO +2E:EM+EA=(MO +E). EM: 
(ME +EA) ΕΜ], 
anid ΣΕ - EA =ZE: EH 


=AM : MP 
[Eucl. vi. 4 
= ΔῈ a AM * MI ἢ 
therefore 
(MO +E). ME:(M= ΕΔ). EM =AM®: AM. MP. 
And permutando 


(MO +EZ). ME: MA «(ME 4EA). ME: 
AM. MP, 


But AM, MP = ME. (ME +EA); 
ehavciase AM?=EM.(MO ΕΣ}. 
And ΣΕ Ξ- ξθ, while ΞΘ Ξ- ΟΠ [Fuel. i. 34); 
Sharehive AM?=EM . ΜΠ. 
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(6) Ornen Wonks 
(i.) General 
Papp. Coll. vil. 8, ed. Hultsch 636.«18-23 


Τῶν δὲ προειρημένων τοῦ ᾿Αναλυομένου ῬΕῸΡ 
. τάξις ἐστὶν, τοιαύτη: Εὐκλείδον Δεδομένων 
βιβλίον ἃ, ᾿Απολλωνίου Λόγου ἀποτομῆς B, Χωρίον 
ἀποτομῆς Κ, Διωρισμένης τομῆς δύο, ᾿Επαφῶν 
δύο, Ἑῤκλείδου Πορισμάτων τρία, "Ἀπολλωνίου 
Νεύσεων S00, τοῦ αὐτοῦ Τόπων ἐπιπέδων δύο, 
ωνικῶν Ts 


(ii.) On the Cutting-off of a Ratio 
Ibid, vii. 5-6, ed. Hultsch 640, 4-22 


Τῆς δ' ᾿Αποτομῆς τοῦ λόγου βιβλίων ὄντων B 
πρότασίς ἐστιν μία ὑποδιῃρημένη, διὸ καὶ μίαν 
πρότασιν οὕτως γράφω" διὰ τοῦ δοθέντος σημείου 
εὐθεῖαν γραμμὴν ἀγαγεῖν τέμνουσαν ἀπὸ τῶν τῇ 
oe δοβεισῶν δύο ΡΣ πρὸς τε ἐπ᾿ αὐτῶν 
Ἰοθεῖσι σημείοις λόγον ἐχούσας τὸν αὐτὸν τῷ 
δοθέντι. τὰς δὲ γραφὰς διαφόρους γενέσθαι καὶ 
πλῆθος λαβεῖν συμβέβηκεν ὑποδιαιρέσειος yevo- 
μένης ἕνεκα τῆς τε πρὸς ἀλλήλας θέσεως τῶν 
διδομένων εὐθειῶν καὶ τῶν διαφόρων πτώσεων 
τοῦ διδομένου σημείου καὶ διά τὰς ἀναλύσεις καὶ 
συνθέσεις αὐτῶν τε καὶ τῶν διορισμῶν. ἔχει γὰρ 


τὸ μὲν πρῶτον βιβλίον τῶν Λύγου ἀποτομῆς 


* Unhappily the only work by Apollonius which has sur- 
vived, in Pyation to Conic, b On the Cutting-off wa 





APOLLONIUS OF PERGA 
(6) Orner Works 


(i.) General 
Pappu, Collection vii. 3, ed. Hultech 636, 16-29 


The order of the aforesaid books in the T'reasur 
of Analysis is as follows: the one book of Euclid's 
ἐλαία, the two books of Apollonius’s On the Cutting-off 
of a Ratio, his two books On the Cutting-off of an 7 
his two books On Determinate Section, his two books 
On Tangencies, the three books of Euclid'’s Porisms, 
the two books of Apollonius’s On VF ings, the two 
books of the same writer On Plane Loci, his eight 
books of Comics, 


(ii.) On the Cufting-off of a Ratio 
Ποία. vil. 5-6, ed, Hultsch 640, 4-22 


In the two books On the Cultine of af @ Hato there 
is one enunciation which is subdivided, for which 
reason I state one enuneiation thus: Through a 
given point to draw a straight line cutting off from two 
draight lines given in position intercepts, measured from 
tro given points on them, which shall have a given ratio. 
When the subdivision is made, this leads to many 
different figures according to the position of the given 
straight lines in relation one to another and according 
to the different eases of the given point, and owing to 
the analysis and the synthesis both of these cases and 
of the propositions determining the limits of possi- 
bility. The first book of those On the Cutting-off af a 
Aatio, and that only in Arabic. Halley published a Latin 
_ translation in 1706.” But the contents of the other works are 
indicated fairly closely hy Pappus's references, 


VOL, Ul z ΒΤ 


GREEK MATHEMATICS 


τόπους £, πτώσεις KO, διορισμοὺς be ἔ, ὧν τρεῖς 
μέν εἶσιν μέγιστοι, δύο δὲ ἐλάχιστοι. . . - τὸ δὲ 
δεύτερον βιβλίον Λόγου ἀποτομῆς ἔχει τύπους εὖ, 
πτώσεις δὲ ἔγ, διορισμοὺς δὲ τοὺς ἐκ τοῦ πρώτου" 
ἀπάγεται γὰρ ὅλον εἰς τὸ πρῶτον. 


(iii.) On the Cutting-off of an Area 
Ibid, vii, 7, ed. Hultech 640. 26-642, 5 
Τῆς δ᾽ ᾿Αποτομῆς τοῦ χωρίου βιβλία μέν ἐστιν 
δύο, πρόβλημα δὲ κἀν τούτοις ἕν ὑποδιαιρούμενον 
δίς, καὶ τούτων μία πρότασίς ἐστιν τὰ μὲν ἄλλα 
ὁμοίως ἔχουσα τῇ προτέρᾳ, μόνῳ δὲ τούτῳ δια- 
φέρουσα τῷ δεῖν. τὰς ἀποτεμνομένας duo εὐθείας 
ἐν ἐκείνῃ μὲν λόγον ἐχούσας δοθέντα ποιεῖν, ἐν δὲ 
ταύτῃ χωρίον περιεχούσας δοθέν. 


(iv.) On Determinate Section 
Tbid. vii. 0, ed. Hultech 42. 19-O44. 16 
“Ἑξῆς τούτοις ἀναδέδονται τῆς Διωρισμένης 
τομῆς βιβλία B, ὧν ὁμοίως τοῖς πρότερον μίαν 
πρότασιν πάρεστιν λέγειν, διεζευγμένην δὲ ταύτην" 





- The Arabic text shows that Apollonius first discussed the 
eases in which the lines ore poralicl, then the cases in which 
the lines intersect but one of the given points is at the point 
of intersection ; in the second book he proceeds to the general 
case, but shows that it can be reduced to the case where one 
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Ratio contains seven loci, twenty-four cases and five 
determinations of the limits of possibility, of which 
three are maxima and two are minima. ... The 
second book On the Cutting-off of a Ratto contains 
fourteen loci, sixty-three cases and the same deter- 
minations of the limits of possibility as the first; for 
they are all reduced to those in the first book. 


(iii.) On the Cutting-off of an Area 
Thid. vil. 7, ed. Hulisch 40. 26-042. 5 


In the work On the Cutting-off of an Area there are 
two books, but in them there is only one problem, 
twice subdivided, and the one enunciation is similar 
in other respects to the preceding, differing only in 
this, that in the former work the intercepts on the 
two given lines were required to have a given ratio, 
in this to comprehend a given ἄγοι." 


(iv.) On Determinate Section 
Ibid. vil. 9, ed. Hultsch G42. 10-44. 16 


Next in order after these are published the two 
books On Detferminate Section, of which, as in the 
previous cases, it is possible to state one comprehen- 


of the given points Is at the intersection of the two lines, By 
this means the problem is reduced to the application of a 
ee In all cases Apollonius works by analysis and 
synt } | 
* Halley attempted to restore this work in his edition of 
the De sections ratienis, As in that treatise, the general case 
can be reduced to the case where one of the given points [5 at 
the intersection of the two lines, and the problem is reduced to 
the application of a certain rectangle. 
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τὴν δοθεῖσαν ἄπειρον εὐθεῖαν ἑνὶ σημείῳ τεμεῖν, 
ὥστε τῶν ἀπολαμβανομένων εὐθεμῶν πρὸς τοῖς 
ἐπ᾿ αὐτῆς δοθεῖσι σημείοις ἤτοι τὸ ἀπὸ μιᾶς 
τετράγωνον ἢ τὸ ὑπὸ δύο ἀπολαμβανομένων 
περιεχόμενον ὑρθογεύνιον δοθέντα λόγον ἔχειν ie 
πρὸς TO ἀπὸ μιᾶς τετράγωνον ἢ 7 πρὸς τὸ ὑπὸ μιᾷ 
ἀπολαμβανομένης καὶ τῆς ἔξω δοθείσης ἢ ne 
τὸ ὑπὸ dio ἀπολαμβανομένων περιεχύμενον ὄρθο- 
ans τῷ ὁπότερα ΧΡ τῶν δοθέντων ἡμείων. 

ἔχει δὲ τὸ μὲν πρῶτον βιβλίον προ ἤματα 
=, ἐπιτάγματα &, διορισμοὺς €, ὧν μεγίστους μὲν 
ἔγίστον δὲ ἕνα. ... τὸ δὲ δεύτερον Διω- 
κἰαμένης τομῆς ἔχει προβλήματα 7, ἐπιτάγματα 
§, διορισμοὺς 7. 


(v.) On Tangenctes 
Thie. vii. 11, ed. Hultech G44. 25-646, 19 


Ἑξῆς δὲ τούτοις τῶν ᾿Επαφῶν ἐστιν βιβλία δύο. 
7 uw δὲ ἐν αὐτοῖς δοκοῦσιν εἶναι πλείονες, 
BO καὶ τούτων μίαν τίθεμεν οὕτως ἔχουσαν ἑξῆς: 

ry meee καὶ εὐθειῶν καὶ κὐκ "» ee ὑποιωνοῦν 

4 δοθέντων κύκλον. ay ἵν ἑκάστου τῶν 
Seyi σημείων, εἰ εἰ, Ἂς ἐφαπτόμενον 
ἑκάστης τῶν δοθεισῶν γραμμῶν. ταύτης διὰ 


© As the Greeks never grasped the conception of one t 
peng two coinciden? points, it was not possible to nuieaty 
this problem so concisely as we can do: (Giren fowr 
points 4, B, C, "D on autraight line, of whieh A may coincide 
with C ond B with D, to find another point P on the same 
— line euch that AP. OP: BP. DP has a given value, 
if CPA. BP. DP, where A, B,C, D, ἃ are given, the 
determination of P is equivalent to the solution of « quadratic 
equation, which the Greeks could achieve by means of the 
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sive enunciation thus: 7 cul a given infinite straight 
line in ἃ point 20 that the intercepts between this point and 
given points on the line shall furnish a given ratio, the 
ratio bei: oat rade one intercept, or the rect- 
angle contained by two, towards the square on the remain- 
ing intercept, or the rectangle contained by the remaining 
infercept and a given independent straight line, or the 
, rectangle contained by tivo remaining intercepts, whichever 
way the given points [are situaied|. . . . The first book 
contains six problems, sixteen subdivisions and five 
limits of possibility, of which four are maxima and 
one is a minimum. ... The second book On De- 
lerminate Section contains three problems, nine snb- 
divisions, and three limits of possibility.* 


(v.) On Tangencies 
fbid, vil. 11, ed. Hultsch 644, 23-44, 19 


Next in order are the two books On Tangencies, 
Their enunciations are more numerous, but we muy 
bring these also under one enunciation thus stated - 
Giwen three entities, of which any one may be a point or a 
irmght line or a circle, to draw a circle which shall pass 
through each of the given points, so far as il is poinis 
which are given, or to touch each of the given lines.” In 


application of areas, But the fact that ee ees 
and max ior regs minima fie Fyre πάτον δὴν Ἵ τοις 
+ 180-181} to conjecture that Apollonius investigated the 
verian Of ΠΑ ΡΟΣ deteresined by the equation for different 
values of A, ond that “ the treatise contained what amounts 
bo a st ne Theory of Involution,” ‘The importance of the 
wore is shown by the large number of lemmas which Pappus 
* ‘The word “ lines " here covers both the straigi:t lines and 

the circles. 
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πλήθη τῶν ἐν ταῖς ὑποθέσεσι δεδομένων ὁμοίων 
ἢ ἀνομοίων κατὰ μέρος διαφόρους προτάσεις 
ἀναγκαῖον γίνεσθαι δέκα’ ἐκ τῶν τριῶν γὰρ 
ἀνομοίων γενῶν τριάδες διάφοροι ἄτακτοι γίνονται 
i. ἤτοι. γὰρ τὰ διδόμενα τρία. σημεῖα ἢ τρεῖς 
εὐθεῖαι ἢ δύο σημεῖα καὶ εὐθεῖα ἢ δύο εὐθεῖαι καὶ 
sl kad ἢ ao σημεῖα καὶ κύκλος ἢ δύο κύκλοι 
καὶ σημεῖον 7 δύο εὐθεῖαι καὶ κύκλος ἢ Ἶ δύο κύκλοι 
καὶ εὐθεῖα ἢ σημεῖον καὶ εὐθεῖα καὶ κύκλος ἢ 
τρεῖς κύκλοι. τούτων δύο μὲν τὰ πρῶτα δέδεικται 
ἐν τῷ δ΄ βιβλίῳ τῶν πρώτων Σ;τοιχείων, διὸ παρίει 
μὴ γράφων" τὸ μὲν γὰρ τριῶν δαβέντων σημείων 
μὴ ἐπ᾽ εὐθείας ὄντων τὸ αὐτὸ ἐστιν τῷ περὶ τὸ 
δοθὲν τρίγωνον κύκλον περιγράψαι, τὸ δὲ y δο- 
θεισῶν εὐθειῶν μὴ παραλλήλων οὐσῶν, ἀλλὰ τῶν 
τριῶν συμπιπτουσῶν, τὸ αὐτὸ ἐστιν τῷ εἰς τὸ 
δοθὲν τρίγωνον κύκλον ἐγγράψαι" τὸ δὲ δύο παραλ- 
λήλων οὐσῶν καὶ μιᾶς ἐμπιπτούσης ὡς μέρος ὧν 

τῆς β΄ ὑποδιαιρέσεως προγράφεται ἐν τούτοις 
ὥστ καὶ τὰ ἑξῆς F ἐν τῷ πρώτῳ βιβλίῳ τὰ 
δὲ λειπόμενα δύο, τὸ δύο δοθεισῶν εὐθειῶν καὶ 
κύκλου ἢ τριῶν δοθέντων κύκλων μόνον ἐν τῷ 
δευτέρῳ βιβλίῳ διὰ τὰς πρὸς ἀλλήλους θέσεις 
τῶν κύκλων τε καὶ εὐθειῶν πλείονας οὔσας καὶ 


πλειόνων διορισμῶν δεομένας. 





© Buel. ἵν. 5 and 4. 
* The last problem, to describe a circle touching three 
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this problem, according to the number of like or 
unlike entities in the hypotheses, there are bound to 
be, when the problem is subdivided, ten enunciations. 
For the number of different ways in which three 
entities can be taken out of the three unlike sets is 
ten. For the given entities must be (1) three points 
or (2) three straight lines or (3) two points and a 
straight line or (4) two straight lines and a point or 
(5) two points and a circle or (6) two circles and a 
point or (7) two straight lines and a circle or (8) two 
circles and a straight line or (9) a point and a straight 
line and a circle or (10) three circles. Of these, the 
first two cases are proved in the fourth book of the 
first Elements,° for which reason they will not be 
described ; for to describe a circle through three 
points, not being in a straight line, is the same thing 
as to circumscribe a given triangle, and to describe 
a circle to touch three given straight lines, not being 
parallel but meeting each other, is the same thing as 
to inseribe a circle in a given triangle ; the case where 
two of the lines are parallel and one meets them is 
a subdivision of the second problem but is here given 
first place. ‘The next six problems in order are 
investigated in the first book, while the remaining 
two, the case of two given straight lines and a circle 
and the ease of three circles, are the sole subjects of 
the second book on account of the manifold positions 
of the circles and straight lines with respect one to 
another and the need for numerous investigations of 
the limits of possibility." 
given ci has been investigated by many famous | 
ise incline Nevion CAtMeMn, Deter iene 
47). The lemmas given by Pappus enable Heath (HG. ΔΓ 
fi, 162-185) to restore Apollonius’s solution—a “ plane ™ 
solution depending only on the straight line and circle. 
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(vi.) On Plane Loci 
foid. wil. 23, ed. Hultsch 662. 19-664, 7 


Οἱ μὲν οὖν ἀρχαῖοι εἰς τὴν τῶν ἐπιπέδων τούτων 
τόπων τάξιν ἀποβλέποντες ἐστοιχείωσαν" ἧς ἀμελή- 
σαντες of per’ αὐτοὺς προσ way ἑτέρους, (ὡς 
οὐκ ἀπείρων τὸ πλῆθος ὄντων, εἰ θέλοι τις mpod- 
γράφειν οὐ τῆς τάξεως ἐκείνης ἐχόμενα, θήσω 
; τὰ μὲν προσκείμενα ἀρέήωι ες τὰ δ᾽ ἐκ τῆς 

ews πρότερα ἠαβιὼν προτάσει τα 

ng δύο cba dy ἀχϑῶσιν ἤτοι ἀπὸ δὸς Bebo 
ρον ee ἢ ἀπὸ δύο καὶ ἤτοι ἐπ᾽ εὐθείας ἢ 
ι ἢ δεδομένην περ ἐέχουσαι γωνίαν καὶ 


aes χανε ἔχουσαι πρὸς ἁ ας ἢ χωρίον περι- 
exyoura: δεῦο eg τ δὲ τὸ τῆς μιᾶς πέρας 
ἐπιπέδου τόπου Heres “SeBondvou, ἄμψεται καὶ τὸ 


τῆς ἑτέρας πέρας ἐπιπέδου τόπου θέσει δεδομένου 
Gre μὲν τοῦ one ὁτὲ δὲ τοῦ ἑτέρου, καὶ ὁτὲ 
μὲν ὑμοίως κειμένου πρὸς τὴν εὐθεῖαν, ὁτὲ δὲ 
ἐναντίως, ταῦτὰ δὲ γίνεται παρὰ τὰς διαφορὰς 
τῶν ὑποκειμένων. 


(vii.) On Fergings 
Ibid. vil. 37-28, ed. Hultach 670. 4-672, 3 
Nevew λέγεται γραμμὴ ἐπὶ σημεῖον, ἐὰν 


ἐπεκβαλλομένη ἐπ᾽ αὐτὸ παραγίνηται [ . ‘a 
τούτων is attributed by Hultech bo aidfcarraly: 


τῶν ον Silioe tis πε (auiled dunra. oc. san 
* These words follow the pasane ( woted snp ahs 2 
7) wherein Pappus divides loci into ¢ μόν a 


᾿ Et cer what lee meant tbable th 
most olivious straight line in each figure, eka δον, 
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(vi.) On Plane Loci 
fhid. wil. 23, ed. Hultech 662. 19-664, T 
The ancients had regard to the arrangement * of 
these plane loci with a view to instruction in the 
elements; heedless of this consideration, their suc- 
cessors have added others, as though the number 
could not be infinitely increased if one were to make 
additions from outside that arrangement. Accord- 
ingly I shall set out the additions later, giving first 
those in the arrangement, and including them in this 
sin rle enunciation ; 

two straight lines be drawn, from one green port or 
rom tio, which are in a straight line or parallel or 
hea a given angle, and exther er a ε given ratio one 
lowards the other or contain a given le, then, if the 
locus af ἐν pouikon, ἀν loon of the the Lines 6 a plane locus 
given in the extremity of the other 
as garg v focus grven in postion, which will 
sometimes be of the same hind as the former, sometimes of 
ay ferent kind, and will sometimes be similarly situated 
respect to the straight line,’ sometimes contrarieise., 
These different cases arise according to the differences 

in the suppositions.* 


(vii.) On Fergings * 
Ibid, vil. 27-28, ed. Hultsch 670. 4-072, 5 
A line is said to verge to a point if, when produced, 
it passes hig the point. [... ] The general 


* Pap τ Bive seven other enunciations from 
the first hock and ck and cight rom the second book. ‘These have 
enabled reconstructions of the work to be made by Fermat, 
wan Schooten and Robert Simson. . 
‘ Examples of vergings have already been encountered 
several enue σι, pp. 186-189 and vol. i. p. 244 ἢ. a. 
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προβλήματος δὲ ὄντος καβολικοῦ τούτου" duo 
δοθεισῶν γραμμῶν Βέσει θεῖναι “μεταξὺ τούτων 
εὐθεῖαν τῷ μεγέθει δεδομένην νεύουσαν ἐπὶ δοθὲν 
σημεῖον, ἐπὶ τούτου τῶν ἐπὶ μέρους διάφορα τὰ 
ὑποκείμενα ἐχόντων, a μὲν ἦν ἐπίπεδα, ἃ δὲ 
στερεώ, ἃ δὲ γραμμικά, τῶν 6° ἐπιπέδων ἀποκλη- 
ρώσαντες τὰ πρὸς πολλὰ χρησιμώτερα ἔδειξαν τὰ 


προβλήματα ταῦτα" 
Θέσει δεδομένων. ἡμικυκλίου τε καὶ εὐθείας πρὰς 


ὀρθὰς τῇ βάσει ἢ δύο ἡμικυκλίων ἐπ᾽ εὐθείας 
ἐχόντων τὰς «βάσεις θεῖναι δοθεῖσαν τῷ μεγέθει 
εὐθεῖαν μεταξὺ τῶν δύο γραμμῶν νεύουσαν ἐπὶ 
γωνίαν ἡμικυκλίου" 

Καὶ ῥόμβου δοθέντος καὶ ἐπεκβεβλημένης μιᾶς 
πλευρᾶς ἁρμόσαι ὑπὸ τὴν ἐκτὸς γωνίαν δεδομένην 
τῷ μεγέθει εὐθεῖαν νεύουσαν ἐπὶ τὴν ἀντικρὺς 


Kai θέσει δοθέντος κύκλου ἐναρμόσαι εὐθεῖαν 
μεγέθει δεδομένην νεύουσαν ἐπὶ δοθέν. 

Τούτων δὲ ἐν μὲν τῷ πρώτῳ τεύχει. δέδεικται τὸ 
ἐπὶ τοῦ ἑνὸς ἡμικυκλίου καὶ εὐθείας € ἔχον πτώσεις 
6 καὶ τὸ ἐπὶ τοῦ κύκλου ἔχον πτώσεις δύο καὶ τὸ 
ἐπὶ τοῦ ῥύμβου πτώσεις ἔχον β, ἐν δὲ τῷ δευτέρῳ 
τεύχει τὸ ἐπὶ τῶν δύο ἡμικυκλίων τῆς ὑποθέσεως 
πτώσεις ἐχούσης i, ἐν δὲ ταύταις ὑποδιαιρέσεις 
πλείονες διοριστικαὶ ἔνεκα τοῦ δεδομένον μεγέθους 


τῆς εὐθείας. 
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problem is: Tio straight lines being given in position, 
to place between them a straight line of given len 
so as to verge to a given point. When it is subdivided 
the subordinate problems are, anoording to differ- 
ences in the suppositions, sometimes plane, some- 
times solid, sometimes linear, Among the plane 
problems, a selection was made of those more gener- 
ally useful, and these problems have been proved: 
Given a semicircle and a straight line perpendicular to 


_ the base, or tro semicircles with their bases in a straight 


line, to place a straight line of given length between the tro 
lines and verging eee gee cnactrcle (0b af ont 

the semicircles) + | 

Given a rhombus with one side produced, fo insert a 
straight line of given length tn the external angle so that 
i verges to the oppomle angle ; 

Given a circle, to insert a chord of given length verging 
to ἃ given point. 

these, there are proved in the first book four 

cases of the problem of one semicirele and a straight 
line, two cases of the circle, and two cases of the 
rhombus ; in the second book there are proved ten 
eases of the problem in which two semicircles are 
assumed, and in these there are numerous subdivisions 
concerned with limits of possibility according to the 
given length of the straight line.* | 


* A restoration of Apollonius’s work On Vergings has been 
attempted by several writers, most completely by Samuel 
Horsley (Oxford, 1770). A lemma by Pergo enables Apol- 
lonius’s construction in the case of the rhombus to be restored 
with inty; σ᾿ Heath, #.G.M, ii. 190-192, 
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(vili.) On the Dodecahedron and the Icosahedron 
Hypesicl. [Fucl. Elen, xiv.], Enel. ed. Helberg 
ν, 6. 19-8.5 


‘O αὐτὸς κύκλος περιλαμβάνει τὰ τε τοῦ δωδε- 
καξδρου πεντάγωνον καὶ τὸ τοῦ εἰκοσαέδρου 
τρίγωνον τῶν εἰς τὴν αὐτὴν σφαῖραν ἐγγραφομένων. 
τοῦτο δὲ γράφεται ὑπὸ μὲν "Ἀρισταίου ἐν τῷ ἐπι- 
γραφομένῳ Τῶν ξ σχημάτων συγκρίσει, ὑπὸ δὲ 
᾿Απολλωνίου ἐν τῇ δευτέρᾳ ἐκδόσει τῆς Συγκρίσεως 
τοῦ δωδεκαέδρου πρὸς τὸ εἰκοσάεδρον, ὅτι ἐστίν, 
ws ἡ τοῦ δωδεκαέδρου ἐπιφάνεια πρὸς τὴν τοῦ 
εἰκοσαέδρου ἐπιφάνειαν, οὕτως καὶ αὐτὸ τὸ δω- 
δεκάεδρον πρὸς τὸ εἰκοσάεδρον διὰ τὸ τὴν αὐτὴν 
εἶναι κάθετον ἀπὸ τοῦ κέντρου τῆς σφαίρας ἐπὶ τὸ 
τοῦ δωδεκαέδρου πεντάγωνον καὶ τὸ τοῦ εἶκο- 
σαέδρου τρίγωνον, 


(ix.) Principles of Mathematics 
Marin. in Eucl. Dat., Evel. ed. Heiberg vi, 934, 18-17 
Διὸ τῶν ἁπλούστερον, καὶ μιᾷ τινι διαφορᾷ περι- 
γράφειν τὸ δεδομένον προθεμένων of μὲν τεταγ- 
μένον, ὡς ᾿Απολλώνιος ἐν TH Περὶ μεύσεων καὶ 


1 ἀπλούστερον Leiberg, ἀπλουστέρων cod, 
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(viii.) On the Dodecahedron and the Icosahedron 


Hypsicles (Euclid, Elements xiv.]," Eucl, ed. Helberg 
¥. 8, 19-8. 5 

The pentagon of the dodecahedron and the triangle 
of the icosahedron ὃ inscribed in the same sphere can 
be included in the same circle. For this is proved by 
Aristaeus in the work which oe wrote On ἐπεὶ Com- 
parison af the Five Figures* and it is proved b 
Neeionees in the second edition of his work On the 
Comparison of the Dodecahedron and the Icosahedron 
that the surface of the dodecahedron bears to the 
surface of the icosahedron the same ratio as the 
volume of the dodecahedron bears to the volume of 
the icosahedron, by reason of there being a common 
perpendicular from the centre of the sphere to the 
pentagon of the dodecahedron and the triangle of 
the icosahedron. 


(ix.) Principles of Mathematics 


Marinus, Commentary on Ewelid's Data, Ewel, ed. 
Heiberg vi. 234. 13-17 


Therefore, among those who made it their aim to 
define the datum more simply and with a single 
differentia, some called it the assigned, such as 
Apollonius in his book On Fergings and in his 


* The so-called fourteenth book of Euclid's Elements is 

really the work παρε hi for whom e, infra, pp. 304-397. 

* For the regular solids ©. vol. i, pp. 216-225, The face of 

biecahedron is a pentagon and the face of the icoss- 

ΚΑ proofis given by Hypsicles as Prop. 2 of his book. 
proof Εἰ Lure: ip. 9. 


Whether the Aristacus is the same person a5 the author of 
the Solid Loci is not known. 
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ἐν τῇ Kafddov πραγματείᾳ, of δὲ γνώριμον, ὡς 
(x.) On the Cochlins 
Proc]. in Ewel, L, ed. Priedlein 105, 1-6 


Τὴν περὶ τὸν κύλινδρον ἔλικα γραφομένην, ὅταν 
εὐθείας κινουμένης περὶ τὴν ἐπιφάνειαν τοῦ 
κυλίνδρου σημεῖον ὁμοταχῶς ἐπὶ αὐτῆς κινῆται. 
γίνεται γὰρ ἕλιξ, ἧς ὁμοιομερῶς πάντα τὰ μέρη 
πᾶσιν ἐφαρμόζει, καβάπερ Ἀπολλώνιος ἐν τῷ 
Περὶ τοῦ κοχλίου γράμματι δείκνυσιν. 


(xi.) On Unordered Irrationals 
Procl. in Ewel. i, ed. Friedlein 74. 23-24 


Τὰ Περὶ τῶν ἀτάκτων ἀλόγων, ἃ ὁ ᾿Ἀπολλώνιος 
(mi πλέον ἐξειργάσατο. 


Sehol. lin Ἐπ. Elem. x., Fuel. ed, Helberg 
τ, 414. 10-16 


"Ev μὲν οὖν τοῖς πρώτοις περὶ συμμέτρων καὶ 
ἀσυμμέτρων arate “πρὸς τὴν φύσιν αὐτῶν 
αὐτὰ ἐξετάζων, ἐν ν» δὲ τοῖς ἑξῆς περὶ ΕΝ καὶ 
ἀλόγων οὐ πασῶν" τινὲς γὰρ αὐτῷ ws evi στάμενοι 
ἐγκαλοῦσιν ἀλλὰ τῶν ἁπλουστάτων εἰδῶν, an 


* Heath | H.G.M. ii. 192-193) conjectures that this = 
aust have with the fundamental principles of mathe- 
matics, and to it he assigns various pir on such sub 
attributed to Apollonius by Proclus, and in particular his 
attempts to prove the axioms. ‘The different ways in which 
entities are sald to be given ore stated in the definitions 
quoted from Euclid’s Dafa in vol. i. pp. 4768-479. 


δῦ 
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General Treatise others the known, such as Dio- 
dorus.? 
(x.) On the Cochlias 
Proclus, On Euclid i., ed. Friedlein 105, 1-6 


The cylindrical helix is described when a point 
moves uniformly along a straight line which itself 
moves round the surface of a cylinder. For in this 
way there is generated a helix which is Aomocomeric, 
any part being such that it will coincide with any 
οἶδας part, as is shown by Apollonius in his work On 
the Cochlias. 


(xi.) On Unordered Irrationals 
Proclus, On Evelid i., ed. Friedlein Τά. 23-24 


The theory of unordered irrationals, which Apol- 
lonius fully investigated. 


Euclid, Elements x., Scholium i.,¢ ed, Heiberg 
v. 414. 10-16 

_ Therefore in the first [theorems of the tenth book] 
he treats of symmetrical and asymmetrical magni- 
tudes, investigating them according to their nature, 
and in the succeeding theorems he Mala with rational 
and irrational quantities, but not all, which is held up 
against him by certain detractors; for he dealt only 
with the simplest kinds, by the combination of which 

* Possibly Diodorus of Alexandria, for whom τὶ vol. i. 
P 800 and p. 501 nb. | 

‘In Studien titer Euklid, p. 170, Heiberg conjectured 
that this scholium was extracted from Pappus's commentary, 
and he has established his conjecture in Videnskabernea 
nee Skrifter, 6 Rackke, hist.-philos. Afd. ii. p- Pati sey. 
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συντιθεμένων γίνονται ἄπειροι ἄλογοι, ὧν τινας 
καὶ ὁ ᾿Απολλώνιος ἀναγράφει. Ἷ 


{χ.} Measurement of a Circle 
Eutoc, Comm, in Archim, Dim. Cire., Archim, 
ed. Helberg iii. 258. 16-22 

‘ στέον δέ, ὅτι καὶ ᾿Ἀπολλώνιος ὁ Περγαῖος ἐν 
τῷ 'Ὠκυτοκέῳ ἀπέδειξεν αὐτὸ δι᾽ ἀριθμῶν ἑτέρων 
ἐπὶ τὸ σύνεγγυς μᾶλλον ἀγαγών. τοῦτο δὲ ἀκρι- 
βέστερον μὲν εἶναι δοκεῖ, οὐ χρήσιμον. δὲ πρὸς τὸν 
᾿Αρχιμήδους σκοπόν" ἔφαμεν γὰρ αὐτὸν σκοπὸν 

eur ἐν τῷδε τῷ τῷ βιβλίῳ τὰ σύνεγγυς εὑρεῖν διὰ 
τὰς ἐν τῷ βίῳ χρείας. 


(xiii.) Continwed Multiplications 
Papp. Coll. i. 17-21, ed. Hultsch 18, 23-24, 201 
Τούτου δὴ προτεθεωρημένου πρόδηλον, πῶς 
ἔστιν τὸν δοθέντα στίχον πολλαπλασιάσαι καὶ 
εἰπεῖν τὸν Saker ἀριθμὸν ἐκ τοῦ τὸν πρῶτον 


τὸ π μν τῶν γραμμάτων ἐπὶ 


τὸν δεύτερο ν ἀριθμὸν ὧν alee τὸ δεύτερον τῶι 

vf δ᾽ πολλῶν yk καὶ τὸν γενόμενον 

ἐπὶ τὸν ΕΣ ἀριθμὸν ὃν εἴληφε τὸ τρίτον γράμμει 
1 The extensive interpolations are omitted, 





84 GOO Eon Fuel. Elem, x. was discovered 
og an translation on by W © (Mémoires présentéon 
pur sanfcera sarang ὦ UA ἐσ dev sciences, 1856, xiv). Tt 
cuntains several references to Aneliounete work, of which 
i dsigwe ἂν σῆς Lohr signs τῆμος "Ein, Apo} 
homiuns ordonnées, εἰ 
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an infinite number of irrationals are formed, of which 
latter Apollonius also deseribes some.* 


(xii.) Measurement of a Circle 


Eutociu, Commentary on Archimedes’ Mearurement ὦ 

a Circle, Achim, ed. Helberg tii; 255. 16-22 " 
It should be noticed, however, that Apollonius of 
Perga proved the same thing (sc. the ratio of the 
ircumference of a circle to the diameter) in the 
Quick-deliverer by a different calculation leading to 
a closer approximation, ‘This a to be more 
accurate, but it is of no use for Archimedes’ purpose; 
for we have stated that his purpose in this book was 
to find an approximation suitable for the everyday 

needs of life.” 


(xiii.) Continued Mulfplications 5 
Pappus, Collection fi, 17-21, ed. Hultech 18, 29-24. 20" 


This theorem having first been proved, it is clear 
how to multiply together a given verse and to tell the 
number which results when the number represented 
by the first letter is multiplied into the number 
represented by the second letter and the product is 
multiplied into the number represented by the third 
prt erste ft produ trés-grand nombre par des 

ply ieedgety yy ys 

“Ὲ} : ΕΗ. * ” is τς 
gests that thes Ghicalatione werd onatained in the "hey beets 
there is no definite evidence. 

‘ passages, chiefly detailed calculations, adjudged by 

nterpotations are omitted. 
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καὶ κατὰ τὸ ἑξῆς περαίνεσθαι μεχρὶ τοῦ διεξο- 
δεύεσθαι τὸν στίχον, ὃν εἶπεν ᾿Απολλώνιος ἐν 
ἀρχῇ οὕτως" 

᾿Αρτέμιδος κλεῖτε κράτος ἔξοχον ἐννέα κοῦραι 
(76 δὲ κλεῖτέ φησιν ἀντὶ τοῦ ὑπομνήσατε). 

᾿Επεὶ οὖν γράμματά ἐστιν λη τοῦ στίχου, ταῦτα 
δὲ περιέχει ἀριθμοὺς δέκα τοὺς PTET ATaY GA, 
dw ἕκαστος ἐλάσσων μέν ἐστιν χιλιάδος μετρεῖται 
δὲ ὑπὸ ἑκατοντάδος, καὶ ἀριθμοὺς if τοὺς Καὶ ἴδ καὶ 
ATKRGEEGSPFT δῖ, ὧν ἕκαστος ἐλάσσων μέν 
ἐστιν ἑκατοντάδος μετρεῖται δὲ ὑπὸ δεκάδος, καὶ 
τοὺς λοιποὺς ia τοὺς dé 6 εξ ἃ ξξξᾷ ἃ, ὧν 
ἕκαστος ἐλάσσων δεκάδος, ἐὰν dpa τοῖς μὲν δέκα 
ἀριθμοῖς ὑποτάξωμεν ἰσαρίθμους δέκα κατὰ τάξιν 
ἑκατοντάδος͵ τοῖς δὲ (ξ ὁμοίως ὑποτάξωμεν 
δεκάδας if, φανερὸν ἐκ τοῦ ἀνώτερου λογιστικοῦ 
θεωρήματος ιβ΄ ὅτι δέκα ἑκατοντάδες μετὰ τῶν 
il δεκάδων ποιοῦσι μυριάδας ἐνναπλᾶς δέκα. 

"Ἐπεὶ δὲ καὶ πυθμένες ὁμοῦ τῶν μετρουμένων 
ἀριθμῶν ὑπὸ ἑκατοντάδος καὶ τῶν μετρουμένων 
ὑπὸ δεκάδος εἰσὶν οἱ ὑποκείμενοι KE 


ἀγβγαγβεδα 
β δαξβγαβζεξζεεεβζα, 


" Apollonius, it is clear from Pappus, had a system οὗ 
tetrads for calculations inyolvi big numbers, the unit bel: 
the i πὸ τ fourth pow ᾿ of 10 The tetrads are calk 
μυριάδες ΤῊ μιᾶδες διπλαῖ, wider τριπλαῖ, si 
myriads, dowhle myriads, Rite wayrinds and iba by whieh 


are meant 10000, 10000, 100007 and so on, In the text of 
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letter and so on in order until the end of the verse 
which Apollonius gave in the beginning, that is 


"Ἀρτέμιδος κλεῖτε κράτος ἔξοχον ἐννέα κοῦραι 


(where he says κλεῖτε for ὑπομνήσατε, recall to mind). 

Since there are thirty-eight letters in the verse, of 
which ten, namely pto t pz @ y vp (=100, 300, 200 
800, 100, 300, 200, GOO, 400, 100), represent numbers 
less than 1000 and divisible by 100, and seventeen, 
namély μιοκλικοξοῦνννκοι (=40, 10, 70, 20, 
80, 10, 20, 70, 60, 70, 70, 50, 50, 50, 20, 70, 10), repre- 
sent numbers less than 100 and divisible by 10, w 
the remaining eleven, namely, ἃ ὁ Ge cacecaa 
(=1, 5,4, 5, 5, 1, 5,5, 5, 1, 1), represent numbers less 
than 10, then if for those ten numbers we substitute 
an equal number of hundreds, and if for the seven- 
teen numbers we similarly substitute seventeen tens, 
it is clear from the above arithmetical theorem, 
the twelfth, that the ten hundreds together with 
the seventeen tens make 10. 10000°.4 

And since the bases of the numbers divisible by 
100 and those divisible by 10 are the following twenty- 
seven 

1, 3, 2, 3, 1,3, 2, 6, 4,1 
+, l, ἣν 2, sy l, 2 cn ti, 7s Ts Dy 3, oy x Ts I, 


Pappus they are sometimes abbreviated to μὴ, pa, μὲ and 


Bo OM, 

From Pappus, though the text is defective, A pollontus's 
rocedure in multiplying together powers of 10 can be seen to 
> equivalent to ppt ἔπε: the indices of the separate powers 
of 10, and then dividing by 4 to obtain the power of the myriad 
which the product contains, If the division is exact, the 
number is the n-myriad, say, meaning 1000. If there is 0 
remainder, 3,2 or 1, the number is 1000, 100 or 10 times the 
n-myrind as the case may be. . 
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ἀλλὰ καὶ τῶν ἐλασσόνων δεκάδος εἰσὶν τα, Tour 
τέστιν ἀριθμοὶ οἵ 

ἀεδεεαεξξαᾶ, 
ἐὰν τὸν ἐκ τούτων τῶν ta καὶ τὸν ἐκ τῶν KL 
πυθμένων στερεὸν δι᾿ ἀλλήλων πολλαπλασιάσωμεν, 
ἔσται ὦ στερεὸς μυριάδων τετραπλῶν 18 καὶ 
τριπλῶν τὰς καὶ διπλῶν ηυπ. 

Αὗται δὴ συμπολλαπλασιαζόμεναι ἐπὶ τὸν ὧς 
τῶν ἑκατοντάδων καὶ -δεκάδιων στερεόν, τουτέστι 
τὰς προκειμένας μυριάδας ἐνναπλᾶς δέκα, ποιοῦσιν 
μυριάδας τρισκαιδεκαπλᾶς pos, δωδεκαπλᾶς τξη, 
ἐνδεκαπλᾶς Gu. 


(xiv.) On the Burning Mirror 


Fragmentum mathematicum Botiemae 119. 98-89. ed. 
Belrer, Hermes, xvi., 1851, 279-980! 


Oi μὲν οὖν παλαιοὶ ὑπέλαβον τὴν ἔξαψιν ποιεῖσθαι 
περὶ τὸ κέντρον τοῦ κατόπτρου, τοῦτο δὲ ψεῦδος 
᾿Απολλώνιος μάλα δεόντως. .. (ἐν τῷ) πρὸς 
τοὺς κατοπτρικοὺς ἔδειξεν, καὶ περὶ τίνα δὲ τόπον 
ἡ ἐκπύρωσις ἔσται, διασεσάφηκεν ἐν τῷ Περὶ τοῦ 
πυρίου. 


* Asamended by Heiberg, Zeitschrift far Mathematik und 
Physik, xxviii, 168, hist. Abth. seas act il 
yrik, i 


APOLLONIUS OF PERGA 


while there are eleven less than ten, that is the 
numbers 
I, 5, f, 5, 5, I, 5, 5, oy I; I, 
if we multiply together the solid number formed by 
these eleven with the solid number formed by the 
twenty-seven the result will be the solid number 
19. 100004 +6036 . 100007 +8480 . 100007, 
When these numbers are multiplied into the solid 
number formed by the hundreds and the tens, that is 
with 10. 10000" as caleulated above, the result is 
196. 10000" + 368 . 100007" + 4800 . 100004, 


(xiv.) On the Burning Mirror 


Fragmentum mathematieum Hobiense 113, 28-93," od. 
Belger, Hermes, xvi., 1881, 279-280 


The older geometers thought that the burning took 
place at the centre of the mirror, but Apollonius very 
suitably showed this to be false . . . in his work on 
mirrors, and he explained clearly where the kindling 
takes place in his works On the Burning Mirror.” 


* This fragment is attributed to Anthemius by Heiberg, 
but its antiquated terminology leads Heath (HG, ΔΓ, ii. 194) 


to ss re that it is much ier. 

* Of Apollonins’s other achievernents, his solution of the 
problem of finding two mean proportionals has already been 
mentioned (vol. i. p. 267 n. ὁ) sufficiently indicated ; for 
ἊΣ astronomical work the reader [8 referred to Heath, H.0'.M, 
hh. 195-196, 
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XX. LATER DEVELOPMENTS IN 
GEOMETRY 


(a) CuasstricaTion or Cunves 
Proc, in Ewel. i,, ed. Friedlein 111. 1-112. 1] 


Διαιρεῖ δ' αὖ τὴν γραμμὴν ὅ Γέμινος; πρῶτον 
μὲν εἰς τὴν ἀσύνθετος καὶ hi before wa hae: δὲ 
σύνθετον τὴν κεκλασμένην καὶ γωνίαν ποιοῦσαν --- 
ἔπειτα τὴν ἀσύνθετον" εἴς τε τὴν σχηματοποιοῦσαν 
καὶ τὴν ἐπ᾽ ἄπειρον ἐκβαλλομένην, σχῆμα λέγων 
ποιεῖν τὴν κυκλικήν, τὴν τοῦ θυρεοῦ, τὴν κιττοειδῆ, 
μὴ ποιεῖν δὲ τὴν τοῦ ὀρθογωνίου κώνου τομήν, 
τὴν τοῦ ἀμβλυγωνίου, τὴν κογχοειδῇ, τὴν εὐθεῖαν, 
πάσας τὰς τοιαύτας. καὶ πάλιν κατ᾽ ἄλλον τρῦπον 
τῆς ἀσυνθέτου γραμμῆς τὴν μὲν ἁπλῆν εἶναι, τὴν 
δὲ μικτήν, καὶ τῆς ἁπλῆς τὴν μὲν σχῆμα ποιεῖν 
ὡς τὴν κυκλικήν, τὴν δὲ ἀόριστον εἶναι ὡς τὴν 
εὐθεῖαν, ἀν δὲ μικτῆς τὴν μὲν ἐν τοῖς ἐπιπέδοις 
εἶναι, τὴν δὲ ἐν τοῖς στερεοῖς, καὶ τῆς ἐν ἐπιπέδοις 
τὴν μὲν ἐν αὐτῇ συμπίπτειν ὡς τὴν κιττοειδῇ, τὴν 
δ᾽ én’ ἄπειρον ἐκβάλλεσθαι, τῆς δὲ ἐν στερεοῖς 

Τὴ ΤΙ εἰ, Τ εμῖνος Friedlein 
gra Si Bat tific τ 


* No great new developments in feometry were made b 
the Greeks after the death of Apollonius, probably through 
JO) 


XX. LATER DEVELOPMENTS IN 
GEOMETRY 4 


(a) Crasstrication or Cunves 
Prochis, On Huclid i., ed, Friedlein 111, 1-112. 11 


Geminvs first divides lines into the incomposite and 
the composite, meaning by composite the broken line 
forming an angle ; and then he divides the incom- 
posite into those forming a figure and those extending 
without limit, including among those forming a Bgure 
the circle, the ellipse and the cissoid, and among those 
not forming a figure the parabola, the hyperbola, 
the conchoid, the straight line, and all such lines, 
Again, in another manner he says that some incom- 
posite lines are simple, others mired, and among the 
simple are some forming a Faure, such as the circle, 
and others indeterminate, such as the straight line, 
while the mixed include both Lines on planes and lines 
on solids, and among the lines on planes are lines 
meciing themselves, such as the cissoid, and others 
erfending without mit, and among lines on solids are 


the limits imposed by their methods, and the recorded addi- 
thons bo the corpus of Greek mathematics may be described 
as reflections upon existing work or “ stock-taking.” On 
the basis of geometry, however, the new sciences of tri 
nometry and mensuration were founded, as will be de- 
scribed, and the revival of geometry by Pappus will also be 
reserved for separate treatment, 
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Τρεῖς γραμμὰς ἐπὶ πέντε τομαῖς εὐρων ἐλικώδεις' 
Περσεὺς τῶν δ' ἕνεκεν δαίμονας ἰλάσατο. 


εὑρύνεται δὲ ἐφ' ἑκάτερα. τῶν δὲ ἄλλων μίξεων 
τὸ πλῆθος ἀπέραντόν ἐστιν" καὶ γὰρ στερεῶν 
σχημάτων πλῆθός ἐστιν ἄπειρον καὶ τομαὶ αὐτῶν 
συνίστανται πολνειδεῖς. 


fbid., ed. Friedlein 356, 8.19 
Kai γὰρ ᾿Απολλιώνιος ἐφ᾽ ἑκάστης τῶν κωνικῶν 
ραμμῶν τῇ τὸ σύμπτωμα δείκνυσι, καὶ ὁ Nixo- 
μήδης τῶν κογχοειδῶν, καὶ ὁ “Ἱππίας ἐπὶ 
1 ἐλικώδεις Knochie, εὑρὼν τὰς σπειρικὰς Advur coded, 


* ©. vo. i. pp. 204-297, 
* For Perseus, rv. p. n. aand μ᾿, 363 n. ὁ. 
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lines conceived as formed by sections of the solids and 
lines formed round the solids. The helix round the 
sphere or cone is an example of the lines formed 
round solids, and the conic sections or the spiric 
curves are generated by various sections of solids, 
Of these sections, the conic sections were discovered 
by Menaechmus, and Eratosthenes in his account 
says: “ Cut not the cone in the triads of Menaech- 
mus"'*; and the others were discovered by Perseus,! 
who wrote an epigram on the discovery— 
Three spiric lines wpon five sections finding, 
Perscus thanked the gods therefor. 

Now the three conic sections are the parabola, the 
hyperbola and the ellipse, while of the spiric sections 
one is interlaced, resembling the horse-fetter, another 
is widened out in the middle and contracts on each 
side, a third is elongated and is narrower in the 
middle, broadening out on either side. The number 
of the other mixed lines is unlimited: for the number 
of solid figures is infinite and there are many different 
kinds of section of them. | 


féid., ed. Friedlein 346. 8-12 


For Apollonius shows for each of the conic curves 
what is its property, as does Nicomedes for the 


GREEK MATHEMATICS 


τῶν τετραγωνιζουσῶν, καὶ 6 Περσεὺς ἐπὶ τῶν 
“σπειρικῶν. 
fbid., ed. Friedlein 119. 8-17 


"O δὲ συμβαίνειν φαμὲν κατὰ τὴν σπειρικὴν ἐπι- 
φόνον, κατὰ γὰρ κύκλου νοεῖται στροφὴν ὀρθοῦ 

ἰαμένοντος καὶ στρεφομένου περὶ τὸ αὐτὸ σημεῖον, 
a μή ἔστι κέντρον τοῦ κύκλου, διὸ καὶ τριχῶς 
σπεῖρα γίνεται, ἢ γὰρ ἐπὶ τῆς περιφερείας ἐστὶ τὸ 
κέντρον ἢ ἐντὸς ἡ ἐκτός. καὶ εἰ μὲν ἐπὶ τῆς περι- 
φερείας ἐστὶ τὸ κέντρον, γίνεται σπείρα συνεχής, 
εἰ δὲ ἐντός, ἡ ἐμπεπλεγμένη, εἰ δὲ ἐκτός, ἡ διεχῆς. 
καὶ τρεῖς at σπειρικαὶ tal κατὰ τὰς τρεῖς ταύτας 


διαφοράς, 





of him beyond these two references. He presumably 
flourished after Euclid (since the conic sections were probably 
well developed before the spirie sections were tackled) and 


Nicomedes appears to have flourished between Eratosthenes 
and Lee aeese He is known only as the inventor of the 
conchoid, which has already been fully described (vol. 1. 
pp. 208-S00), | 

It is convenient to recall here that about πὶ century later 
flourished Diocles, whose discovery of the cissoid has already 
been sufficiently noted (vol. 1, Ep. 270-279). He has also 
been referred to os the δι brilliant solution of the 
problem of dividing a cone in a given ratio, which is equi 
valent to the solution of a cubic equation (supra, Ρ' 162 n, a). 
The Dionysedorus who solved the same votes dd (itid.) may 
have been the Lia bormidied of Caunus mentioned in the 
Herculaneum Koll, No, 1044 (so W. Schmidt in Bibliotheca 
mathematics, tv. pp, 321-325), a younger contemporary of 
Apollonius; he is presumably the same person as the 
a4 
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conchoid and Hippias for the quadratices and Perseus 


for the spiric curves. 
ibid., ed. Friedlein 119, 8-1T 

We say that this is the case with the spiric surface ; 
for itis conceived as generated by the revolution of 
a circle remaining perpendicular [to a given plane] 
and turning about a fixed point which is not its centre, 
Hence there are three forms of spire according as the 
centre is on the circumference, or within it, or with- 
out. If the centre is on the cireumference, the spire 
generated is said to be continuous, if within interlaced, 
and if without open. And there are three spiric 
sections according to these three differences.® 


Dionysodorus mentioned by Heron, Mefrica ii. 19 (cited 
infra, p. 451), a4 the author of a book On the Spire, 

* This last sentence is believed to be a slip, perhaps due to 
too hurried transcription from Geminus. At any rate, no 
pric acai nies be obtained from the sentence as it 
stands, Tannery (Mémoires acientifi wea ii, pp, 24-28) inber- 
prets Perseus’ epigram as meaning “ three curves ia addition 
fo five sections,” He explains the pasengee thus: Let a be 
the radius of the generating circle, ¢ the distance of the 
centre of the generating ci from the axis of revolution, 
d the perpendicular distance of the plane of section (assumed 
to be parallel to the axis of revolution) from the axis of revolu- 
tion. Then in the open spire, in which «>a, there are five 
different cases 1 | 

(1) στ ἀξ πε, The curve is on oval. 
ts d=e¢, Transition to (3). 

3) e>d>e-—a. The curve is a closed curve narrowest in 
the middle. ᾿ 

(4) ἀτερ --ὰὶ The curve is the St (horse-fetter), 
which is shaped like the figure of Β (υ. vol. i. pp. 414-415 for 
the use of this curve bs Bs neta 

(3) ¢-a>d>0, The section consists of two symmetrical 
ove. 

Tannery identifies the “ five sections " of Perseus with 
these five types of section of the open spire; the three curves 
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GREEK MATHEMATICS 
(6) Arremers τὸ Prove tie Paravcen Postucate 


(i.) General 
Procl. in Evel. i, ed. Friedlein 191, 16-198. 9 


“Kai ἐὰν εἰς duo εὐθείας εὐθεῖα ἐμπίπτουσα 
τὰς ἐντὸς aa ἐπὶ τὰ αὐτὰ μέρη γωνίας δύο ὀρθῶν 
ἐλάττονας ποιῇ, ex} ἱένας τὰς εὐθείας ἐπ᾽ 
ἄπειρον συμπίπτειν, ef ἃ μέρη εἰσὶν ai τῶν δύο 
Ἰρθῶν ἐλάττονες.᾽" 

Τοῦτο καὶ παντελῶς διαγράφειν χρὴ τῶν αἰτη- 
μάτων" θεώρημα γάρ ἐστι, πολλὰς μὲν ἀπὸρίας 
ἐπιδεχόμενον, ἃς καὶ ὁ Πτολεμαῖος ἔν τινι βιβλίῳ 
διαλῦσαι προύθετο, πολλῶν δὲ εἰς ἀπόδειξιν 
δεόμενον καὶ ὅρων καὶ θεωρημάτων. καὶ τὸ γε 
tte ra ποιὸ Εὐκλείδης ὡς θεώρημα δείκνυσιν. 

ἐ ay τινες ἀπατώμενοι καὶ τοῦτο τάττει: 
ee τοῖς αἰτήμασιν αἀξιώσειαν, ὡς διὰ τὴν ἐλάττωσιν 
τῶν δύο ὀρθῶν αὐτόθεν τὴν πίστιν παρεχόμενον 





Areata by Proclus are (1), εἶ and (+). Postion the spire ἢ 
confimuows OF eer? ἔτεα ἃ ¥ three sections 
to (1), (2) and (3): μὰς (3) reduce to two 
equal circles ching one another. the interlaced a 
in which ¢-<a, gives three new of section, and in 
Tannery sees his “ three curves sildition to five sections.” 
There are difficulties in the way of accepting this interpretn- 
tion, but no better has been p 


Further pa: on the spire by pee soaening a 
formula for its volume, are given infra, pp. 4 
ν > Post. δ, for w τ, vol. ἢ pp. ΚΙ eer: 


Aristotle (Anal. Prior. ii. 16, 64 a 4) alludes to a ἢ 
pe uth in his ὩΣ among ἔπαθα who "ἢ thin 


the theory of [εἰς "τὰς sepelatiows, γοῦν 
As Heath notes (The Thirteen Books of Evwelid's rain 
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(6) Arremprs to Prove tHe Panaue, Postunare 


(i.) General 
Proclus, Gu Euclid 1. ed. Friedlein 191. 16-193. 9 


“Sf a straght line falling on teeo straighi lines make 
the Sete eles sot oy des Γ al trea right 
angles, the tro straight lines, f produced ἡ initely, 
meet on that side on which are the angles less than two 
right angles.” 5 

This ought to be struck right out of the Postulates; 
for it is a theorem, and one involving many diffi- 
culties, which Ptolemy set himself to resolve in one 
of his books, and for its proof it needs a number 
of definitions as well as theorems. Euclid actually 
proves its converse as a theorem. Possibly some 
would erroneously consider it right to place this 
assumption among the Postulates, arguing that, as 
the angles are less than two right angles, there is 


vol. i. pp. 101-192), ia principe actuary on this } 
suggests that the peter ihc, ii lay in a direction bacey oe 
parallels, Huclid ap ve admitted the validity of 
the criticism Spey by pce his ae eee once andl 
for all, to have countered any lugical objections 
Nevertheless, as the extracts here given will show, ancient 
rs were not prepared to accept the undemonstrable 
character of the sibarige Attem 04 atin to prove it Geka 
to be made until recent times, summarized by FH. 
Bonols, “ Sulla carte delle porallele © sulle geometric nan- 
cuctidce " in Question’ riguardanti la geometria elementare, 
and Heath, foc, cil., pp. 204-219. The chapter on the 
subject in W. Rouse Ball's Mathematical Exsays and Recrea- 
tions, pp. 307-326, may also be read with profit. Attempts 
to prove the postulate were abandoned only when it was 
dap i ΜΊΑΝ by not conceding it, alternative geometries could 
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τῆς τῶν εὐθειῶν συνεύσειυς. καὶ συμπτώσεως. 
πρὸς οὖς ἃ [ εμῖνος ὀρθῶς carry pryce λέγων ὅτι 
παρ᾽ αὐτῶν ἐμάβομεν τῶν τῆς ᾿ mor HHS ταύτης 
νων» πάνυ προσέχειν τὸν νοῦν ταῖς 
kines Fie Mee εἰς, τὴν τῶν λόγων τῶν ἐν 
γεωμετρίᾳ παραδοχήν. ὅμοιον γάρ φησι καὶ 
Ἀριστοτέλης βητορικὸν ἀποδείξεις ἀπαιτεῖν καὶ 
γεωμέτρου πιθανολογοῦντος, ἀνέχεσθαι, καὶ a Tapa 
τῷ Πλάτωνι Ξιμμὰς, ὅτι “" τοῖς ἐκ τῶν εἰκότων 
τὰς ἀποδείξεις ποιουμένοις σύνοιδα οὖσιν ἀλαζόσι. me 
κάνταῦθα τοίνυν τὸ μὲν ἡλαττωμένων τῶν ὀρθῶν 
συνεύειν. τὰς εὐθείας ἀληϑὲς καὶ ἀναγκαῖον, τὸ 
δὲ συνευούσας ἐπὶ πλέον ἐν τῷ ἐκβάλλεσθαι συμ- 
πεσεῖσθαϊ gore πιθανόν, ἀλλ᾽ οὐκ ἀναγκαῖον, εἰ 
μὴ τις ἀποδείξειεν. λόγος, ὅτι ἐπὶ τῶν εὐθειῶν 
τοῦτο ἀληθές. τὸ γὰρ εἶναί τινὰς “γραμμὰς 
συνιούσας μὲν ἐπ᾽ ἄπειρον, ἀσυμπτώτους de 
ὑπαρλ) χούσας, καίτοι δοκοῦν ἀπίθανον εἶναι καὶ 
ταράδοξον, ὅμως ἀληθὲς ἐστι καὶ πεφώραται em 
AN ) εἰδῶν τῆς γραμμῆς. μήποτε οὖν τοῦτο 
καὶ ἐπὶ τῶν εὐθειῶν δυνατόν, ὅπερ ἐπ᾽ ἐκείνων 
γραμμῶν; ἕως γὰρ rat ἀποδείξεως αὐτὸ 
καταδησώμεθα, περισπᾷ, τὴν φαντασίαν τὰ ἐπ 
ἄλλων δεικνύμενα γραμμῶν. εἰ δὲ καὶ οἵ διαμῴιο- 
5 ὕντες Ἀόγοι πρὸς τὴν σύμπτωσιν πολὺ τὸ 
5 κτικὸν ἔχοιεν, πιῶς οὐχὶ πολλῷ πλέον ἂν τὸ 
τιϑονὰν τοῦτο καὶ τὸ ἄλογον ἐκβάλλοιμεν τῆς 
ἡμετέρας παραδοχῆς; 
"AAN ὅτι μὲν ἀπόδειξιν χρὴ ζητεῖν τοῦ προ- 
κειμένου pepe δῆλον ἐκ τούτων, καὶ ὅτι 








® For Geminus, v. infra, p. 510 πι δ. 
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immediate reason for believing that the straight lines 
converge and meet. To such, Geminus*® rightly 
rejoined that we have learnt from the pioneers of this 
science not to incline our mind to mere plausible 
imaginings when it is a question of the arguments 
to be used in geometry. For Aristotle® says it is 
as reasonable to demand scientific proof from a 
rhetorician as to accept mere plausibilities from a 
reometer, and Simmias is made to say by Plato* that 
18 recognizes as quacks those who base their proots 
on probabilities.” In this case the convergence of 
the straight lines by reason of the lessening of the 
right angles is true and necessary, but the statement 
that, since they converge more and more as they are 
produced, they will some time meet is plausible but 
not necessary, unless some argument is produced to 
show that this is true in the case of straight lines. 
For the fact that there are certain lines which con- 
verge indefinitely but remain non-secant, although 
it seems improbable and paradoxical, is nevertheless 
true and well-established in the case of other species 
of lines. May not this same thing be possible in the 
ease of straight lines as happens in the case of those 
other lines? For until it is established by rigid 
proof, the facts shown in the case of other lines may 
turn our minds the other way. And though the con- . 
troversial arguments against the meeting of the two 
lines should contain much that is surprising, is that 
not all the more reason for expelling this merely 
plausible and irrational assumption from our accepted 
teaching 

It is clear that a proof of the theorem in question 
must be sought, and that it is alien to the special 


* Eth. Nie, i. 3.4, L004 b 25-27, ὁ Phaedo 02 τς 
VOL. Ll =H 
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fig τῶν αἰτημάτων ἐστὶν ἀλλότριον rae 
πῶς δὲ ἀποδεικτέον αὐτὸ Το ποίων » 
ἀναιρετέον τὰς πρὸς αὐτὸ μένας ἐνστάσεις, 
τηνικαῦτα λεκτέον, ἡνίκα ἂν καὶ a στοιχειωτὴς 


αὐτοῦ μέλλῃ ποιεῖσθαι μνήμην εὡς ἐναργεῖ προῦ- 
“μος, τότε γὰρ ἀναγκαῖον αὐτοῦ δεῖξαι 
, ἀμώῤγειαν οὐκ ἀναποδείκτως προφαινομένην 
ἀλλὰ δι᾿ ἀποδείξεων γνώριμον γιγνομένην. 


(ii.) Postdonius and Geminus 
fhid., ed. Friedlein 178. 5-10 


Kai ὁ μὲν Εὐκλείδης τοῦτον ὁρίζεται τὸν τρόπον 
τὰς panna? εὐθείας, a δὲ Ποσειδώνιος, 
, φησίν, εἰσὶν αἱ μήτε συνεύουσαι μήτε 


ἀπονεύουσαι ἐν ἑνὶ ἐπιπέδῳ, ἀλλ᾽ ἴσας ἔχουσαι 


: ἔνε, Ἐπ]. i, 58. 
» Posidonius was a Stole and the teacher of Cicero; he 
was born at = pais and taught at Rhodes, flourishing 
contributed a number of definitions to 
ementary geometry, as we know from Proclus, but is more 
famous for a raphical work Oa the Ocean (boat but 
copiously ὦ oted by § by Strabo) and for an astronomical work 
Tlepd μ rv. “In, this he extimated the circumference of 
the earth (r.. p. 267) and he also wrote a separate work 
on the sige of the sun, 

* Aswith so many of the great mathematicians of antiquity, 
we know practically nothing about Geminus's life, not even 
“edie <li pol at aia he fare ha name. As 
he wrote a commentary on Posidonius’s Mepi μετεώρων, we 
ver an upper limit for his date, and “ the view most gener- 

ΤΕ oap is that he was a Stoic philosopher, born prob- 
ate lund of Rhodes, and a pee of Posidonius, and 
that he wrote about 73-67 a.c,” (Heath, ΠΕ, M, ii, 299), 
Further details may be found in Manitius’s edition of the 
artalled Genini elemenfa astronomiag, 

Geminus wrote an encyclopaedic work on mathematics 
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character of the Postulates. But how it should be 
proved, and by what sort of arguments the objections 
made against it may be removed, must be stated at 
the point where the writer of the Elements is about 
to recall it and to use it as obvious. Then it will 
be necessary to prove that its obvious character does 
not appear independently of proof, but by proof is 
made a matter of knowledge. 


(ii.) Posidonins " and Geminus*® 
Thid,, ed. Friedlein 176. 5-10 


Such is the manner in which Euelid defines parallel 
straight lines, but Posidonius says that parallels are 
lines in one plane which neither converge nor diverge 


which is referred to by ancient writers under various names, 


but that used by Eutocius (Tay μαθημάτειν βεωρία, τ΄, supra, 
pp, 280-281) end iin probabt the actual ote it fe une 
fortunately no ars id extant, bot frequent references are 
made to it by Proclus, and long extracts are preserved in an 
Arabic commentary by an-Nairizt. 

It is from this commentary that Geminus is known to have 
attempted to prove the parallel-postulate by a definition of 
parallels similar to that of Posidonius, The method is repro- 
on in cgeerriv AGM, Wi, 228-230. It tacitly ee 
“ Playfair's axiom,” that through a given point only one 
partied can be drawn Pod (Lake drdight ees this axiom 
—which was explicitly stated by Proclus in his commentary 
is, in fact, equivalent to Euclid’s Postulate 5. Saccheri noted 
an even more fundamental objection, that, before Geminus's 
definition of parallels can be used, it has to be proved that 
the locus of points equidistant from a straight line is a iar εἶδ 
line: ond this cannot be done without some equivalent 

tulate. Nevertheless, Geminus deserves to be held in 
eeneiur ‘on thie author of the first known attempt to prove the 
parallel-postulate, a worthy predecessor to Lobachewsky 

and Riemann. 
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πάσας τὰς Kallérovs τὰς ἀγομένας ἀπὸ τῶν τῆς 
ἑτέρας σημείων ἐπὶ τὴν λοιπήν. 
(iii,) Plolemy 
ἢ, ed. Fricdieln 362, 12-383, 18 


᾿ > = ἢ i τ my 4 δ εἰ | = 
ὅπως μὲν τοιχειώτὴς δείκνυσιν ὅτι 
δύο ὀρθαῖς ἴσων οὐσῶν τῶν ἐντὸς αἱ εὐθεῖαι 






pits i εἰσι, ερὸν ἐκ τῶν γεγραμμένων. 
Thanos δὲ ἐν ΠΤ σεν δ πες τὰς ἀπ᾿ 
ἐλαττόνων ἢ δύο ὀρθῶν ἐκβαλλομένας συμπίπτειν, 
ep ἃ μέρη εἰσὶν αἱ τῶν δύο ὀρθῶν ἐλάσσονες, 
τοῦτο πρὸ πάντων δεικνὺς τὸ θεώρημα τὸ δυεῖν 
ἐρεῖς ἴσων ὑπαρχουσῶν τῶν ἐντὸς παραλλήλους 
εἶναι τὰς εὐθείας οὕτω πὼς δείκνυσιν." 

Ἕστωσαν δύο εὐθεῖαι αἱ AB, ΓΔ, καὶ τεμνέτω 
τις αὐτὰς εὐθεῖα ἡ EZHO, ὥστε τὰς ὑπο BZH 





καὶ ὑπὸ ZHA γωνίας δύο ὀρθαῖς ἴσας ποιεῖν. 
ἔγω ὅτι παράλληλοί εἶσιν ai εὐθεῖαι͵ τουτέστιν 
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but the perpendiculars drawn from points on one of 
the Hines to the other are all equal. 


(iii.) Ptolemy * 
Thid., ed, Friedlein 362. 12-363. 15 


How the writer of the Elements proves that, if the 
interior angles be equal to two right angles, the 
straight lines are parallel is clear from what has been 
written, But Ptolemy, in the work? in which he 
attempted to prove that straight lines produced from 
angles less than two right angles will meet on the 
side on which the angles are less than two right 
angles, first proved this theorem, that If the interior 
angles be equal to treo right angles the lines are parallel, 
and he proves it somewhat after this fashion. 

Let the two straight lines be AB, ΓΔ, and let any 
straight line ΕΖΗΘ cut them so as to make the angles 
BZH and ZHA equal to two right angles. I say that 
the straicht-lines are parallel, that is they are non- 

« For the few details known about Ptolemy, v. tra, 
μι 408 and mn. ὁ. 


® This work is not otherwise known, 
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ἀσύμπτωτοί εἶσιν. εἰ γὰρ δυνατόν, συμπιπτέ- 
τωσαν ἐκβαλλόμεναι αἱ ΒΖ, ΗΔ κατὰ τὸ K, 
ἐπεὶ οὖν εὐθεῖα ἡ HZ ἀβέστηκεν ἐπὶ τὴν AB, δι 
ὀρθαῖς ἴσας ποιεῖ τὰς ὑπὸ ΑΖΗ, BZH γωνίας. 
ὁμοίως δέ, ἐπεὶ ἡ HZ ἐ κεν ἐπὶ τὴν TA, δύο 
ὀρθαῖς ἴσας ποιεῖ τὰς ὑπὸ THA, AHZ γωνίας. 
αἱ τέσσαρες. ἄρα αἱ ὑπὸ AZH, ΒΖΗ, PHZ, ὁ AHZ 
Tp νἀ ϑαῖς ἴσαι «ἰοῖν, ὧν al δύο αἱ ὑπὸ BZH, 
ZI A δύο ὦ ς ὑπόκεινται foo. λοιπαὶ dpa 
ai ὑπὸ AZ ΓῚ HZ καὶ αὖται δύο ὀρθαῖς ἴσαι. 
ΕΣ οὖν αἱ ZB, HA δύο ὀρθαῖς ἴσων aiid To 
ἐντὸς ἐκβαλλόμεναι συνέπεσον» κατὰ καὶ 
ai ZA, HI ἐκβαλλόμεναι συμπεσοῦνται. δύο 
ee ὀρθαῖς, καὶ at ὑπὸ AZH, ΓΗΪ ἴσαι εἰσίν, 
γὰρ κατ᾽ ἀμφότερα συμπεσοῦνται αἱ εὐθεῖαι, 
κατ᾽ οὐδέτερα, εὐπεβ καὶ αὗται κἀκεῖναι δια 
εἰσιν. ἴσαι. συμπιπτέτωσαν οὖν αἱ ZA, 
κατὰ τὸ A, at ἄρα AABK, ATAK εὐθεῖαι 
ῥίον περιαχύνσνν, ὅπερ ἀδύνατον. οὐκ ἄρα 
ἘΣ ἐστιν δύο ὀρθαῖς ἴσων οὐσῶν τῶν ἐντὸς 
συμπίπτειν τὰς εὐθείας. παράλληλοι ἄρα εἰσίν. 





fbid., ed. Friedlein 365, 5-267. 27 


Ἤδη μὲν οὖν καὶ ἄλλοι τινὲς ὡς θεώρημα πρὸ- 


τάξαντες τοῦτο αἴτημα παρὰ τῷ Στοιχειωτῇ ληφθὲν 
ἀποδείξεως ἠξίωσαν. δοκεῖ δὲ καὶ ὁ Πτολεμαῖος 





- There is a Common Notion to this effect interpolated in 
Loli yeep [Ἢ va i PP. engi +45 πὶ. 
argument wou ve n clearer if i it hina 
proved. that the two interior a a bight one side of ZL wenn 
ual to the two interior angles on the other side, 
τόν ts τῷ Ξ ΓῊΣ and AHZ=AZH; whence, if ZA, HT 
moet a the triangle ZHA can be rotated about the mid. 
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secant. For, if it be possible, let BZ, ΗΔ, when pro- 
duced, meet at kK. en since the straight line HZ 
stands on AB, it makes the angles ΑΖΗ, BZH equal 
to two right angles [Eucl. i. 13]. Similarly, since 
HZ stands on IA, it makes the angles [HZ, AHZ 
equal to two right angles (ibid.|. Therefore the four 
mgles ΑΖΗ, BZH, ΓΗ͂Ζ, AHZ are equal to four right 
angles, and of them two, BZH, ZHA, are by hypo- 
thesis equal to two right angles. Therefore the 
remaining angles AZH, ['HZ are also themselves 
equal to two right angles. If then, the interior 
angles being equal to two right angles, 2B, HA meet 
at K when produced, ZA, HI’ will also meet when 
produced. For the ack ΑΖΗ, VHZ are also equal 
to two right angles. Therefore the straight lines will 
’ ‘either meet on both sides or on neither, since these 
angles also are equal to two right angles, Let ZA, 
HI meet, then, at.A. Then the straight lines AABK, 
ATAK enclose a space, which is impossible.* There- 
fore it is not possible that, if the interior angles be 
equal to two right angles, the straight lines should 
meet. Therefore they are parallel.” 


Thid., ed. Friedlein 365, 5-367, 27 


Therefore certain others already classed as a 
theorem this postulate assumed by the writer of the 
Elements and demanded a proof, Ptolemy appears 


int of ZH so that ZH lies where HZ is in the figure, while 
FK, HE lie along the sides HT, 4A eel. : and there- 
fore HT, ZA must meet at the point w Καὶ fall. 

The proof is based on the assumptio that two straight 
lines cannot enclose a space, But Riemann devised a geo- 
metry in which this assumption does not hold good, for all 
straight lines having a common point have another point 
common also, 
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αὐτὸ δεικνύναι ἐν τῷ περὶ τοῦ τὰς ἀπ᾿ ἐλαττόνων 
ἢ δύο ὀρθῶν ἐκβαλλομένας συμπίπτειν, καὶ δείκνυσι 

Aa προλαβὼν τῶν μέχρι τοῦδε τοῦ θεωρήματος 
ὑπὸ τοῦ τοιχειωτοῦ προαποδεδειγμένων. καὶ 
ὑποκείσθω πάντα εἶναι ἀληθῆ, ἵνα μὴ καὶ ἡμεῖς 
ὄχλον ἐπειπάγωμεν ἄλλον, καὶ ὡς λημμάτιον τοῦτο 
δείκνυσθαι διὰ τῶν προειρημένων" ἕν δὲ καὶ τοῦτο 
τῶν προδεδειγμένων τὸ τὰς ἀπὸ δυεῖν ὀρθαῖς ἴσων 
ἐκβαλλομένας μηδαμῶς συμπίπτειν. Λέγω τοίνυν 
ὅτι καὶ τὸ ἀνάπαλιν ἀληθές, καὶ τὸ παραλλήλων 
οὐσῶν τῶν εὐθειῶν καὶ τεμνομένων ὑπὸ μιᾶς 
εὐθείας τὰς ἐντὸς καὶ ἐπὶ τὰ αὐτὰ μέρη γωνίας 
δύο ὀρθαῖς ἴσας εἶναι. ἀνάγκη γὰρ τὴν τέμνουσαν 
τὰς παραλλήλους ἢ δύο ὀρθαῖς ἴσας ποιεῖν τὰς 
ἐντὸς καὶ ἐπὶ τὰ αὐτὰ μέρη γωνίας ἢ δύο ἀρθῶν 
ἐλάσσους ἢ μείζους. ἔστωσαν οὖν παράλληλοι 
at ΑΒ, TA, καὶ ἐμπιπτέτω εἰς αὐτὰς ἡ HZ; 
λέγω ὅτι οὐ ποιεῖ δύο ὀρθῶν μείζους τὰς ἐντὸς 
καὶ ἐπὶ τὰ αὐτά. εἰ γὰρ αἱ ὑπὸ ΑΖΗ, THZ δύο 


A 7 Β 





T H A 
ὀρθῶν μείζους, αἱ λοιπαὶ αἱ ὑπὸ BZH, AHZ Selo 
ὀρθῶν ἐλάσσους. ἀλλὰ καὶ δύο ὀρθῶν μείζους 
ai αὐταί' οὐδὲν γὰρ μᾶλλον αἱ AZ, ΓΗ παράλ- 
Andon ἢ ZB, HA, ὥστε εἰ ἡ ἐμπεσοῦσα εἰς τὰς 
AZ, TH δύο ὀρθῶν μείζους ποιεῖ τὰς ἐντός, καὶ 
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to have proved it in his book on the proposition that 
straight lines drawn from angles less than two right 
angles meet if produced, and he uses in the proof 
many of the propositions proved by the writer of 
the Elements before this theorem. Let all these be 
taken as truce, in order that we may not introduce 
another mass of propositions, and by means of the 
aforesaid propositions this theorem is proved as a 
lemma, that straight lines drawn from tro angles to- 
gether equal to tro right angles do not meet when pro- 
duced ®—for this is common to both sets of preparatory 
theorems. I say then that the converse is ako true, 
that if parallel straight lines be cut by one straight line 
the interior angles on the same side are equal to tro righ 
angles.” For the straight line eutting the parallel 
straight lines must make the interior angles on the 
same side equal to two right angles or less or greater. 
Let AB, [A be parallel straight lines, and let HZ cut 
them ; I say that it does not make the interior angles 
on the same side greater than two right angles. For 
if the angles AZH, HZ are greater than two right 
angles, the remaining angles BZH, AHZ are less 
than two right angles.* But these same angles are 
greater than two right angles; for AZ, ΓῊ are not 
more parallel than 4B, HA, so that if the straight line 
falling on AZ, ΓῊ make the interior angles greater 
than two right angles, the same straight line falling 

* This is equivalent to Encl. i. 28, 

* This is equivalent to Eel. 1. 29, 
* By Euel, i, 13, for the angles ΑΖΗ, BZH are togethor 
equal to two right angles and so ore the angles [HZ , AHZ. 
a17 
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ἡ els τὰς ZB, HA ἐμπίπτουσα δύο ὀρθῶν ποιήσει 
μείζους τὰς ἐντός: ἀλλ᾽ αἱ αὐταὶ καὶ δύο ὀρθῶν 
ἐλάσσους" ai γὰρ τέσσαρες αἱ ὑπὸ ΑΖΗ, ΓΗΖΣΖ, 
BZH, AHZ τέτρασιν ὀρθαῖς ἴσαι" ὅπερ ἀδύνατον. 
ὁμοίως δὴ δείξομεν ὅτι εἰς τὰς παραλλήλους 
ἐμπίπτουσα οὐ ποιεῖ δύο ὀρθῶν ἐλάσσους τὰς 
ἐντὸς καὶ ἐπὶ τὰ αὐτὰ μέρη γωνίας. εἰ δὲ μήτε 
μείζους μήτε ἐλάσσους ποιεῖ τῶν δύο ὀρθῶν, 
λείπεται τὴν ἐμπίπτουσαν δύο ὀρθαῖς ἴσας ποιεῖν 
τὰς ἐντὸς καὶ ἐπὶ τὰ αὐτὰ μέρη γωνίας, 

Τούτου δὴ οὖν προδεδειγμένου τὸ προκείμενον 
ἀναμφισβητήτως ἀποδείκνυται. λέγω γὰρ ὅτι ἐὰν 
εἷς δύο εὐθείας εὐθεῖα ἐμπίπτουσα τὰς ς καὶ 
ἐπὶ τὰ αὐτὰ μέρη γωνίας δύο ὀρθῶν ἐλάσσονας ποιῇ, 
συμπεσοῦνται αἱ εὐθεῖαι ἐκβαλλόμεναι, ἐφ᾽ ἃ μέρη 
εἰσὶν αἱ τῶν δύο ὀρθῶν ἐλάσσονες. μὴ γὰρ συμ- 
πιπτέτωσαν. ἀλλ᾽ εἰ ἀσύμπτωτοϊ εἰσιν, ἐφ᾽ ἃ 
μέρη αἱ τῶν δύο ὀρθῶν ἐλάσσονες, πολλῷ μᾶλλον 
ἔσονται ἀσύμπτωτοι ἐπὶ βάτερα, ἐφ᾽ ἃ τῶν δύο 
εἰσὶν ὀρθῶν αἱ μείζονες, wore ἐφ᾽ ἑκάτερα ἂν εἶεν 
ἀσύμπτωτοι αἱ εὐθεῖαι. εἰ δὲ τοῦτο, παράλληλαΐ 
εἰσιν. ἀλλὰ δέδεικται ὅτι ἡ εἰς τὰς παραλλήλους 
ἐμπίπτουσα τὰς ἐντὸς καὶ ἐπὶ τὰ αὐτὰ μέρη δύο 
ὀρθαῖς ἴσας ποιήσει γωνίας. ai αὐταὶ ἄρα καὶ δύο 
ὀρθαῖς ἴσαι καὶ δύο ὀρθῶν ἐλάσσονες, ὅπερ 
ἀδεένατον. 

Ταῦτα προδεδειχὼς ὁ Πτολεμαῖος καὶ καταν- 

id 

* See note con p. ST. 

* The fallacy lies in the assumption that “ AZ, TH are not 
more parallel than ZB, HA,” so that the angles BZH, AHZ 
must also be greater than two right angles, This assump- 
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on ZB, HA also makes the interior angles greater 
than two right angles ; but these same angles are less 
than two right angles, for the four angles ΑΖΗ, [HZ, 
BZH, AHZ are equal to four right angles *; which is 
impossible. Similarly we may prove that a straight 
line falling on parallel straight lines does not make 
the interior angles on the same side less than two 
right angles. But if it make them neither greater 
nor less than two right angles, the only conclusion 
left is that the transversal makes the interior angles 
on the same side equal to two right angles." 

With this preliminary proof, the theorem in ques- 
tion is proved beyond. dispute, I mean that if a 
straight line falling on tro straight lines make the interior 
angles on the same side less than boo right angles, the tro 
straight lines, if has will meet on that side on which 
are the angles than two right angles. For [, if 
possible) let them not meet. But if they are non- 
secant on the side on which are the angles less than 
two right angles, by much more will they be non- 
secant on the other side, on which are the angles 
greater than two right angles, so that the straight 
lines would be non-secant on both sides. Now if this 
should be so, they are parallel. But it has been 
proved that a straight line falling on parallel straight 
lines makes the interior angles on the same side equal 
to two right angles. Therefore the same angles are 
both equal to and less than two right angles, which 
is impossible. 

Having first proved these things and squarely faced 
tion is equivalent to the hypothesis that through a given 
point a one Hel can Rtas to a given poate line ; 

at this hypothesis ean be proved equivalent to Evuclid's 
᾿ἰΡνὰς εὐτα t is known as “ Playfair's Axiom,” but ts, in 

ct, stated by Proclus in his note on Eucl. i. 31. 
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τήσας εἰς τὸ προκείμενον ἀκριβέστερόν τι προῦ- 
θεῖναι βούλεται καὶ δεῖξαι ὅτι, ἐὰν εἰς δύο εὐθείας 
εὐθεῖα ἐμπίπτουσα τὰς ἐντὸς καὶ ἐπὶ τὰ αὐτὰ 
i fF 5 = cod ἘΠῚ = Md 5" 
μέρη δύο ὀρθῶν ποιῇ ἐλάσπονας, οὐ μόνον οὐκ 
i ἮΙ oF - f = = i 4 
εἰσὶν dovprrwro ai εὐθεῖαι, ὡς δέδεικται, ἀλλὰ 
καὶ ἡ σύμπτωσις αὐτῶν κατ᾽ ἐκεῖνα γίνεται τὰ 
"ἐν ν  « ἃ ae # + 3. ἢ 
μέρη, ἐφ' ἃ αἱ τῶν δύο ὀρθῶν ἐλάσσονες, οὐκ ἐφ 
ἃ αἱ μείζονες. ἔστωσαν γὰρ δύο εὐθεῖαι αἱ ἈΒ, 
TA καὶ ἐμπίπτουσα εἰς αὐτὰς ἡ EZHO ποιείτω 


τὸς ὑπὸ AZH καὶ ὑπὸ ΓῊΖ δύο ὀρθῶν ἐλάσσους. 





αἱ λοιπαὶ ἄρα μείξους δύο ὀρθῶν. ὅτι μὲν [οὖν]! 
οὐκ Ἡβνχρὶ φῆσαι ai εὐθεῖαι δέδεικται. ὦ ἘΣ ae 
πίπτουσιν, ἢ ἐπὶ τὰ A, [ συμπεσοῦνται, ἢ ἐπὶ 
τὰ B, ἃ. συμπιπτέτωσαν ἐπὶ τὰ B, Δ κατὰ τὸ 
'ζ. ἐπεὶ οὖν ai μὲν ὑπὸ AZH καὶ THZ δύο 
ὀρθῶν εἰσιν ἐλάσσους, ai δὲ ὑπὸ ΑΖΗ, BZH δύο 
ὀρθαῖς ἴσαι, κοινῆς ἀφαιρεθείσης τῆς ὑπὸ ΑΖΗ, 
380 
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the theorem in question, Ptolemy tries tomake a more 
precise addition and to prove that, if a straight line 
falling on two straight lines make the interior angles 
on the same side less than two right angles, not only 
are the straight lines not non-secant, as has been 
proved, but their meeting takes place on that side on 
which the angles are less than two right angles, and 
not on the side on which they are greater. For let 
AB, TA be two straight lines and let EZHO fall on 
them and make the angles ΑΖΗ, "HZ less than two 
right angles. Then the remaining angles are greater 
than two right angles [Eucl. i138]. Now it has been 
proved that the straight lines are not non-secant, If 
they meet, they will meet either on the side of A, Γ 
or on the side of ἢ, A. Let them meet on the side 
of B,A at K. Then since the angles ΑΖΗ, [HZ are 
less than two right angles, while the angles AZH, 
BZH are equal to two right angles, when the common 
angle AZH is taken away, the angle [HZ will be less 


2 of is clearly out of place, 
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ἡ ὑπὸ TH ἐλάσσων ἔσται τῆς ὑπὸ ΒΖΗ. 


τριγώνου dpa τοῦ KZH ἡ ἐκτὸς τῆς ἐντὸς καὶ 
ἀπεναντίον ἐλάσσων, ὅπερ ἀδύνατον. οὐκ ἄρα 
κατὰ ταῦτα συμπίπτουσιν. ἀλλὰ μὴν συμπίπτουσι. 
κατὰ θάτερα ἄρα ἡ σύμπτωσις αὐτῶν ἔσται, καθ᾽ 
ἃ αἱ τῶν δύο ὀρθῶν εἰσιν ἐλάσσονες. 


liv.) Proctus 
fbid., od. Friedlein 371. 23-373. 2 
Τούτου δὴ προυποτεθέντος λέγω ὅτι, ἐὰν παραλ- 
λήλων εὐθειῶν τὴν ἑτέραν τέμνει τις εὐθεῖα, τεμεῖ 


καὶ τὴν λοιπήν. 
"Η σήόσαν 40 παράλληλοι αὖ AB, TA, καὶ 


γὰρ 
τεμνέτω τὴν AB ἡ EZH, Aéyw ὅτι τὴν TA 
τεμεῖ. 





Bs A 
"Emei yap δύο edfetal εἶσιν ad’ ἑνὸς σημείου 
τοῦ #4, εἰς ἄπειρον ἐκβαλλόμεναι αἵ ΒΖ. ZH, 
παντὸς μεγέθους μείζονα ἔχουσι διάστασιν, ὥστε 


καὶ τούτου, ὅσον ἐστὶ τὸ μεταξὺ τῶν παραλλήλων. 
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than the angle BZH, Therefore the exterior angle 
of the triangle KZH will be less than the interior and 
opposite angle, which is impossible [Eucl, 1, 16]. 
Therefore they will not meet on this side. But they 
do meet. Therefore their mecting will be on the 
other side, on which the angles are less than two 


right angles. 


liv.) Proclus 
ihid., ed. Friedlein 371, 23-373. 2 

This having first been assumed, I say that, ef any 
straight line cut one of parallel straight lines, it will cut 
the other also, 

For let AB, TA be parallel straight lines, and let 
EZH cut AB. I say that it will cut PA. 

For since BZ, 4H are two straight lines drawn from 
one point Z, they have, when produced indefinitely, 
a distance greater than any magnitude, so that it will 


also be greater than that between the parallels, 
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ὅταν οὖν μεῖζον ἀλλήλων διαστῶσιν τῆς τούτων 
διαστάσειως τεμεῖ ἡ ΔῊ τὴν ΓΔ, ἐὰν ἄρα παραλ- 
hae τὴν ἑτέραν τέμνῃ τις εὐθεῖα, τεμεῖ καὶ τὴν 
λοι 


Τούτου “προαποδείχθεντος ἀκολούθως δείξομεν 
τὸ προκείμενον. ἔστωσαν γὰρ δύο εὐθεῖαι at 
AB, PA, καὶ ἐμπιπτέτω εἰς αὐτὰς ἡ EZ ἐλάσ- 
σονας δύο ὀρθῶν ποιοῦσα τὰς ὑπὸ BEZ, ΔΖΕ. 
λέγω ὅτι συμπεσοῦνται. at εὐθεῖαι κατὰ ταῦτα τὰ 
μέρη, ἐφ᾽ ἃ at τῶν δύο ὀρθῶν εἰσιν ἐλάσσους. 

᾿Επειδὴ γὰρ αἱ ὑπὸ BEZ, ΔΖΕ ἐλάσσους εἰσὶ 
δύο ὁ δῶν, τῇ ὑπεροχῇ τῶν δύο ὀρθῶν corey ἴση 
ἡ ὑπὸ ΘΕ. καὶ ἐκβεβλήσθω. ἡ ΘΕ ἐπὶ τὸ K, 
ἐπεὶ οὖν εἰς τὰς ΚΘ, ΓΔ ἐμπέπτωκεν ἡ EZ καὶ 
ποιεῖ τὰς ἐντὸς δύο ὀρθαῖς ἴσας τὰς ὑπὸ ΘΕ, 
AZE, παράλληλοί εἰσιν at GK, ΓᾺ εὐθεῖαι. καὶ 
τέμνει τὴν KE) ἮΝ ἈΠ τεμεῖ apa καὶ τὴν ΓΔ διὰ 
τὸ προδεδειγμέ συμπεσοῦνται ἄρα αἱ ΑΒ, 
TA κατὰ τὰ “μέρη. ἐκεῖνα, ep ἅ αἱ τῶν δύο ὀρθῶν 
ἐλάσσονες, wore δέδεικται τὸ προκείμενον. 


i ABZ τε, corresi. 





* The method is ingestion, but caine detected the flaw, 
which lies in the initial assumption, taken from Aristotle, that 
two divergent straight lines will eventually be so far apart 
that a cular drawn from ἃ int on one to the other 
will be greater than any assigned istance; Clavius draws 
attention to the conchoid of Nicomedes (e. vol. L pp. 998- 
301), which continually approaches its asymptote, and there- 
fore continually gets farther away from the tangent at the 
vertex; but the pen ἐλαιλμούγοου Satyr ae grab ΓΟ curve 
to that tangent always be less than the distance between 
the tangent and the asymptoie. 
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Whenever, therefore, they are at a distance from one 
another greater than the distance between the 
parallels, ZH willeut PA. If, therefore, any straight 
line cuts one of parallels, it will cut the other also. 
This having first been established, we shall prove 
in turn the theorem in question. For let AB, [A be 
two straight lines, and let EZ fall on them so as to 


A 





Γ Ζ A 
make the angles BEZ, AZE less than two right angles, 
[say that the straight lines will meet on that side on 
which are the angles less than two right angles. 

For since the angles BEZ, AZE are less than two 
right angles, let the angle GEB be equal to the excess 
of the two right angles. And let OE be produced 
to K. Then since EZ falls on KO, ΓΔ and makes the 
interior angles OEZ, ΔΖΕ equal to two right angles, 
the straight lines OK, [A are parallel. And AB cuts 
KO; therefore, by what was before shown, it will 
also cut Τὰ, Therefore AB, ΓΔ will meet on that 
side on which are the angles less than two right 
angles, so that the theorem in question is proved." 
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(c) Isopramernic Frovnmes 


Theon. Alex. in Ptol, Math, Syn. Comm. i, 3, ed. Rome, 
Studi « Testi, lxxii, (1936), 354. 19-357. 22 


“Ὡσαύτως δ᾽ ὅτι, τῶν ἴσην περίμετρον ἐχόντων 
σχημάτων διαφόρων, ἐπειδὴ μείζονά ἐστιν τὰ 
πολυγωνότερα, τῶν μὲν ἐπιπέδων ὅ κύκλος γίνεται 
μείζων, τῶν δὲ στερεῶν ἡ σφαῖρα." 

Ποιησόμεθα δὴ τὴν τούτων ἀπόδειξιν ἐν ἐπιτομῇ 
ἐκ τῶν Ζηνοδώρῳ δεδειγμένων ἐν τῷ Περὶ ἰσοπερι- 
μέτρων σχημάτων, β 

Τῶν ἴσην περίμετρον ἐχόντων τεταγμένων εὖ- 


᾿ 





- 2. 


5 Ptolemy, Math. Syn. i. 3, ed. cohinteg ἢ i. pars i. 18. 16-19, 
* Zenodorus, as will shortly, be en, cites 8 proposition by 
Archimedes, and therefore must be later in date shan Archi- 
medes: a8 he follows the style of Archimedes closely, he is 
! Ὕ Put not much later, Zenodorus's work js not 
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(c) Isorpenimeraic Frovnes 


Theon of Alexandria, Commentary on Ptolemy's Syntaris 
ἱ, 3, ed. Rome, Studi ὁ Testi, bexii. (1996), 354. 19-8457, 92 


“In the same way, since the greatest of the various 
figures having an equal perimeter is that which has 
most angles, the circle is the greatest among plane 

figures and the sphere among solid.*" 

We shall give the pene? of ther propositions in a 
summary taken from the proofs by Zenodorus " in his 
book On Isoperimetric Figures. 

Of all rectilinear figures having an equal perimeter— 





ΕΠ CA τ 


extant, but Pappus also quotes from it extensively (Coll. y, 

ad init.), and so does the passage edited by Hultsch (Papp, 
Coll,, ed. Hultsch 1135-1165) which is extracted from an 

introduction to Ptolemy's Syafacia of uncertain authorship 

(vr. Rome, Studi « Testi, liv., 193), pp. xiil-xvii). [ΙΕ is dis- 
puted which of these versions is the most faithful, 
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θυγράμμων σχημάτων, λέγω δὴ ἰσοπλεύρων TE 
καὶ ἰσογωνίων, τὸ πολυγωνότερον μεῖζόν € ἐστιν. 
“Eorw γὰρ ἰσοπερίμετρα ἰσόπλευρά τε καὶ ἰσο- 
γώνια τὰ ΑΒΓ, ΔΕΖ, πολυγωνότερον δὲ ἔστω 
τὸ ΑΒΓ. λέγω, ὅτι μεῖζόν ἐστιν ABP. 
KER ek yap τὰ κέντρα τῶν περὶ τὰ ΑΒΓ, 
ra περιγραφομένων κύκλων τὰ H, 
@. « καὶ ᾿ἀνεζεύχθωσαν αἱ iB, ΗΓ, GE, OZ. beta 
ἔτι ἀπὸ τῶν H, @ ἐπὶ τὰς ΒΓ, ΕΖ κάθετοι ἤχθωσαν 
αἱ HK, ΘΑ. ἐπεὶ οὖν πολυγωνότερόν ἐστιν τὸ 
ΑΒΓ τοῦ ΔΕΖ, πλεονάκις ἡ ΒΓ τὴν τοῦ ΑΒΓ 
περίμετρον καταμετρεῖ ἥπερ ἡ EZ τὴν τοῦ ΔΕΖ. 
kai εἰσιν i ἴσαι αἱ περίμετροι. μείζων apa ἡ EZ 
δ τ ὥστε καὶ ἡ ἘΛ τῆς ΒΚ. κείσθω τῇ 
ἡ AM, καὶ ἐπεζεύχθω ἡ ΘΜ. καὶ ἐπεί 
ἐστιν ὦ we ἡ EZ εὐθεῖα πρὸς τὴν, τοῦ ΔΕΖ, πολυ- 
ὄνου, πε ρον οὕτως mal ὑπὸ ΕΘ πρὸς 6 ὀρθάς͵ 
ΠΝ w εἶναι τὸ πολύγωνον καὶ ἴσας 
ἀπολαμβάνειν. περιφερείας, τοῦ περιγραφομένου 
κύκλου καὶ τὰς πρὸς κέντρῳ γωνίας τὸν αὐτὸν 
ἐχεὶν λόγον ταῖς ἈΠῸ: ΣῊΝ ἐφ᾽ ὧν βεβήκασιν, 
δὲ ἡ τοῦ Ake yh eek τουτέστιν ἡ τοῦ 
ABT, πρὸς τὴν ΒΓ οὕτως αἱ ὃ ὃ ὀρθαὶ πρὸς τὴν 
ὑπὸ ΒΗΓ, δι᾽ ἴσου dpa ὡς ἡ EZ πρὸς ΒΓ, του- 
τέστιν ἡ EA πρὸς AM, οὕτως καὶ ἡ ὑπὸ ΕΘΖ 
γωνία πρὸς τὴν ὑπὸ ΒΗ I", ταυτέστιν ἡ ὑπὸ E@A 
πρὸς τὴν ὑπὸ BHK. καὶ ἐπεὶ ἡ ΕΛ πρὸς AM 
μείζονα λόγον ἔχει ἥπερ ἡ ὑπὸ EOA γωνία πρὸς 
τὴν ὑπὸ MOA, ὡς ἑξῆς δείξομεν, ὡς δὲ ἡ ἘΛ 


4 @2 is not, in fact, joined in the ws. figures 

* This is proved in a lemma immediately following the 
proposition by drawing an are of a circle with @ as centre 
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is that which has most angles, 

For let ABT’, ΔΕΖ be equilateral and CA MRD RUE 
figures having equal perimeters, and let ABI have 
the more angles. I say that ABI is the greater. 

For let H, © be the centres of the circles circum- 
scribed about the polygons ABI’, AEZ, and let HB, 
HI’, GE, @Z* be joined. And from H, 6 let HK, OA 
be drawn perpendicular to BI’, ΕΖ, Then since ABT 
has more angles than AEZ, BI’ is contained more 
often in the perimeter of ABI than EZ is contained 
in the perimeter of ΔΕΖ, And the perimeters are 
equal. Therefore EZ> ΒΓ ; and therefore EA> BK, 
Let AM be placed equal to BK, and let OM be joined. 
Then since the straight line EZ bears to the peri- 
meter of the polygon SEZ the same ratio as the 
angle ΕΘΖ bears to four right angles—owing to the 
fact that the polygon is equilateral and the sides cut 
off equal arcs κα the cireumscribing circle, while the 
angles at the centre are in the same ratio as the arcs 
on which they stand ως iii. 26]—and the peri- 
meter of AEZ, that is the perimeter of ABI’, bears to 
ΒΓ the same ratio as four right angles bears to the 
angle BHI’, therefore ex aequali [Kucl. vy. 17] 


EZ: ΒΓ =<angle ΕΘΖ : angle ΒΗΓ, 
heey EA: AM=angle ΕΘΖ : angle BHT, 
ft, EA: AM=angle EO.A: angle BHE. 
And since EA: AM> angle EOA : angle MOA, 
as we shall prove in due course,’ 


and ΘΜ as radius cutting OE and ΘᾺ produced, as in Eucl. 
Optic. 8 (Ὁ. vol. i. pp. 502-805); the proposition is equivalent 
to the formula tan ατ πη ἔ:» αι ὶ if ἐπὶ» α β. 


ane τί SA te ἢ ; πρὸς τῷ κ' ἴση. ἢ 
e ὑπὸ HBK | ἔζων ὁ ἔσται τῆς ὑπὸ OMA, κείσθω 
τῇ ὑπὸ ΗΒῚ ἴσῃ ἡ ὑπὸ AMN καὶ διήχθω ἡ AG 
ἐπὶ τὸ Ν. καὶ ἐπεὶ ἴση ἐστὶν ἡ ὑπὸ HBR τῇ ὑπὸ 
NMA, ἀλλὰ καὶ ἡ πρὸς τῷ ἡ ἴση τῇ πρὸς τῷ 
K, ἔστι δὲ καὶ ἡ BK πλευρᾷ τῇ MA ἴση, ἴσῃ apa 
καὶ ἡ ΗΚ τῇ ΝᾺ. μείζων ἄρα ἡ HA τῆς OA, 
μεῖζον apa καὶ τὸ ὑπὸ τῆς ΑΒΓ περιμέτρου καὶ 
τῆς ΗΚ τοῦ ὑπὸ τῆς AEZ περιμέτ καὶ τῆς 
ae καὶ ἔστιν τὸ μὲν ὑπὸ τῆς AB περιμέτρου 
HK διπλάσιον τοῦ ABT πολυγώνου, ἐπεὶ 
ak τ ὑμὸ τῆς ΒΓ καὶ τῆς ΗΚ διπλάσιον ἐστιν 
τοῦ ΗΒΓ τριγώνου. τὸ δὲ ὑπὸ τῆς AEZ περι- 
μέτρου καὶ τῆς ΘΔ διπλάσιον τοῦ AEZ πολυγώνου. 
μεῖζον ἄρα τὸ ΑΒΓ πολύγωνον τοῦ ΔΕΖ, 


Πα, 358. 15- 550, 3 


Τούτου δεδειγμένου λέγω, ὅτι ἐὰν κύκλος 
εὐθυγράμμῳ ἰσοπλεύρῳ τε καὶ ἰσογωνίω ἰσοπερί- 
μετρὸς ἡ, μείζων ἔσται 6 κύκλος. 

ὄκλος o ΑΒΓ ἰσοπλεύρῳ τε καὶ ἰσογωνίῳ 
hos AEZ Sadie ἰσοπερίμετρος ἔστω" λέγω, 
ὅτι μείζων ἐστὶν ὄ κύκλος. 

Εἰλήφθω τοῦ per ABI κύκλου κέντρον τὸ H, 
τοῦ be περὶ τὸ ΔΕ πολύγωνον 'περιγραφομένου 
τὸ ©, καὶ περιγεγράφθω περὶ τὸν ABT κύκλον 
500 
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and EA: AM =angle EOA: angle BHR, 
“. angle EO.A τ angle ΒΗ ΚΞ angle EOA : MOA. 

ἐξ angle MOA> angle BHR. 

Now the right angle at A is equal to the right angle 
at Rh. Thecefore the renagitind angle HBK is picts 
than the angle OMA [by Eucl. i. 32]. Let the angle 
AMN be placed equa to the angle HBK, and let AO 
be produced to N. Then since the angle HBR is 
equal to the angle NMA, and the angle at A is equal 
to the angle at K, while BK is equal to the side MA, 
therefore HK is equal to NA [Eucl. i. 26). Therefore 
HK>6A. Therefore the rectangle contained by the 
perimeter of ABI’ and HR is greater than the rect- 
angle contained by the perimeter of AEZ and OA. 
But the rectangle contained by the perimeter of 
ABI and HK is double of the polygon ABI’, since the 
rectangle contained by BI and HK is double of 
the triangle HBT [Euel. i. 41]; and the rectangle 
contained by the perimeter of ἈΚ and OA is double 
of the polygon Δ, Therefore the polygon ABT is 
greater than AEZ, 





Ibid, 358. 12-360. 3 
This having been proved, I say that ἐξ ἃ circle Aave 


an equal perimeter with an equilateral and equiangular 
recti Saat haute: the circle shall be the BNE a 

For let ABT’ be a circle having an equal perimeter 
with the equilateral and equiangular rectilineal figure 
AEZ.- Isay that the circle is the greater. 

Let H be the centre of the circle ABI’, 6 the centre 
of the circle circumscribing the polygon AEZ; and 
let there be circumscribed about the circle ABI the 
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vow ὅμοιον τῷ ΔΕΖ τὸ KAM, καὶ ἐπε- 
ζεύχϑω ἡ HB, καὶ κάθετος ἀπὸ τοῦ Θ ἐπὶ τὴν 
EZ ἤχθω ἡ ΘΝ, καὶ ἐπεζεύχθωσαν αἱ HA, OE. 





aia 


ἐπεὶ οὖν ἡ τοῦ KAM πολ vou πε ς 
μείζων ἤθει τῆς τοῦ ΑΒΓ ates bain 
εὡς ἐν τῷ Περὶ σφαίρας καὶ κυλίνδρου ᾿Αρχιμήδης, 
ἴση δὲ ἡ τοῦ ABI” κύκλου περίμετρος τῇ τοῦ 
AEZ πολυγώνου περιμέτρῳ, μείζων. ἄρα καὶ 
τοῦ KAM πολυγώνου περίμετρος σῆς τοῦ δε 
πολυγώνου περιμέτρου. καί εἰσιν ὅμοια τὰ πολύ- 
να" μείζων apa ἡ BA τῆς NE. καὶ ὅμοιον τὸ 
HAB τρίγωνον τῷ ΘΕΝ τριγώνῳ, ἐπεὶ καὶ τὰ 
3: 
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polygon K.AM similar to ΔΕΖ, and let HB be joined, 
and from © let ΘΝ be drawn perpendicular to EZ, 
and let HA, ΘῈ be joined. Then since the perimeter 


ΠΝ 





of the polygon ΚΛΜ is greater than the perimeter of 
the circle ABI’, as Archimedes proves in his work On 
the Sphere and Cylinder,* while the perimeter of the 
circle ABT is equal to the perimeter of the polygon 
ΔΕΖ, therefore the perimeter of the polygon KAM is 
greater than the perimeter of the polygon ΔΕΖ, And 
the polygons are similar; therefore BA>NE, And 
the triangle HAB is similar to the triangle OEN, 
® Prop, 1, ©. awpra, pp. 45-49, 
808 


GREEK MATHEMATICS 


ὅλα πολύγωνα. μείζων ἄρα καὶ ἡ HB τῆς ΘΝ. 
καὶ ἔστιν ἵση ἡ τοῦ ΑΒΓ ΣΝ Ξρλθ τξειλτὰ τῇ 
τοῦ AEZ πολυγώνου περιμέτρῳ. τὸ ἄρα ὑπὸ τῆς 
περιμέτρου τοῦ ABT κύκλου καὶ τῆς ΗΒ μεῖζόν 
ἐστιν τοῦ ὑπὸ τῆς περιμέτρου τοῦ AEZ πολυ- 
γώνου καὶ τῆς ON. ἀλλὰ τὸ μὲν ὑπὸ τῆς περι- 
μέτρου τοῦ ABT κύκλον καὶ τῆς ΗΒ διπλάσιον 
τοῦ ΑΒΓ κύκλου ᾿Αρχιμήϑης ἔδειξεν, οὗ καὶ τὴν 
δεῖξιν ἑξῆς ἐκθησόμεθα" τὰ δὲ ὑπὸ τῆς περιμέτρου 
τοῦ AEZ πολυγώνου καὶ τῆς ON διπλάσιον τοῦ 
AEZ πολυγώνου. μείζων ἄρα 6 ABI κύκλος 
τοῦ ΔΕΖ πολυγώνου, ὅπερ ἔδει δεῖξαι. 


Λέγω δὴ καὶ ὅτι τῶν ἰσοπεριμέτρων εὐθυγράμ- 
fev σχημάτων καὶ τὰς πλευρὰς ἰσοπληθεῖς 
ἐχόντων τὸ μέγιστον ἰσόπλευρόν τὲ ἔστιν καὶ 
ἰσογώνιον. 

Ibid, 374. 12-14 

Λέγω δὴ ὅτι wal ἡ σφαῖρα μείζων ἐστὶν πάντων 
τῶν ἴσην ἐπιφάνειαν ἐχόντων στερεῶν σχημάτων, 
προσχρησάμενος τοῖς ὑπὸ ᾿Αρχιμήδους δεδειγ- 
μένοις ἐν τῷ Περὶ σφαίρας καὶ κυλίνδρου. 


(d) Divistox or Zontac Cracun to 860 Pants: 
Hyrsicies 
Hypsicl. Anaph., ed. Manitius δ, 25-3] 
Τοῦ τῶν Ζῳδίων κύκλου εἰς τῇ περιφερείας ἴσας 
* Dim. Cire. fae 1, τ, vol. L PP. 316-321. 


* ‘The proofs of these two last propositions are worked out 
by similar methods. i 2 


LATER DEVELOPMENTS IN GEOMETRY 


since the whole polygons are similar; therefore HB> 
ON. And the perimeter of the circle ABI’ is equal 
to the perimeter of the polygon ΔΕΖ, Therefore the 
rectangle contained by the perimeter of the circle 
ABP and HB is greater than the rectangle contained 
ἯΙ the perimeter of the polygon AEZ and ΘΝ. But 
the rectangle contained by the perimeter of the 
circle ABT and HB is double of the circle ABT’ as 
was proved by Archimedes,* whose proof we shall 
set out next; and the rectangle contained by the 
perimeter of the polygon ΔΕΖ and ON is double 
of the polygon ΔΕΖ rby Buel, i. 41]. Therefore the 
circle ABI’ is greater than the polygon AEZ, which 
was to be proved. 


Now I say that, of all rectilineal figures having an 

ΝΣ nwmber af sides ey jm perimeter, the greate ert is 
wat hich ts equilateral and equiangular, 
Ibid. S74. 12-14 

Now I say that, of all solid figures having an equal 
surface, the sphere is the greatest; and I shall ren thie 
ret ia ae by Archimedes in his work On the 
Sphere and Cyltnder.* 


(¢) Drvistow or Zoptac Cracte mvro 360 Parts: 
Hyrsrcirs 
Hypsicles, On Risings, ed. Manitius * 5. 25-31 

The circumference of the zodiac circle having been 
* Des Hypsikles Schrift Anaphorikes nach Uberlieferung 
und Inhalt kritiech behandelt, in Programm des Gymna- 
siuma tun Heiligen Kreuz in Dresden (Dresden, 1888), 19 Abt. 
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εἰσθω. ὑμοίως δὴ καὶ τοῦ χρόνου, ἐν a 
ζῳδιακὸς ad’ οὗ ἔτυχε σημείου ἐπὶ τὸ αὐτὸ 
σημεῖον παραγίγνεται, εἰς τέ χρόνους ἴσους διῃρη- 
ark ἕκαστος τῶν χρόνων μοῖρα χρονικὴ κα- 
λείσθω. 


διῃρημένου, ἑκάστη τῶν περιφερειῶν μοῖρα τοπικὴ Ἢ 
Pe } ἣ Ἷ ἦν ᾧ ὁ 


(εὖ ΗΛΝΒΟΟΘΚΒ 
(1.) Cleomedes 
Cleom. De motu circ, ii, 6, ed. Ziegler 218. 8-224, 8 

Τοιούτων δὲ τῶν περὶ τὴν ἔκλευψιν τῆς σελήνης 
εἶναι ἐπιδεδειγμένων δοκεῖ ἐναντιοῦσθαι τῷ λόγῳ 
τῷ κατασκευάζοντι ἐκλείπειν τὴν σελήνην εἰς τὴν 
σκιὰν ἐμπίπτουσαν τῆς γῆς τὰ λεγόμενα κατὰ τὰς 
παραδόξους τῶν ἐκλεύμεων. φασὶ γάρ τινες, ὅτι 
γίνεται σελήνης ἔκλειψις καὶ ἀμφοτέρων τῶν 
puri ὑπὲρ τὸν ὁρίζοντα θεωρουμένων. τοῦτον 
ἐ δῆλον ποιεῖ, διότι μὴ ἐκλείπει ἡ σελήνη τῇ σκιᾷ 





* Hypsicles, who flourished in the second half of the 

ond century ec., is the author of the continuation of 
Fuclid’s Elements known as Book xiv, Diophantus attri- 
buted to him a definition of a polygonal number which is 
equivalent to the formula ὁ π|9 - (ἢ -- 13. -- 51} for the ath 
ΡΡΌΠΕΙ number. | 

ihe passage here cited is the earliest known reference in 
Greek to the division of the ecliptic into 360 ἡ Trees. This 
number appears to have been adopted by the Greeks from 
the Chald 5. am whom the zodiac was divided into 
twelve signs and cach sign into thirty parts according to one 
system, sixty according to another (r. Tannery, Mémoires 
ectentifiques, ma i 256-208). The Chaldacans do not, how- 
ever, seem to have applied this system to other circles ; 
oo is believed have been the first to divide the 
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divided into 360 equal ares, let cach of the ares be 
called a degree in space, and similarly, if the time in 
which the zodiac circle returns to any position it has 
left be divided into 360 equal times, let each of the 
times be called a degree in time.® 


(¢) Hanppoons 
(i.) Cleomedes ὃ 


Cleomedes, On the Cirewlar Motion of tha Heavenly 
Bodies il. 6, ed, Ziegler 218, 8-224. 8 


Although these facts have been proved with regard 
to the eclipse of the moon, the argument that the 
moon suffers eclipse by anne into the shadow of 
the earth seems to be refuted by the stories told 
about paradoxical eclipses. For some say that an 
eclipse of the moon may take place even when both 
luminaries are seen above the horizon. This should 
make it clear that the moon does not suffer eclipse by 


circle in general into 360 The problem which 
Hypsicles sets himself in his book is: Giren the ratio between 
the length of the dong jand the length of the shortest day 
at any giten place, to find he asp time-degrees it takes any 
given sign to rive. A number of arithmetical lemmas ore 


nothing of Ptolemy's works. In default of better evidence, 
ae 


he is generally to the middle of the first century πιο. 
The re ng the measurement of the carth 
Era! has already been cited (supra, pp. 266-279 


This is the only other passage calling for notice. 
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τῆς γῆς περιπίπτουσα, ἀλλ᾽ ἕτερον τρόπον. . . . αἱ 
παλαιότεροι τῶν μαθηματικῶν οὕτως ἐπεχείρουν 
λύειν τὴν ἀπορίαν ταύτην. ἔφασαν γάρ, ὅτι. 
οἱ δ' ἐπὶ γῆς ἑστῶτες οὐδὲν ἂν κωλύοιντο ὁρᾶν 
ἀμφοτέρους αὐτοὺς ἐπὶ τοῖς κυρτώμασι τῆς γῆς 
ἑστῶτες. . . . τοιαύτην μὲν οὖν of παλαιότεροι 
τῶν μαθηματικῶν τὴν τῆς προσαγομένης ἀπορίας 
λύσιν ἐποιήσαντο. μὴ ποτε δ' οὐχ ὑγιῶς εἰσιν 
ἐνηνεγμένοι. ἐφ' ὕψους μὲν γὰρ ἡ ὄψις ἡμῶν 
γενομένη δύναιτ᾽ ἂν τοῦτο παθεῖν, κιωνοειδοῦς τοῦ 
ὁρίζοντος γινομένου πολὺ ἀπὸ τῆς γῆς ἐκ τὸν ἀέρα 
ἡμῶν ἐξαρβέντων, ἐπὶ δὲ τῆς γῆς ἑστώτων 
οὐδαμῶς. εἰ γὰρ καὶ κύρτωμά ἐστιν, ἐφ' οὗ 
βεβήκαμεν, ἀφανίζεται ἡμῶν ἡ ὄψις ὑπὸ τοῦ 
μεγέθους τῆς γῆς. . .. ἀλλὰ πρῶτον μὲν ἀπ- 
αντητέον λέγοντας, ὅτι πέπλασται 6 λόγος οὗτος 
ὑπό τινων ἀπορίαν βουλομένων ἐμποιῆσαι τοῖς 
περὶ ταῦτα καταγινομένοις τῶν ἀστρολόγων καὶ 

ιλοσόφων. .. . πολλῶν δὲ καὶ παντοδαπῶν περὶ 
Tov ἀέρα παθῶν avvieractar πεφυκότων of ἂν 
εἴη ἀδύνατον, ἤδη καταδεδυκότος τοῦ ἡλίου καὶ 
ὑπὸ τὸν ὁρίζοντα ὄντος φαντασίαν ἡμῖν προσπεσεῖν 
ὡς μηδέπω καταδεδυκότος αὐτοῦ, ἢ νέφους παχυ- 
τέρου πρὸς τῇ δύσει ὄντος καὶ λαμπρυνομένου 
ὑπὸ τῶν ἡλιακῶν ἀκτίνων καὶ ἡλίου ἡμῖν φαντασίαν 
ἁποπέμποντος ἢ ἀνθηλίου γενομένου. καὶ γὰρ 

"ἔκ, the horizon would form the base of a cone whose 
vertex would be at the eye of the observer. He could thus 
Be down. on slg Paton sun and moon eons, the generators 
= fer even though were diatictrically opposite 
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falling into the shadow of the earth, but in some other 


phers who busy themselves 
with such matters. . . . Nevertheless, as the con- 
ditions which naturally arise in the air are many and 
various, it would not be impossible that, when the 
sun has just set and is below the horizon, we should 
receive the impression of its not having yet set, if 
there were a cloud of considerable density at the 
place of setting and if it were illumined by the solar 
rays and transmitted to us an image of the sun, or if 
there were a mock sun.’ For sue images are often 


* Lit. “anthelion,” defined in the Oxford English Dic- 
tHonary as “a luminous ring or nimbus seen ‘Cehief in 
alpine or ΕΣ regions) surrounding the shadow the 
observer's head projecte on a cloud or fog bank opposite 
the sun.” The explanation here tentatively put forward by 
Cleomedes is, of course, the true one. 
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τοιαῦτα πολλὰ φαντάζεται ἐν τῷ ἀέρι, καὶ μάλιστα 
περὶ τὸν Πόντον. 


(ii.) Theon of Smyraa 
Ptol. Math, Syn. me l, excl. Heiberg i. pars li. 296. 14-16 


Ἔν μὲν γὰρ ταῖς παρὰ Θέωνος τοῦ μαθηματικοῦ 
δοθείσαις ἡμῖν εὕρομεν ἀναγεγραμμένην τήρησιν 


ay 


τῷ ιτ΄ ἔτει ᾿Αδριανοῦ. 


Theon Smyr., εὖ, Hiller 1. 1-2, 5 

Ὅτι μὲν οὐχ οἷόν τε συνεῖναι τῶν μαθηματικῶς 
λεγομένων παρὰ Πλάτωνε μὴ καὶ αὐτὸν ἤσκη- 
μένον ἐν τῇ θεωρίᾳ ταύτῃ, πᾶς ἄν που ὅμολο- 
γήσειεν'" ws δὲ οὐδὲ τὰ ἄλλα ἀνωφελὴς οὐδὲ 
ἀνόνητος ἢ περὶ ταῦτα ἐμπειρία, διὰ πολλῶν αὐτὸς 
ἐμφανίζειν € ἔοικε. τὸ μὲν οὖν συμπάσης γεωμετρίας 
καὶ συμπάσης μουσικῆς καὶ ἀστρονομίας ἔμπειρον 
γενόμενον τοῖς Πλάτωνος συγγράμμασιν ἐντυγ- 
χάνειν μακαριστὸν μὲν εἴ τῳ γένοιτο, οὗ μὴν 
εὔπορον οὐδὲ βῥάδιον ἀλλὰ πάνυ πολλοῦ τοῦ ἐκ 
παίδων πόνου δεόμενον. ὥστε δὲ τοὺς διημαρτη- 
κότας τοῦ ἐν τοῖς μαθήμασιν ἀσκηθῆναι, ὄρεγο- 
μένους δὲ τῆς γνώσεως τῶν συγγραμμάτων αὐτοῦ 
μὴ παντάπασιν ὧν ποβοῦσι διαμαρτεῖν, κεφαλαιώδη 
καὶ σύντομον ποιησόμεθα τῶν ἀναγκαίων καὶ ὧν 
δεῖ μάλιστα τοῖς € μένοις Πλάτωνι μαθη- 
ματικῶν θεωρημάτων παράδοσιν, ἀριθμητικῶν τε 
καὶ μουσικῶν καὶ γεωμετρικῶν τῶν Te κατὰ 
στερεομετρίαν καὶ ἀστρονομίαν, ὧν χωρὶς οὐχ 
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geen in the air, and especially in the neighbourhood 
of Pontus, 


(ii.) Dheon of Smyrna 
Ptolemy, Syataris x. 1, ed. Heiberg i. pars ἢ, 296, 14-16 


For in the account given to us by Theon the mathe- 
matician we find recorded an observation made in 
the sixteenth year of Hadrian.* 


Theon of Smyrna, ed. Hiller 1. 1-2. 2 


Everyone would agree that he could not under- 
stand the mathematical arguments used by Plato 
unless he were practised in this science; and that the 
study of these matters is neither unintelligent nor 
unprofitable in other respects Plato himself would 
seem to make plain in many ways. One who had 
become skilled in all geometry and all music and 
astronomy would be reckoned most happy on making 
acquaintance with the writings of Plato, but this 
cannot be come by easily or readily, for it calls for 
a very great deal of application from youth up- 
wards. In order that those who have failed to 
become practised in these studies, but aim at a 
knowledge of his writings, should not wholly fail in 
their desires, | shall make a summary and concise 
sketch of the mathematical theorems which are 
specially necessary for readers of Plato, covering not 
only arithmetic and music and geometry, but also 
their application to stereometry and astronomy, for 


*i¢., in ao. 132. Ptolemy mentions other observations 

by Theen in the years a.p. 127, 129,and 130. In three 

laces on of Alexandria refers to his namesake as “ the 
old Theon," ὁ Θέων παλαιός (ed. Basil. pp. 300, 395, 306). 
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οἷόν te εἶναί q yor τυχεῖν τοῦ ἀρίστον βίου, διὰ 
πολλῶν πάνυ δηλιώσας ws οὐ χρὴ τῶν μαθημάτων 
ἀμελεῖν. 


πάπα. τὸ = αἱ 


* By way of cxample, Theon proceeds to relate Plato's 
reply to the craftsmen about the doubling of the cube (rc. 
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without these studies, as he says, it is not possible to 
attain the best life, and in many ways he makes 
clear that mathematics should not be ignored,* 


vol, i. ao 257), and also the Epinomu. Theon's work, which 
has often been cited in these volumes, is a curious hotch- 
potch, heontalning litle of real value to the study of Plato 
and work. 
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XXL. TRIGONOMETRY 
1, HIPPARCHUS AND MENELAUS 


Theon Alex. in Piol. Math. Syn. Comm, i. 10, ed. Rome, 
Studi ¢ Testi, bexii, (1936), 451, 4-5 


Agéecxra: μὲν οὖν καὶ “ἱππάρχῳ πραγματεία 


τῶν ἐν κύκλῳ εὐθειῶν ἐν if βιβλίοις, ere τε καὶ 
Μενελάῳ ἐν ξ΄. 


Heron, Metr. 1. 22, ed. H. Schone (Heron fii.) 88. 13-20 


ἰσόπλευρον καὶ ἰσογώνιον τὸ 


ABTAEZHOK, οὗ é ἑκάστη τῶν πλευρῶν μονάδων 


ξ. εὑρεῖν αὐτοῦ τὸ ἐμβαδόν. περιγεγράφθω περὶ 
αὐτὸ κύκλος, οὗ κέντρον ἔστω τὸ A, καὶ ἐπε- 


* The beginnings of Greek trigonometry may ‘be found in 
the science of sphaeric, the metry of the sphere, for which 
τι vol. ip. 5n.6, It reached its culminating point in the 
Sphaerica of Theodosius. 

Reon eneey oops Atiee eile: WAR Set 50 far as we 
know, by al pokes us, the great astronomer, who was born 
at Nicaea in Bithynia and is ae renaed by Ptolemy to have 
made observations between 161 and 126 n.c., the most im- 
ae Tm of cuneate at Rhodes. ΗΝ aren achievement Wis 

discovery of the precession o equinoxes, he made 
a calculation of the mean lunar month which differs by less 
than a second from the present accepted figure. Unfortun- 
ately the only work of his which has gurerscd is his earl 
Commentary on the Phenomena of Eudocus and Aratus. It 
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1. HIPPARCHUS AND MENELAUS 
Theon of Alexandria, Commentary on Ptolemy's Syntaxis 
i. 10, ed. Rome, Stuai ¢ Testi, lexi. (1996), 451. 4-5 
Ax investigation of the chords in a circle is made by 
Hipparchus in twelve books and again by Menelaus 


in six." 





Heron, Metrics 1. 22, ed. H. SchOne (Heron iti.) 56, 13-20 


Let ABPAEZHOK be an equilateral ΜῈ eqqui- 
angular enneagon,’ whose sides are cach equal to 10, 
To find its area, Let there be described about it a 
cirele with centre A, and let EA be joined and pro- 
is clear, however, from the passage here cited, that he drew 
up, πα did Ptolemy, a table of chords, or, as we should say, 
a table of sines ; and Heron may have used this table (v. the 
next passage cited and the cp 8 note), 

he is recorded 


(vot, pp. 540 and 
called 







piven inthe Greek of Ptolemy (infra, pp. 455-463); and a 
evel nae from the Arabic is pr ovided by Heath, Heat, ii, 


" ie. 0 figure of nine sides. 
MOT 
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tev EA καὶ ἐκ σθω ἐπὶ Μ, καὶ 
ἐπεξεύχθω ΜΖ, τὸ ἅμα ΕΖΝ τόνον ὁ δοθέν 


ἐστιν τοῦ ἐνναγώνου. δέδεικται δὲ ἐν τοῖς περὶ 
τῶν ἐν κύκλῳ εὐθειῶν, ὅτι ἡ ΔῈ τῆς EM τρίτον 


[αὐ GENERAL 
Suldas, s.c. Πτολεμαῖος 


‘eter e ὦ λαύδιος χρηματίσας, ᾿Αλεξ- 


γεγονὼς ἐπὶ τῶν χρόνων 
dy κου τοῦ βασιλέως. οὗτος Ht ate Μηχανικὰ 


μῶν ἀστέρων 









* A similar passage (i ψ4, a H. Schone 62, 11-90) asserts 
that the ratio of the side of a regular inicio i 


dinmeter of the circumscribing circle is approximately 7 


SN ees sgt sig linet Se aleaennplenean ask wo ἀν ναῖε aa 
ala εὐθειῶν resumably the works of 
ἀν τντὸ ταυν and Menelans, ae cinge this opinion is contro- 
verted by A. Rome, “ Premiers esenis de trig trie 
rectillene ches les Gree"? in Peden Antiquitd classique, t. 9. LOS, 
PP: 177-192. The assertions are equivalent to saying that 
ain ae fodiatie oan = 0-333... ond sin 16° 21" 49° js 


a 
TP Noth Nothing « else is certainly known of the life of Ptolemy 
except, as can be gleaned from his own servos that he bi 
observations between a.p, 125 and 141 (or perhaps 151), 
Arshian traditions add details on which too much reliance 
should not be placed. Suidas's statement that he was born 
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duced to M, and let MZ be joined. Then the triangle 

ΕΜ is given in the enneagon. But it has been 

proved in the works on rds in a circle that 
: EM is approximately ἢ." 


2, PTOLEMY 
(a) GexenaL 
Suidas, «ct. Ptolemaeus 


Ptolemy, called sarap an Alexandrian, a philo- 
sopher, born in the time of the Emperor Marcus. He 
wrote Mechanics, three books, the Phases and 
Seasons of the Fixed Stars, two books, Explanation ee 
Surface of a Sphere, A Heady Reckoner, the Great 
Astronomy or Syataris ; and others. 


in the time of the Emperor Marcus ures] is not accurate 
as Marcus rel from a.p, 161 to 1 

Me Sees 5 Weehonicr hos not esis in any form; but 

On Balancings and On the Elements mentioned by 

Simplicius may have been contained in it. The lesser astro- 

l works of cha pe" state sina in the second volume 

of Heiberg Lexiains asl ok of SG Genes daarei Ddens 
aot Anece ovrcpuryy Ἢ Π 

κανόνων διάταξις καὶ ymgogopia, which can be identified with 


Planisphoeriue, a Latin translation from the Arabic, which 





can be ide with the “AwAwar odaipar of 
Suidas; it is an explanation of the stereog hie system of 
projection by which points on the heavenly re vr glide “a 
pens sacks oor yer a ϑδες from ἃ pole— 


into circles lemy ἢ notes, eae 


can a | vane on πα plaid byt means of ortho- 
gonal ib λεγρλοιξονω Kon planes mutually at right angles— 
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Simpl. in De covdo iv. 4 (Aristot. $11 b 1), 
ed, Heiberg TL0, 14-19 


“Πτολεμαῖος δὲ ὅ μαθηματικὸς ἐν τῷ Περὶ ῥοπῶν 
τὴν ἐναντίαν ἔχων τῷ ᾿Αριστοτέλει δόξαν πειρᾶται 
κατασκευάζειν καὶ αὐτός, ὅτι ἐν τῇ ἑαυτῶν χώρᾳ 


οὔτε τὸ ὕδωρ οὔτε ὅ ἀὴρ ἔχει βάρος. καὶ ὅτι μὲν 
τὸ ὕδωρ οὐκ ἔχει, δείκνυσιν ἐκ τοῦ τοὺς κατα- 


δύοντας μὴ αἰσθάνεσθαι βάρους τοῦ ἐπικειμένου 


ὕϑατος, καΐτοι τινὰς εἷς πολὺ καταδύοντας βάθος. 


ibid. i. 2, 2600.9, ed. Helberg 20. 11 


Πτολεμαῖος ἐν τῷ Περὶ τῶν στοιχείων βιβλίῳ 
καὶ ἐν τοῖς ᾿Οπτικοῖς. . . 


Ibid. i. 1, 268 α 8, ed. Heiberg 9. 21-37 


‘O δὲ θαυμαστὸς Πτολεμαῖος ἐν τῷ Περὶ 
διαστάσεως μονοβίβλῳ ἀπέδειξεν, ὅτι οὐκ εἰσὶ 


the meridian, the horizontal and the prime vertical.” Only 
fragments of the Greek and a Latin version from the Arabie 
have og Bod are in Heiberg's second volume, 

Among yore amnion’ by Suidas are pre- 
sumably ihe eae pi in Canobua (a record of some of 
Lage νὶ 5. discoveries), which exists in eae? the “Ὑποθέσεις 

, of which the first book is extant in Greek 
μέρα dienes in Arabic: and the Opties and the book On 
Dimension mentioned by Simplicius. 

But Ptolemy's fame rests most securely of his Great 
Astronomy or eee as it is called by Suidas. Ptolemy 
himself called this majestic astronomical work in thirteen 
booles the Sia sasich, oivrafic or Mathematical (Collection. 
In due course the lesser astronomical works came to be called 
the Miepds ἀστρονομούμενος called the the Little Astronomy, and 
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Commentary on Aristotle's De caelo iv. 4 
“(gil b 1), ed. Heiberg 710, 14-19 


esbioemny the mathematician in his work On Balan- 

αὶ maintains an opinion contrary to that of Aris- 

totle and tries to show that in its own place neither 

water nor air has weight. And he proves that water 

has not weight from the fact that divers do not feel 

the weight of the water above them, even though 
some of them dive into considerable depths, 


ibid. i. 2, 2600.9, ed. Heiberg 20. 11 


Ptolemy in his book On the Elements and in his 
Optics ὃ ἃ 4 


ibid, 1. 1, 268 0 6, ed. Heiberg 9. 21-27 


The gifted Ptolemy in his book On Dimension 
showed that there are not more than three dimen- 


with the ἔτος Hon enh ve μέγιστος, Called it Al-majisti; 
corrupted into Almagest, this hos since been the favourite 
name for the work. 

The Syateris was the subject of commentaries by Pappus 
and Theon of Alexandria, The trigonometry rhe ene 
to have been abstracted from earlier trentises, but rseal 
and arranged more 7 eringunacen ἰδ Trae ἄς ee 

Be Seg tbo fw e the pa postulate 

been, notice ch ra, Dp. 31 2-355). a 

. TS Piokeny? 5 in an Arabic version, which was 
translated inte atin in the twelfth century by Admiral 
aoe Siculus (ce. G. Govi, L' oftica di Claudio Talomeo di 
eget Ponies dos di Sicilia): but of the five books the 

and the end of the last are missing. Until the Arabie 
si was discovered, Ptolemy's Optics was commonly su 
to be identical with the Latin work known as 
is; but this is now thought to be o translation of 
eron’s Catoptrica by William of Moerbeke (e. injra, 
p. 402 n. a). 
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πλείονες τῶν τριῶν διαστάσεις, ἐκ τοῦ δεῖν; 

τὰς διαστάσεις ὡρισμένας εἶναι, τὰς δὲ ὡρισμένας 
διαστάσεις κατ᾽ εὐθείας “λαμβάνεσθαι καβέτους, 
τρεῖς δὲ μόνας πρὸς ὀρθὰς ἀλλήλαις εὐθείας δυνατὸν 
εἶναι ΡΩΝ δύο μὲν καθ᾿ ἃς τὸ ἐπίπεδον ὁρίζεται, 
τρίτην δὲ τὴν τὸ βάθος μετροῦσαν- ὥστε, εἴ τις 
εἴη μετὰ τὴν τριχῆ διάστασιν ἄλλη, ἅμετρος ἂν 
εἴη παντελῶς καὶ ἀόριστος. 


(6) Tante or Srves 
(i,) Jntroduction 
Ptol. Math. Syn. i. 10, ed. Helberg |. pars i. $1. 7-32. 9 
"Περὶ τῆς Bom τῶν ἐν τῷ κύκλῳ 
εὐθειῶν 

Πρὸς μὲν οὖν τὴν ἐξ ἑτοίμου χρῆσιν κανονικήν 
τινὰ μετὰ ταῦτα ἔκθεσιν che τς τῆς πηλι- 
κότητος αὐτῶν τὴν μὲν περίμετρον εἰς TE τμήματα 
διελόντες, παρατιβέντες δὲ τὰς ὑπὸ τὰς wall’ 


ἡμιμοίριον παραυξήσεις τῶν περιφερειῶν ὑπο- 
τεινομένας. εὐθείας, τουτέστι πόσων εἰσὶν THY = 
Taw ὡς τῆς διαμέτρου διὰ τὸ ἐξ αὐτῶν τῶν ἐπι- 


λογισμῶν eran sce τη τοῖς i sohacay εὔχρηστον 


εἰς px τμήματα διηρημέ πρότερον δὲ δείξομεν, 
πῶς ἂν ὡς ἔνι στὰ ᾿ ὀλίγων καὶ τῶν αὐτῶν 
θεω; μάτων εὐμεθόδευτον, καὶ ταχεῖαν τὴν ἐπι- 
βολὴν τὴν πρὸς τὰς πηλ 5 αὐτῶν ποιοίμεθα, 
ὅπως μὴ μᾶνον ἐκτεθειμ τὰ μεγέθη τῶν 


εὐθειῶν ἔχωμεν ἀνεπιστάτως, ἀλλὰ καὶ διὰ τῆς 
ἐκ τῶν γραμμῶν μεθοδικῆς αὐτῶν συστάσεως 
τὸν ἔλεγχον ἐξ εὐχεροῦς μεταχειριζώμεθα. καθόλου 
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sions; for dimensions must be determinate, and 
determinate dimensions are along perpendicular 
straight lines, and it is not possible to find more than 
three straight lines at right angles one to another, 
two of them determining a plane and the third 
measuring depth ; therefore, if any other were added 
after the third dimension, it would be completely 
unmeasurable and undetermined. 


(5) Taste or ΒΙΝῈΞ 
(i.) Introduction 
Ptolemy, Syntazis i. 10, ed. Heiberg |. pars i. $1. 7-32. 9 
10. On the lengths of the chords in a circle 

With a view to obtaining a table ready for im- 
mediate use, we shall next set out the lengths of 
these [chords in a circle), dividing the perimeter 
into 360 segments and by the side of the ares placing 
the chords subtending them for every increase of 
half a degree, that is, stating how many parts they 
are of the diameter, which it is convenient for the 
numerical calculations to divide into 120 segments. 
But first we shall show how to establish a systematic 
and rapid method of calculating the lengths of the 
chords by means of the uniform use of the smallest 
possible number of propositions, so that we may not 
only have the sizes of the chords set out correctly, 
but may obtain a convenient proof of the method of 
ealeulating them based on geometrical considera- 
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μέντοι χρησόμεθα ταῖς τῶν ἀριθμῶν ἐφόδοις κατὰ 
τὸν τῆς ἑἐξηκοντάδος τρόπον διὰ τὸ δύσχρηστον 
τῶν μοριασμῶν ἔτι τὲ τοῖς πολυπλασιασμοῖς καὶ 
μερισμοῖς ἀκολουθήσομεν τοῦ συνεγγίζοντος ἀεὶ 
καταστοχαζόμενοι, καὶ καθ ὅσον ἂν τὸ mapa 
λειπόμενον μηδενὶ ἀξιολόγῳ διαφέρῃ τοῦ πρὸς 
αἴσθησιν ἀκριβοῦς. 


(ii.) sin 18° and sin 86" 
Thid, 32. 10-35. 16 


“Eorw δὴ πρῶτον ἡμικύκλιον τὸ ABI ἐπὶ 
διαμέτρου τῆς AAT” περὶ κέντραν τὸ A, καὶ ἀπὸ 
τοῦ A τῇ AT πρὸς ὀρθὰς γωνίας ἤχθω ἢ AB, 
καὶ τετμήσθω δίχα ἡ AT κατὰ τὸ E, καὶ ἐπεζεύχθω 
ἡ EB, καὶ κείσθω αὐτῇ ἴση ὡς EZ, καὶ ἐπεζεύχθω 
7) ZB. λέγω, ὅτι ἡ μὲν ZA Seccnubecs ἐστὶν 
πλευρά, ἡ δὲ BZ πενταγώνου. 








πὰς πτῶμα, 


μῆς συσε ρείς Ptolem 

meant more than (λυ ρα metl d: the brass: that, 

cates a rigorous pr md Regd i mocha pipers 
05 


ill be seen when the a i 
=r 


of ‘tas, he used ros, eel not shied bral 
in other go he was familiar = ee 
iecalan of paiserion) trigonometry. 
* i... ZA is equal to the side of a regular decagon, and BZ 
to the side of καὶ regular pentagon, inscribed in the circle ΑΒΓ, 
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tions." In general we shall use the sexagesimal 
system for the numerical calculations owing to the 
inconvenience of having fractional parts, especially 
in multiplications and divisions, and we shall aim at 
a continually closer approximation, in such a manner 
that the difference ἐπ the correct figure shall be 
inappreciable and imperceptible. 


(ii.) sm 18° and sin 36° 
ibid. 32. 10-85. 16 
First, let ABT be a semicircle on the diameter AAT 
and with centre 4, and from A let ΔΒ be drawn per- 





ndicular to AI’, and let AI’ be bisected at E, and 
et EB be joined, and let EZ be placed equal to it, 
and let ΖΒ be joined. I say that ΖΔ is the side of o 

decagon, and BZ of a pentagon.® 
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“Ἐπεὶ yap εὐθεῖα paper ἡ AL τέτμηται δίχα 
κατὰ τὸ ἘΠ καὶ 9 FST ες αὐτῇ εὐθεΐα ἧ ΔΖ, 
fibre war TZ αὶ ZA περιεχύμενον ὃ Ἰρέωγῶι 
μετὰ τοῦ ἀπὸ τῆς EA τετραγώνου ἴσον ἐστὶν τῷ 
ἀπὸ τῆς EZ shal antara 2 τουτέστιν τῷ ἀπὸ τῆς 
BE, ἐπεὶ ἴση ἐστὶν ἡ ΕΒ τῇ ΔῈ. ἀλλὰ τῷ ἀπὸ 
ἊΣ ΕΒ τετραγώνῳ σα ἐστὶ τὰ ἀπὸ τῶν ΕΔ καὶ 
τετράγωνα" τὸ ἄρα ὑπὸ τῶν DZ καὶ “A 
περιεχόμενον ὀρθογώνιον μετὰ τοῦ ἀπὸ τῆς AE 
τετραγώνου ἴσον ἐστὶν τοῖς ἀπὸ τῶν EA, AB 
τετραγώνοις. καὶ κοινοῦ ἀφαιρεθέντος τοῦ ἀπὸ 
τῆς ἘΔ τετραγώνου λοιπὸν τὸ ὑπὸ τῶν TZ καὶ 
“AA ἴσον ἐστὶν τῷ ἀπὸ τῆς AB, τουτέστιν τῷ ἀπὸ 
τῆς ΔΙ: 7] ZT ἄρα ἄκρον καὶ μέσον λόγον τέτμηται 
κατὰ τὸ ἃ. ἐπεὶ οὖν ἡ ἢ τοῦ ἑξαγώνου καὶ ἡ τοῦ 
δεκαγιῶνου πλευρὰ τῶν εἰς τὸν αὐτὸν κύκλον 
ἐγγραφομένων ἐπὶ τῆς αὐτῆς εὐθείας ἄκρον καὶ 
μέσον λόγον τέμνονται, ἡ δὲ ΓΔ ἐκ τοῦ κέντρου 
οὖσα τὴν τοῦ ἑξαγώνου. περιέχει πλευράν, ἢ Ad 
oe ἐστὶν ἴση τῇ τοῦ δεκαγώνου πλευρᾷ. ὑμοίως 
ἐπεὶ ἡ τοῦ πενταγιώνου πλευρὰ ὕναται τὴν 
τε τοῦ ἐξαγώνον καὶ τὴν τοῦ δεκαγώνου τῶν εἰς 
τὸν αὐτὸν κύκλον ἐγγραφομένων, τοῦ δὲ BAZ 
ὀρθογωνίου τὸ ἀπὸ τῆς BZ τετράγωνον ἴσον ἐστὶν 
τῷ τε ἀπὸ τῆς BA, ἥτις ἐστὶν ἑξαγώνου πλευρά, 
καὶ τῷ απὸ τῆς ΔΖ, ἥτις ἐστὶν δεκαγώνου πλευρά, 
ἡ ΒΖ ἄρα ἴση ἐστὶν τῇ τοῦ πενταγώνου πλευρᾷ. 
"Επεὶ ay wey ἔφην, ὑ ὑποτιθέμεθα τὴν τοῦ κύκλου 
διέμετρον τμημάτων pr, γίνεται διὰ τὰ προκείμενα 
ἡ μὲν μὲν ΔΕ ἡμίσεια οὗσα τῆς ἐκ τοῦ κέντρου 
“κα Folly: the usual practice, “ΠΝ ἢ 
ΤΕ νβιβογετα, te diameter by ? Miicth pars or a a τμῆμα by 
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For since the straight line AT is bisected at K, and 
the straight line AZ is added to it, 


ΓΖ. 24 +EA'=E2 [Euel. ii. 8 
= BE, 


since EB = ZE. 

But EA? +48? = EB? ; [Euel. i. 47 
therefore IZ. 24 +EA* = KA? + AB? 

When the common term EA? is taken away, 

the remainder ['4.Z4=AB* 

tts, τε ΓΕ: 

therefore ZT is divided in extreme and mean ratio 
at A [Ἐπ]. vi., Def. 3], Therefore, since the side of 
the hexagon and the side of the decagon inscribed in 
the same circle when placed in one straight line are 
eut in extreme and mean ratio [Eucl. xiii. 9], and ΓΔ, 
being a radius, is equal to the side of the hexagon 
[Ἐπ]. iv. 15, coroll.], therefore 42 is equal to the side 
af the decagon. Similarly, since the square on the 
side of the pentagon is equal to the rectangle con- 
tained by the side of the hexagon and the side of 
the decagon inscribed in the same cirele [Ἐπ]. xiii. 
10], and in the right-angled triangle BAZ the square 
on BZ is equal [Eucl. i. 47] to the sum of the squares 
on BA, which is a side of the hexagon, and AZ, which 
is a side of the decagon, therefore BZ is equal to the 
side of the pentagon. 

Then since, as | said, we made the diameter * con- 
sist of 1207, by what has been stated AE, being half 
the numeral with a single accent, and second-sixticths by the 
numeral with two accents. As the circular associations of 
the system tend to be forgotten, and it is used as a general 
system of enumeration, the same notation will be used for the 
querer of parts. 
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τμημάτων A καὶ τὸ ἀπ᾿ αὐτῆς Ἂν ἧ δὲ BA ἐκ τοῦ 
κέντρου οὖσα τμημάτων & καὶ τὸ ἀπὸ αὐτῆς χ YX 
τὸ δὲ ἀπὸ τῆς EB, τουτέστιν τὸ ἀπὸ τῆς EZ, τῶν 
ἐπὶ τὸ αὐτὸ δῴ" μήκει dpa ἔσται ἡ EZ τμημάτων 
ἐξ ὃ γε ἔγγιστα, καὶ λοιπὴ ἡ AZ τῶν αὐτῶν ἀξ 
ὃ ve. ἡ ἄρα τοῦ δεκαγώνου πλευρά, ὑποτείνουσα 
δὲ περιφέρειαν τοιούτων AS, οἵων ἐστὶν d κύκλος 
τέ, τοιούτων € ἔσται AL ὃ Fe, οἵων ἡ διάμετρος pr. 
πάλιν € ἐπεὶ ἡ μὲν ἃ AZ τμημάτων ἐστὶ ag 5 m, τὸ 
δὲ ἀπὸ αὐτῆς τος 6 τέ, ἔστι δὲ καὶ τὸ ἀπὸ τῆς 
AB τῶν; αὐτῶν (yx, ἃ συντεθέντα ποιεῖ τὸ ἀπὸ 

τῆς ΒΔ τετράγανον; Bre 5 ie, pe μήκει ἄρα ἔσται 
ἡ ΒΖ τμημάτων ὃ ὰβ 7 ἔγγιστα. καὶ ἡ τοῦ πεντα- 
γώνου ἄρα πλευρά, ὑποτείνουσα δὲ μοΐρας of, 
οἵων ἐστὶν ὁ κύκλος τῇ, τοιούτων ἐστὶν & AB Ὁ, 
οἵων ἡ διάμετρος pr. 

Φανερὸν δὲ αὐτόθεν, ὅτι καὶ ἡ τοῦ ἐξαγώνου 
πλευρά, ὑποτείνουσα δὲ μοίρας , καὶ ἴση οὖσα 
τῇ ἐκ τοῦ κέντρου, τμημάτων ἐστὶν é. ὁμοίως 
δέ, ἐπεὶ ἡ μὲν τοῦ τετραγώνου πλευρά, ὑποτείνουσα 
δὲ μοίρας C, δυνάμει διπλασία € ἐστὶν τῆς ἐκ τοῦ 
κέντρου, ἡ δὲ τοῦ τριγώνου πλευρά, ὑποτείνουσα 
δὲ μοίρας pr, δυνάμει τῆς αὐτῆς ἐστιν τριπλασίων, 
τὸ δὲ ἀπὸ τῆς ἐκ τοῦ κέντρου τμημάτων ἐστὶν “yy WX 
συναχθήσεται τὸ μὲν ἀπὸ τῆς τοῦ τετραγώνου 


πλευρᾶς εἶσ, τὸ τὸ δὲ ἀπὸ τῆς τοῦ Τριγώνου M ὦ. 
ὥστε καὶ μήκει ἢ μὲν τὰς ς μοίρας ὑποτείρουσα 
εὐθεῖα τοιούτων ἔσται πῶ ra i ἔγγιστα, οἴω 7 
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of the radius, consists of $0? and its square of 900P, 
and BA, being the radius, consists of G0” and its 
square of 3600°, while EE*, that is ΕΣ, consists of 
4500? ; therefore EZ is approximately 67? 4° 5579 
and the remainder AZ is 857» 4' 55". Therefore the 
side of the decagon, subtending an are of 36° (the 
whole circle consisting of 360°), is 377 4’ 55” (the 
diameter being 1207). Again, since AZ is ST? 4' 55", 
its square is 1375? 4 15", and the square on AB is 
$600?, which added together make the square on BZ 
4075" 4° 15", s0 that BZ is approximately 70? 32’ 3”, 
And therefore the side of the pentagon, subtending 
72° (the circle consisting of 360°), is ΤΌ» $2’ 8” (the 
diameter being 120°), 

Hence it is clear that the side of the hexagon, sub- 
tending 60° and being equal to the radius, is 60°, 
Similarly, since the square on the side of the square, 
subtending 90°, is double of the square on the radius, 
and the square on the side of the triangle, subtending 
120°, is three times the square on the radius, while 
the square on the radius is 3600, the square on the 
side of the square is 7200? and the square on the side 
of the triangle is 10800", Therefore the chord sub- 
tending 90° is approximately 847 51° 10” (the diameter 

5 PI - 
has already becn given (Pl | pp. nae sd att 

* This is, of course, the square itself; ‘ine Greek phrase is 
not so difficult, We could translate, “the second power of 


the side of the square,” but the apd of outsid 
the ken of the Greek mathematician, eee . 
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διάμετρος pk, ἢ δὲ τὰς px τῶν αὐτῶν py 
μὲ KY. 


(iii.) χῖνξ 8. +cos* ΒΞ] 
Ibid, 85, 17-36. 19 


Pini ἐν οὕτως ἡμῖν ἐκ προχείρου καὶ καθ᾽ 

Ἰ ὑτὰς εἰλήφϑωσαν, ἽΝ: ἔσται φανερὸν ἐντεῦθεν, 
ὅτι τ τῶν διδομένων εὐθειῶν. ἐξ εὐχεροῦς didorras 
καὶ αἱ ὑπὸ τὰς λειπούσας εἰς τὸ ἡμικύκλιον περι- 
φερείας ὑποτείνουσαι διὰ τὸ τὰ ἀπ᾽ αὐτῶν συντι- 
θέμενα ποιεῖν τὸ ἀπὸ τῆς διαμέτρου τετράγωνον" 
οἷον, ἐπειδὴ ἡ ὑπὸ τὰς AS μοίρας εὐθεῖα τμημάτων 
ἐδείχθη AC ὃ Fe καὶ τὸ ἀπ᾿ αὐτῆς ἀτοε ὃ iz, τὸ 


δὲ amo τῆς διαμέτρου τμημάτων ἐστὶν M ὅδυ, 


ἔσται καὶ τὸ μὲν ἀπὸ τῆς ὑποτεινούσης τὰς λεὶ- 
πούσας εἷς τὸ ἡμικύκλιον poipas pud τῶν λοιπῶν 





* Let AB be a chord of a circle subte an angle a at 
the centre O, and let AKA’ be drawn pe dicular te OB ἐν 
as to meet OB in K and the circle 

seem ina’ Then 


ΒΞ ik. HAA" 

sin a ( =sin AB)= AO 
And AA‘ is the aie spaeaies by 
double of the arc AB, while Ptolemy 
expresses the lengths of chords ns so 
many 120th parts of the diameter; 
therefore sin a is half the chord sub- 
tended by an angle 2a at the centre, 
which is conventently abbreviated by 
Heath to }(erd. 2c), or, as we may alternatively express 
the relationship, sin AB is “half the chord subtended by 
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consisting of 120°), and the chord subtending 120° is 
108» 55° 25".4 


(iii.) ma? δ «δον P= 1 
Ibid. 35, 17-36, 12 


The lengths of these chords have thus been obtained 
immediately and by themselves,® and it will be thence 
clear that, among the given straight lines, the lengths 
are immediately given of the chords subtending the 
remaining ares in the semicircle, by reason of the fact 
that the sum of the squares on these chords is equal 
to the square on the diameter; for example, since the 
chord subtending 36° was shown to be 87? 4 55" and 
its square 1375" 4’ 15°, while the square on the 
diameter is 14400*, therefore the square on the chord 
subtending the remaining 144° in the semicircle is 
Polen of the are vel wich 1s the ieiaimoa form; as 

means by this hn 
by sin AB, shal interpolate the trlgceometical nosstian in 
the translation dha it occurs. It follows that eos a 
[sin(00~ al eG foe 2a), or, as Ptolemy ΒΑῚ 
If the ¢ subtended by the remaining angle ate 
Αὐτὰ " Tan a and the other trigonometrical rati 
were not used by the Greeks, 


In the passage to which this note is appended Ptolemy 
proves that 


side of decagon (=crd. 36°=2 sin 18} -- 31» 4’ 55", 
side of pentagon (=crd. 72°=2 sin 36°)=T70" 32° 3, 
side of hexagon (=crd, 60° =? sin $0°)=60F, 
side of square = (=crd. 90°=9 sin 45°)=84F 51’ 10", 
side of equilateral ¢ ord, 120° =2 sin 60") = 108» 55’ 23°. 
* ie., not deduced from other known chords. 
42] 
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ΜΚ Fe pe, αὐτὴ δὲ μήκει τῶν adraw pd Ὁ AL 


ἔγγιστα, καὶ ἐπὶ τῶν ἄλλων ὁμοίως. 

“Ὃν δὲ τρόπον ἀπὸ τούτων καὶ ai λοιπαὶ τῶν 
κατὰ μέρος δοθήσονται, δείξομεν ἐφεξῆς προεκβθέ- 
μένοι λημμάτιον εὔχρηστον ἜΝ πρὸς τὴν παροῦσαν 
πραγματείαν. 


(iv.) “ PYolemy’s Theorem " 
hid. 36. 13-37. 18 


Ἕστω γὰρ κύκλος ἐγγεγραμμένον ἔχων τετρά- 
πλευρὸν τυχὸν τὸ ΑΒΓΔ, καὶ ἐπεζεύχθωσαν αἱ 
ΑΓ καὶ BA. δεικτέον, ὅτι τὸ ὑπὸ τῶν AT καὶ 
BA περιεχόμενον ὀρθογώνιον ἴσον ἐστὶ συναμῴο- 
τέροις τῷ τε ὑπὸ τῶν AB, AT καὶ τῷ ὑπὸ τῶν 
ΑΔ, ΒΓ. 

Κείσθω γὰρ τῇ ὑπὸ τῶν ABT γωνίᾳ ἴση ἡ ὑπὸ 
ΑΒΕ. ἐὰν οὖν κοινὴν προσθῶμεν τὴν ὑπὸ EBA, 


* fv, erd. 144°(=2 sin 13 = 114" 7° 57’, If the given 
chord subtends an angle 29 at the centre, the chord sub- 
tended by the remaining are in the semicircle subtends an 
angle (180-20), and the theorem asserts that 

(erd. 28)" +(erd. 180 — 28)? =(diameter)?, 
or sin? @ ὁ cof =I, 
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13024" 55° 45° and the chord itself is approximately 
114° 7 87", and similarly for the other chords.* 

We shall explain in due course the manner in which 
thé remaining chords obtained by subdivision can be 
calculated from these, setting out by way of preface 
this little lemma which is exceedingly useful for the 
business in hand. 


(iv.) “ Ptolemy's Theorem " 
Τα, 36. 13-37. 18 

Let ΑΒΓΔ be any quadrilateral inscribed in a 
circle, and let AT’ and BA be joined. It is required 
to prove that the rectangle contained by AI’ and BA 
is equal to the sum of the rectangles contained by 
AB, AT and AA, ΒΓ. 

For let the angle ABE be placed equal to the angle 


Brea τὸ 





ABT. Then if we add the angle EBA to both, the 
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ἕσται καὶ ἡ ὑπὸ ABA γωνία ἴση τῇ ὑπὸ EBD. 
ἔστων 82 καὶ ἡ ὑπὸ ΒΔΑ τῇ ὑπὸ ΒΓΕ ἴση: τὸ γὰρ 
αὐτὸ τμῆμα ὑποτείνουσιν" ἰσογώνιον ἄρα ἐστὶν 
τὸ ABA τρίγωνον τῷ ΒΓΕ τριγώνῳ. wore καὶ 
ἀνάλογόν ἐστιν, we ἡ ΒΓ πρὸς τὴν ΤῈ, οὕτως ἧ 
BA πρὸς τὴν AA: τὸ ἄρα ὑπὸ BI’, AA ἴσον ἐστὶν 
τῷ ὑπὸ ΒΔ, ΓΕ, πάλιν ἐπεὶ ἴ ἐστὶν ἡ ὑπὸ 
ΑΒΕ γωνία τῇ ὑπὸ ΔΒΓ γωνίᾳ, ἔστιν δὲ καὶ ἡ 
ὑπὸ ΒΑΕ i ἴση τῇ τῇ ὑπὸ BAT, ἰσογώνιον ἄρα, ἐστὶν 
τὸ ΑΒΕ τρίγωνον τῷ ΒΓΔ τριγώνῳ" 
ἄρα ἐστίν, ὡς ἡ BA πρὸς AE, 7) BA πρὸς AT 
τὸ dpa ὑπὸ BA, AD t ἴσον ἐστὶν τῷ ὑπὸ BA, AE. 
δδείχθη δὲ καὶ τὸ ὑπὸ > ΒΓ, AA ἴσον τῷ ὑπὸ BA, 
καὶ ὅλον apa τὸ ὑπὸ AD, BA ἴσον ἐστὶν 
ἔροις τῷ τε ὑπὸ AB, AD xal 1 Seep 
ewes ὅπερ ἴδει δεῖξαι, 


(v.) «ἦν (8 -- ὃ τε sin 8 cos ᾧ -- τοῦ 6 αἷμ ᾧ 
fhid. 37, 19-39. 8 


Τούτου προεκτεθέντος ἔστω ἡμικύκλιον τὸ 
ΑΒΓΔ ἐπὶ διαμέτρου τῆς AA, καὶ ἀπὸ τοῦ A 
δύο διήχϑωσαν ai AB, ΑΓ, καὶ ἔστω ἑκατέρα 
αὐτῶν δοθεῖσα. τῷ μεγέθει, οἵων ἡ διάμετρος 
δοθεῖσα px, καὶ ἐπεζεύχθω ἡ BI. λέγω, ὅτι καὶ 
a 
"Bretety devon» yap ai BA, ΓΑ' δεδομέναι apa 
εἰσὶν δηλονότι καὶ αὗται διὰ τὸ λείπειν ἐκείνων 
εἰς τὸ ἡμικύκλιον. ἐπεὶ οὖν ἐν κύκλω τετράπλευρόν 
ἐστιν τὸ ΑΒΓΔ, τὸ ἄρα ὑπὸ ΑΒ, TA μετὰ τοῦ 
134, 
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angle ABA«the angle EBC. But the angle BAA= 
the angle BIE [Eucl. iii. 21), for they subtend the 
same segment ; therefore the triangle ABA is equi- 
angular with the triangle BIE. 
af ΒΓ ΓΒΑ: AA; ΠΡ με]. vi. ὁ 
Br, AA=BA. TE. [Fuel. vi. 6 
Again, since the angle ABE is equal to the angle 
ABI’, while the angle BAE is equal to the angle BAT’ 
[Eucl. iii. 21], therefore the triangle ABE is equi- 
angular with the triangle BIA ; 
aN BA :AE=BA:AT ; [Ἐπ], vi. 4 
ity BA. AD = BA. AE. [Eucl. vi. 6 
But it was shown that 
Br a AA=HA. rE 4 
ame Pe AT " BA τὰ AB " AF + ik & Br ἢ 
[1], ἢ, 1 
which was to be proved. 


(v.) sin (@-b)=sin 8 cos ᾧ —cos 6 sin ᾧ 
fhid. 37. 19-39. 3 


This having first been proved, let ABTA be a semi- 
circle having AA for its diameter, and from <A let 
the two [chords] AB, AT be drawn, and let cach of 
them be given in length, in terms of the 120? in the 
diameter, and let ΒΓ be joined. I say that this also 
is given. 

‘or let BA, ΓἕᾺ be joined; then clearly these also 
are given because they are the chords subtendi 
the remainder of the semicircle. Then since ABI 
is a quadrilateral in a circle, 

$25 
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ὑπὸ τῶν AA, BI’ ἴσον ἐστὶν τῷ ὑπὸ AT, ΒΑ. 
καὶ ἐστιν τὸ τε ὑπὸ τῶν AT, BA δοθὲν καὶ τὸ 





ὑπὸ AB, ΓΔ' καὶ λοιπὸν ἄρα τὸ ὑπὸ AA, BT 
δοθέν ἐστιν. καί ἐστιν ἡ AA διάμετρος" δοθεῖσα 
ἄρα ἐστὶν καὶ ἡ BI εὐθεῖα. 

Kai φανερὸν ἡμῖν γέγονεν, ὅτι, ἐὰν δοθῶσιν δύο 
περιφέρειαι καὶ αἱ ὑπ᾽ αὐτὰς εὐθεῖαι, δοθεῖσα 
ἔσται καὶ ἡ τὴν ὑπεροχὴν τῶν δύο περιφερειῶν 
ὑποτείνουσα εὐθεῖα. δῆλον δέ, ὅτι διὰ τούτου τοῦ 
θειωρήματος ἄλλας τε οὐκ ὀλίγας εὐθείας ἐγγρά- 
Power ἀπὸ τῶν ἐν ταῖς Kall’ αὐτὰς δεδομένων 
ὑπεροχῶν καὶ δὴ καὶ τὴν ὑπὸ τὰς δώδεκα μοίρας, 
ἐπειδήπερ ἔχομεν τὴν. τε ὑπὸ τὰς ἔ καὶ τὴν ὑπὸ 
τὰς of, 
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AB.TA+A4.Br=Al . BA, 


[" Ptolemy's theorem "ἢ 
And AT’. BA fs given, and also AB. TA; therefore 
the remaining term AA. ΒΓ is also given, And Ad 
is the diameter; therefore the straight line BI 
is given." 

And it has become clear to us that, if two arcs are 
given and the chords subtending them, the chord 
subtending the difference of the arcs will also be 
given. It is obvious that, by this theorem we can 
inscribe ὃ many other chords subtending the differ- 
ence between given chords, and in particular we 
may obtain the chord subtending 12°, since we have 
that subtending 60° and that subtending 72°, 


5 [f AT subtends an angle 98 and AB an angle 2¢ at the 
centre, the theorem asserts that 


erd. 29-94). (erd. 180°) =(crd, 28). (erd. 180° - 94) - 
(erd, 24). (erd. 1807 -- 28) 
tebes ain (d= 4) =sin ὃ cos ᾧ -- cos 8 sin ᾧ. 
® Or “caleulnte,"” as we might almost translate ¢-ypagoper: 


ef. supra, p. 414 πὶ aon ἐκ τῶν γραμμῶν. 
427 


GREEK MATHEMATICS 
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bid. 39. 4-41. 3 


Πάλιν προκείσθω δοθείσης τινὸς εὐθείας ἐν 
κύκλῳ τὴν ὑπὸ τὸ ἥμισυ τῆς ὑποτεινομένης περι- 
φερείας εὐθεῖαν εὑρεῖν. καὶ ἔστω ἡμικύκλιον τὸ 
ΑΒΓ ἐπὶ διαμέτρου τῆς AT καὶ δοθεῖσα εὐθεῖα ἡ 
ΓΒ, καὶ ἡ ΓΒ περιφέρεια δίχα τετμήσθω κατὰ 
τὸ A, καὶ ἐπεζεύχθωσαν af AB, AA, BA, ΔΙ, 
καὶ ἀπὸ τοῦ A ἐπὶ τὴν AT κάθετος ἤχθω ἡ AZ. 
λέγω, ὅτι ἡ ΔΓ ἡμίσειά ἐστι τῆς τῶν AB καὶ 
AD ὑπεροχῆς. 

Κείσθω γὰρ τῇ AB ἴση ἡ AE, καὶ ἐπεζεύχθω 
ἡ ΔΕ, ἐπεὶ ἴση ἐστὶν ἡ AB τῇ AE, κοινὴ δὲ ἡ 
AA, δύο δὴ αἱ AB, AA δὼ ταῖς AE, AA ἴσαι 
εἰσὶν ἑκατέρα ἑκατέρᾳ. καὶ γωνία ἡ ὑπὸ ΒΑΔ 
γωνίᾳ τῇ ὑπὸ EAA ἴση ἐστίν" καὶ βάσις apa ἡ 
ΒΔ βάσει τῇ ΔῈ ἴση ἐστίν. ἀλλὰ ἡ BA τῇ AT 
ἴση ἐστίν: καὶ ἡ ΔΓ ἄρα τῇ AE ἴση ἐστίν. ἐπεὶ 
οὖν ἰσοσκελοῦς ὄντος τριγώνου τοῦ AKT ἀπὸ 
τῆς κορυφῆς ἐπὶ τὴν βάσιν κάθετος ἧκται ἡ AZ, 
ἴση ἐστὶν ἡ ΕΖ τῇ ΔΓ. ἀλλ᾽ ἡ ED ὅλη ἡ ὑπερ- 
οχή ἐστιν τῶν AB καὶ AT εὐθειῶν" ἡ ἄρα ZT ἡμί- 
gent ἐστιν τῆς τῶν αὐτῶν ὑπεροχῆς. ὥστε, ἐπεὶ 
τῆς ὑπὸ τὴν ΒΓ περιφέρειαν εὐθείας ὑποκειμένης 
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(vi.) stn? $0 = 1(1 —cos 8) 
ibid. 39, 441. 3 
Again, given any chord in a circle, let it be required 
to find the chord subten: half the are subtended 
by the given chord. Let ABI be a semicircle upon 
e diameter AI and let the chord I'B be given, and 





A 
let the are ΓΒ be bisected at A, and let AB, AA, BA, 
AT be joined, and from A let AZ be drawn perpen- 
dicularto AT. [δὲν that ZT is half of the difference 
between AB and AI’. 

For let AE be placed equal to AB, and let AE be 
joined. Since AB=AE and AA is common, fin the 
triangles ABA, AEA) the two [sides] AB, AA are 
equal to AE, AA each to each; and the angle HAA is 
equal to the angle re τὸ oe ili. 27}; and therefore 
the base BA is equal to the base AE | Eucl. i. 4]. But 
BAe AD: and therefore AI'=AE. Then since the 
triangle AET is isosceles and AZ has been drawn from 
the vertex perpendicular to the base, EZ - ΖΓ [Enel 
i. 26]. But the whole ED is the difference between 
the chords AB and AI: therefore ZI’ is half of the 
difference. Thus, since the chord subtending the are 
BI’ is given, the chord AB subtending the remainder 
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αὐτόθεν δέδοται καὶ 4. λείπουσα εἰς τὸ ἡμικύκλιον 


AB, δοθήσεται καὶ ἡ ZT ἡμίσεια οὖσα τῆς τῶν 
Τ' καὶ AB ὑπερυχῆς" ἀλλ᾽ ἐπεὶ ἐν ὀρθογωνΐ 
τῷ ΑΓΔ καθέτου ἀχθείσης τῆς AZ ὁ ἰσογώνιον yi- 
on τὸ AAT ὀρθογώνιον τῷ ATL, καὶ ἐστιν, ὡς 
ir τοὺς Pn} ΤᾺ πρὸς ΓΖ, τὸ ὅρα ὑπὸ τῶν 

περιεχόμενον ὀρθογώνιον ἴσον ἐστὶν τῷ 
ἀπὸ uy, TA τετραγώνῳ. δοθῶν δὲ δὲ τὸ ὑπὸ τῶν AL 
ΓΖ. δοθὲν ἄρα ἐστὶν καὶ τὸ ἀπὸ τῆς ΓᾺ τετρά- 
yuivor. ὥστε καὶ μήκει ἡ Γ ἘΞ ὑπ erat 
way ὑποτείνουσα ar€ ἐς, 

ἘΡΊΩΝ τούτου δὴ τῆς ἸΞἰαν δ ἄλλαι 
τε ληφθήσονται πλεῖσται κατὰ τὰς ἡμισείας τῶν 
προεκτεθειμένων, καὶ δὴ καὶ ano τῆς τὰς Γ 
μοίρας ὑποτεινούσης εὐθείας ἢ τε ὑπὸ τὰς F καὶ 
ἡ ὑπὸ τὰς Κὶ καὶ ἡ ὑπὸ τὴν μ ἥμισυ καὶ ἡ ὑπὸ 
τὸ ἥμισυ. τέταρτον τῆς μιᾶς μοίρας. εὑρίσκομεν 
δὲ ἐκ τῶν ἐπιλογισμῶν τὴν μὲν ὑπὸ τὴν μίαν 
ἥμισυ Ὡπορῤίξνασ: ράϊ τα ἀπ τον agtte Ὁ δῖ 
ἐστὶν ἡ sy Bslecpot px, τὴν δὲ ὑπὸ τὸ 2" 8° τῶν 
αὐτῶν Ὁ μὲ 7. 


(vii.) δον (θ᾽ 1 φ) = cos 9 cos ᾧ -- εἶχ 6 stn ᾧ 
πὰ. si 4.-Δ5 5 

Πάλιν ἔστω κύκλος ὦ ΑΒΓΔ περὶ διάμετρον 
μὲν τὴν ΑΔ, κέντρον δὲ τὸ £4, καὶ ἀπὸ τοῦ A 
ἀπειλήφθωσαν δύο περιφέρειαι δοθεῖσαι κατὰ τὸ 
ἑξῆς αἱ AB, BI, καὶ ἐπεζεύχθωσαν αὖ ΑΒ, ΒΓ 
ὑπ᾽ αὐτὰς εὐθεῖαι καὶ αὐταὶ δεδομέναι. Χο 
ὅτι, ἐὰν ΓΑ ΘΈΣΙ ΒΩ τὴν ΑΓ, δοθήσεται καὶ αὐτή. 
scat Le ae am aun angle 28 at the centre the proposition 
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of the semicircle is immediately given, and 21 will 
also be given, being half of the ifference between 
ADP and AB. But since the perpendicular AZ has 
been drawn in the right-angled triangle ATA, the 
right-angled triangle: LAT is equiangular with ATZ 
[Eucl. vi. 8], and 
AD: ΓΞ ΓᾺ : ΓᾺ, 

and therefore AD. T2=TA%, 
But ΑΓ. ΓΖ is given; therefore ['A* is also given. 
Therefore the chord PA, subtending half of the are 
BD’, is also given.® 

And again by this theorem many other chords can 
be semi ον ἮΝ pp tier of ental chords, and 38 
particular m the chord subte 12° can 
obtained the chord subtending 6° saat that subtend- 
ὌΝ a" and that subtending 1 1 and that subtending 

=). We shall find, when we come to make 

the caleu ation, that the chord subtending 14° is 
approximately 1? 34° 15° (the diameter being 120) 
and that subtending }° is 0? 47° 85." 


(vii.) cos (0 +6) =cos.@ cor ᾧ —sin O sin ᾧ 
Ibid. 41. 443, δ 

Again, let ΑΒΓΔ be a circle about the diameter 
AA and with centre 4, and from A let there be cut off 
in succession two given ares AB, BI’, and let there 
be joined AB, BI’, which, being the chords subtending 
them, are also given, i say that, if we join AL, it 
also will be given. 


(erd. #)* = δ τά. 180). {(erd. 180°)-erd. 180° = 24) 
δι, Sin? 4? =}(l -- cos δ). 
The symbol in the Greck for O should be noted; 
vol, i. p. 47 π. ἃ. 
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Διήχθω yap διὰ τοῦ Β διάμετρος τοῦ κύκλου 
ἡ ΒΖΕ, καὶ ἐπεϊεύχθωσαν αἱ BA, AT, ΓΕ, AE: 
δῆλον δὴ αὐτόθεν, ὅτι διὰ μὲν τὴν ΒΓ δοθήσεται 
καὶ ἡ TE, διὰ δὲ τὴν AB δοθήσεται ἢ τε BA καὶ 
ἡ AE. καὶ διὰ τὰ αὐτὰ τοῖς ἔμπροσθεν, ἐπεὶ ἐν 
κύκλῳ τετράἀπλευρόν ἐστιν τὸ ΒΓΔΕ, καὶ διηγμέναι 
εἰσὶν αἱ ΒΔ, ΓΕ, τὸ ὑπὸ τῶν διηγμένων περι- 
ἐχύμενον ὀρθογώνιον ἴσον ἐστὶν συναμῴφοτέροις 
τοῖς ὑπὸ τῶν ἀπεναντίον" ὥστε, ἐπεὶ δεδομένου 
τοῦ ὑπὸ τῶν ΒΔ, ΓΕ δέδοται καὶ τὸ ὑπὸ τῶν ΒΓ, 
AE, δέδοται ἄρα καὶ τὸ ὑπὸ BE, ΓΔ, δέδοται 
δὲ καὶ ἡ BE διάμετρος, καὶ λοιπὴ ἡ ΓΔ ἔσται 
δεδομένη, καὶ διὰ τοῦτο καὶ ἡ λείπουσα els τὰ 
ἡμικύκλιον ἡ DA: ὥστε, ἐὰν δοθῶσιν δύο περι- 

᾿φέρειαι καὶ αἱ ὑπ᾽ αὐτὰς εὐθεῖαι, δοθήσεται καὶ 
ἡ συναμφοτέρας τὰς περιφερείας κατὰ σύνθεσιν 
ὑποτείνουσα εὐθεῖα. διὰ τούτου τοῦ θεωρήματος. 


* If AB subtends an angle 98 and BI an angle 24 ot the 
centre, the theorem asserts that 
(erd. 180°) . (end, 150° - 29-84) =(erd, 180° - 28) . (erd. 
Teo? — 34) = (erd. 20). (erd. 24), 
bettas cos [8 +) zoos cos ᾧ -- πἴη sin ᾧ. 
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For through B let BZE, the diameter of the circle, 
be drawn, and let BA, AT, PE, AE be joined ; it is 





then immediately obvious that, by reason of BI being 
given, TE is also given, and by reason of AB being 
given, both BA and AE are given. And by the same 
reasoning as before, since ΒΓ ΔΙ is a quadrilateral in 
a circle, and BA, TE are the diagonals, the rectangle 
contained by the diagonals is equal to the sum of the 
rectangles contained by the opposite sides. And 
so, since ΒΑ, ΓΕ is given, while BI. AE is also 
given, therefore BE. [Ais given. But the diameter 
BE is given, and [therefore Sihe: remaining term [A 
will be given, and therefore the chord 'A subtending 
the remainder of the semicircle ® ; Arptistianeis if two 
ares be given, and the chords subtending t em, by 
this theorem the chord subtending the sum of the 
ares will also be given. 
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Φανερὸν δέ, ὅτι συντιθέντες ἀεὶ μετὰ τῶν προ- 
εκτεθειμένων πασῶν τὴν ὑπὸ ἃ 2° 
τς συναπτομένας ἐπιλογιζόμενοι πάσας ἁπλῶς 
ράψομεν, Goa δὶς ve ι τρίτον μέρος 
Ἴξουσιν, καὶ μόναι ἔτι ΤΣ ΤῸ αἱ μεταξὺ 
τῶν ἀνὰ ἃ £° μοῖραν διαστημάτων δύο Kall’ 
ἕκαστον ἐσόμεναι, ἐπειδήπερ Kall ἡμιμοίριον 
ποιούμεθα τὴν ἐγγραφὴν v. ὥστε , ἐὰν τὴν ὑπὸ τὸ 
ἡμιμοίριον εὐθεῖαν εὕρωμεν, αὕτη κατά τε τὴν 
cow καὶ τὴν ὑπεροχὴν τὴν πρὸς τὰς τὰ 
δια ιαστήματα περιεχούσας καὶ δεδομένας εὐθείας 
καὶ τὰς λοιπὰς τὰς μεταξὺ πάσας ἡμῖν συνανα- 
πληρώσει. ἐπεὶ δὲ δοθείσης τινὸς εὐθείας ὡς τῆς 
ὑπὸ τὴν ἃ “΄ μοῖραν ἡ τὸ τρίτον τῆς αὐτῆς περι 
φερείας ὑ ὑποτείνουσα διὰ τῶν γραμμῶν ou 
mens εἰ δέ γε δυνατὸν ἦν, εἴχομεν ἂν αὐτόθεν καὶ 
v ὑπὸ τὸ ἡ ἡμιμοίριον" πρότερον ,μεθοδεύσομεν 
ν. ὑπὸ τὴν ἃ μοῖραν ama τε τῆς ὑπὸ τὴν ἃ Φ΄ 
μοίραν καὶ THs ὑπὸ ὦ 6° ὑποτεθέμενοι μάτιον, 
ὅ, κἂν μὴ πρὺς τὸ καθόλου δόνήται τὰς πηλι- 
κότητας. ὁρίζειν, emi ye τῶν οὕτως ἐλαχίστων τὸ 
πρὸς τὰς ὡρισμένας ἀπαράλλακτον δύναιτ᾽ ἂν 
συντηρεῖν. 
(vili.) Method of Interpolation 
Ibid, 43. 6-46. 20 
Λέγω γάρ, ὅτι ἐὰν ἐν κύκλῳ διαχϑῶσιν ἄνισοι 
δύο εὐθεῖαι, ἡ μείζων πρὸς τὴν ἐλάσσονα ἐλάσσονα 
v ἔχει ἧπερ 7 ἐπὶ τῆς μείζονος εὐθείας περι- 
bipain πρὸς THY ἐπὶ τῆς ἐλάσσονος 
"Kora γὰρ κύκλος ὁ ΑΒΓΔ, καὶ δι γθωσαν ἐν 
—* δύο εὐθεῖαι ἄνισοι ἐλάσσων ἡ ΑΒ, 
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It is clear that, by continually putting next to all 
known chords a chord subtending 14° and calculating 
the chords joining them, we may compute in a simple 
manner all chords subtending multiples of 14°, and 
there will still be left only those within the 14° 
intervals—two in each case, since we are making the 

: in half degrees. Therefore, if we the 
chord subtending 1", this will enable us to complete, 
by the method of addition and subtraction with 
respect to the chords bounding the intervals, both 
the given chords and all the remaining, intervening 
chords. But when any chord subtending, say, Ue » is 
given, the chord subtending the third part of the 
same arc is not given by the [above] caleulations—if 
it were, we should obtain immediately the chord sub- 
tending }°; therefore we shall first give a method 
for finding the chord subtending 1° from the chord 
subtending 115 and that subtending ἢ", assuming a 
little lemma which, even though it cannot be used 
for calculating lengths in general, in the case of such 
small chords will enable us to make an approximation 
indistinguishable from the correct figure. 


(viii.) Method of Interpolation 
ibid. 43. 646. 20 

For I say that,+ ieee unequal chords be drawn ina 

circle, the greater will bear to the less a less ratio than that 

which the arc on the greater chord bears to the arc on the 
lesser. 

For let ΑΒΓΔ be a circle, and in it let there be 

drawn two unequal chords, of which AB is the lesser 

435 


GREEK MATHEMATICS 
μείζων δὲ ἡ BI. λέγω, ὅτι ἡ ΓΒ εὐθεῖα πρὸς 
Ἦν BA εὐθεῖαν ἐλάσσονα λόγον ἔχει ἧπερ ἡ BI 
περιφέρεια. πρὸς τὴν ΒΑ περιφέρειαν, 

Τετμήσθω γὰρ ἡ ὑπὸ ΑΒΓ γωνία δίχα ὑπὸ τῆς 
BA, καὶ ἐπεζεύχθωσαν ἢ τε AED καὶ ἡ ΛΔ καὶ 
ἡ ΓΔ. καὶ ἐπεὶ ἡ ὑπὸ ABD γωνία δίχα τέτμηται 
ὑπὸ τῆς BEA εὐθείας, ἴση μέν ἐστιν ἡ TA εὐθεῖα 
τῇ AA, μείζων δὲ ἡ TE τῆς ΕΑ. ἤχθω δὴ ἀπὸ 
τοῦ A κάθετος ἐπὶ τὴν AET ἡ AZ, ἐπεὶ τοίνυν 
μείζων ἐστὶν ἡ μὲν ΑΔ τῆς ΕΔ, ἡ δὲ EA τῆς AZ, 
ὦ dpa κέντρῳ μὲν τῷ A, διαστήματι δὲ τῷ AE 
γραφόμενος κύκλος τὴν μὲν AA τεμεῖ, ὑπέερπε- 
σεῖται δὲ τὴν ΔΖ. γεγράφθω δὴ ὁ HEO, καὶ 
ἐκβεβλήσθω ἡ AZO. καὶ ἐπεὶ d μὲν AEO τομεὺς 
μείζων ἐστὶν τοῦ AEZ τριγώνου, τὸ δὲ ABA 
τρίγωνον μεῖζον τοῦ AEH τομέως, τὸ ἄρα ΔΕΖ 


o Lit. “ let AZO be produced,” 
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and BI’ the greater. I say that 
TE: BA<are BI’: are BA. 
For let the angle ABT be bisected by BA, and let 





A 
AET and AA and TA be joined. Then since the 
angle ΑΒΓ is bisected | 4 the chord BEA, the chord 


TA=jAA[Euel. iii. 26, 29], while ΓΈ; EA [Eucl. vi. 3]. 
Now let AZ be drawn from 4 perpendicular to 
AED. Then since AA> EA, and ἘΔ: AY, the circle 
described with centre A and radius AF will cut AA, 
and will fall beyond AZ. Let [the arc] HEO be 
described, and let AZ be produced to 6." en since 
sector AEO> triangle ἀξ, 

and triangle AEA> sector AEH, 

‘7 
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τρίγωνον πρὸς τὸ AEA τρίγωνον ἐλάσσονα λόγον 
ἔχει ἥπερ ὁ AEO τομεὺς πρὸς τὸν AEH. ἀλλ’ 
ὡς μὲν τὸ AEZ τρίγωνον πρὸς τὸ AEA τρίγωνον, 
οὕτως ἡ ἘΠῚ εὐθεῖα πρὸς τὴν EA, ὡς δὲ ὁ ΔΕΘ 
τομεὺς πρὸς τὸν AEH ropea, οὕτως ἡ ὑπὸ ZAE 
γωνία πρὸς τὴν ὑπὸ EAA: ἡ apa ΖΕ εὐθεῖα πρὸς 
τὴν ΕΑ ἐλάσσονα λόγον ἔχει ἧπερ ἡ ὑπὸ ZAE 

wvia πρὸς τὴν ὑπὸ EAA. καὶ συνθέντι ἄρα ἡ 
vat εὐθεῖα πρὸς τὴν EA ἐλάσσονα λόγον ἔχει 
ἥπερ ἡ ὑπὸ ZNA γωνία πρὸς τὴν ὑπὸ AAE- καὶ 
τῶν ἡγουμένων τὰ διπλάσια, ἡ TA εὐθεῖα πρὸς 
τὴν AE ἐλάσσονα λόγον ἔχει ἥπερ ἡ ὑπὸ TAA 
γωνίᾳ πρὸς τὴν ὑπὸ ἘΔΑ" καὶ διελόντι ἡ TE 
εὐθεῖα πρὸς τὴν ΕΑ ἐλάσσονα i y ἔχει ἥπερ ἡ 
ὑπὸ ΓΔΕ γωνία πρὸς τὴν ὑπὸ , ἀλλ᾽ ὡς 
μὲν ἡ ΓΕ εὐθεῖα πρὸς τὴν EA, οὕτως ἡ ΓΒ εὐθεῖα 
πρὸς τὴν ΒΑ, ὡς δὲ ἡ ὑπὸ ΓΔΒ γωνία πρὸς τὴν 
ὑπὸ ΒΔΑ, οὕτως ἡ ΓΒ περιφέρεια πρὸς τὴν ΒΑ’ 
ἡ ΓΒ dpa εὐθεῖα πρὸς τὴν BA ἐλάσσονα λόγον 
ἔχει ἥπερ ἡ ΓΒ περιφέρεια πρὸς τὴν BA περι- 
φέρειαν. 

Τούτου δὴ οὖν ὑποκειμένου ἔστω κύκλος 6 
ABD, καὶ διήχθωσαν ἐν αὐτῷ δύο εὐθεῖαι ἢ Te 
AB καὶ ἡ AD’, ὑποκείσθω i ΤΡ K μὲν AB 
ὑποτείνουσα μιᾶς μοίρας 2" δ᾽, ἡ δὲ AD pot 
a. ἐπεὶ ἡ AT’ εὐθεῖα πρὸς τὴν BA ‘eciav 
ἐλάσσονα λόγον ἔχει ἥπερ ἡ AT περιφέρεια πρὸς 
a AB, ἡ δ AT περιφέρεια ἐπίτριτός ἐστιν τῆς 
AB, ἡ Γ ἀρα τες τῆς ΒΑ ἐλάσσων ἐστὶν ἢ 
ἐπίτριτος. τλλὰ ἡ ἈΒ εὐθεῖα ἐδείχθη τοιούτων 
Ο pl ἢ, οἵων ἐστὶν ἡ διάμετρος px: ἡ ἄρα PA 
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2, triangle AEZ : triangle AEA <sector ΔΕΘ: 
sector AEH. 
But triangle ΔΕΖ : triangle ΔΕᾺ π ΕἸ : EA, 
[Euel. vi. 1 
and 


sector AEA : sector AEH =angle ὯΔΕ : angle EAA. 
εἶ ΖΕ : EA -Ξδηρῖε ZAE ; angle EAA. 
ὡς componendo, ZA+:EA<angle ZAA: angle ΑΔΕ; 
and, by doubling the antecedents, 

PA: AE <angle [AA : angle EAA ; 
and dirimendo, ΤῈ : EA<angle ΓΔΕ : angle EAA. 
But TE:EA=IB: BA, [Euel. vi. 3 
ard 

angle TAB: angle BAA =are ΓΒ : are BA ; 
[Eucl. vi. 33 
Ἂ ΓῊ : BA <are ΓΒ : are BA" 

Qn this basis, then, let ABI be a circle, and in it 
let there be drawn the two chords AB and AT’, and let 
it first be supposed that AB subtends an angle of }° 
and AT an angle of 1°. Then since 

AI: BA <are AT : are AB, 
while arc Al'=4.arc AB, 
a TA: BA<}. 
But the chord AB was shown to be OF 47’ 8" (the 
diameter being 120°); therefore the chord ΓᾺ 
« Ifthe chords ΓΒ, BA subtend angles 20, 2¢ at the centre, 


this is equivalent to the formula, 
sin ὃ «98 
a sino 9 
where 8 τ εἶπ. 
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εὐθεῖα ἐλάσσων ἐστὶν τῶν αὐτῶν ἃ αὶ Γ΄ ταῦτα yap 
ἐπίτριτά ἐστιν ἔγγιστα τῶν O pl 7. 

Πάλιν ἐπὲ τῆς αὐτῆς καταγραφῆς ἡ μὲν AB 
εὐθεῖα ὑποκείσθω ὑποτείνουσα μοῖραν a, ἡ δὲ AT 
μοῖραν ἃ 4", κατὰ τὰ αὐτὰ δή, ἐπεὶ ἡ ΑΓ περι- 
φέρεια τῆς ΑΒ ἐστιν ἡμιολία, ἡ ΓᾺ ἄρα εὐθεῖα 
τῆς BA ἐλάσσων ἐστὶν ἢ ἡμιόλιος. ἀλλὰ τὴν 
AD ἀπεδείξαμεν τοιούτων οὖσαν ἃ Ad iz, οἵων 
ἐστὶν ἡ διάμετρος pr: ἡ dpa AB εὐθεῖα μείζων 
ἐστὶν τῶν αὐτῶν ἃ B Γ' τούτων γὰρ ἡμι- 
ἔστιν τὰ προκείμενα ἃ AD τε, ὥστε, ἐπεὶ 
τῶν αὐτῶν ἐδείχθη καὶ μείζων καὶ ἐλάσσων ἡ τὴν 
μίαν μοῖραν ὑποτείνουσα εὐθεῖα, καὶ ταύτην δηλον- 
ὅτι ἕξομεν τοιούτων ἃ B & ἔγγιστα, οἵων ἐστὶν 7) 
διάμετρος px, καὶ διὰ τὰ προδεδειγμένα καὶ τὴν 
ὑπὸ τὸ ἡμιμοίριον, ἥτις εὑρίσκεται τῶν αὐτῶν 
440 
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<1? 2 50"; for this is approximately four-thirds of 
OF 47° 8“, 
Again, with the same diagram, let the chord AB 


_B 





be supposed to subtend an angle of 1°, and AT an 
angle of 1}°. By the same reasoning, 
since arc Al’=2.are AB, 
a PA: BA <3. 
But we have proved AI to be 1" $4' 15" (the diameter 
being 120°) ; therefore the chord AB> 1” 9" 50° : for 
1? $4 15° is one-and-a-half times this number, There- 
fore, since the chord subtending an angle of 1° has 
been shown to be both greater and less ech 
- proximately] the same [length], manifestly we shall 
find it to have approximately this identical value 
1? 2° 50" (the diameter being 120°), and by what has 
been proved before we shall obtain the chord sub- 
tending }°, which is found to be approximately 
+41 
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Ὁ Aa Ke ἔγγιατα. καὶ συναναπληρωθήσεται τὰ 
λοιπά, ὡς ἐφ ἐν, διαστήματα ἐκ μὲν τῆς ἾΡΙΣ 
τὴν μίαν ἥμισυ μοῖραν "λό ; 
πρώτου διαστήματος συνθέσεως τοῦ ἡμιμοιρίου 
ὑόν ply τῆς ὑπὸ τὰς β μοίρας, ἐκ δὲ : 
τῆς πρὸς τὰς ῬΙ oipas wal τῆς ὑπὸ τὰς 
Bz 2»: δομένης" ὡσαύτως δὲ καὶ ἐπὶ τῶν λοιπῶν, 





(ix.) The Table 
Thid, 46, 21-63. 48 


“H μὲν οὖν πραγματεία τῶν ἐν τῷ κύκλῳ εὐθειῶν 
οὕτως ay οἶμπε ῥᾷστα μεταχειρισθείη. ἵνα δέ, 
ὡς ἔφην, ἐφ᾽ ἑκάστης τῶν χρειῶν ἐξ ἑτοίμου τὰς 

τητας ἔχωμεν. τῶν εὐθειῶν ἐκκειμένας, 
κανόνια ὑποτάξομεν ava. στίχους bee τὸ σὐὔμ- 
μετρον, ὧν τὰ μὲν πρῶτα μέρη περιέξει τὰς πηλι- 
κότητας " τῶν περιφερειῶν καθ᾽ ἡμιμοίριον παρηυξη- 
μένας, τὰ δὲ δεύτερα τὰς τῶν παρακειμένων ταῖς 
περυφερείαις εὐθειῶν πηλικότητας ὡς τῆς διαμέτρου 
τῶν pK τμημάτων ὑποκειμένης, τὰ δὲ τρίτα τὸ 
μέρος τῆς Kal” ἕκαστον ἡμιεμοίριον τῶν. εὐθειῶν 
παραυξήσεως, ἵνα ἔχοντες καὶ τὴν τοῦ ἑνὸς ἐξη- 
κουτοῦ μέσην ἐπιβολὴν ἀδιαφοροῦσαν πρὸς αἴσθη- 
σιν a, ἀκριβοῦς καὶ τῶν εἐταξὺ ree ἡμίσους 
μερῶν ἐξ ἑτοίμου τὰς ἐπι σας πη ἱκότητας 
ἐπιλογίξεσθαι ᾿δυλόμεθα: εὐκαταό ov oO , ὅτι 

i τῶν αὐτῶν καὶ προκειμένων εωρημάτων, 
κἂν ἐν δισταγμῷ γενώμεθα, γραφικῆς ἁμαρτίας 
περί τινα τῶν ἐν τῷ κανονίῳ παρακειμένων εὖς- 
δειῶν, ῥᾳδίαν ποιησόμεθα τήν τε ἐξέτασιν καὶ τὴν 
+42 
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ἢ» 31° 25", The remaining intervals may be com- 
pleted, as we said, by means of the chord subtending 
1}°—in the case of the first interval, for example, by 
adding 4° we obtain the chord subtending 2°, and 
. from the difference between this and 8° we obtain the 
chord subtending 2}°, and so on for the remainder. 


(ix.) Lhe Table 
Ibid. 46, 21-63, 44 


The theory of the chords in the circle may thus, 
I think, be very easily grasped. In order that, as I 
said, we may have t e lengths of all the chords in 
common use immediately available, we shall draw 
up tables arranged in forty-five symmetrical τοῦς. 
The first section will contain the magnitudes of the 
arcs increasing by half degrees, the second will con- 
tain the lengths of the Sends subtending the arcs 
measured in of which the diameter contains 
120, and the third will give the thirtieth part of the 
increase in the chords fer each half degree, in order 
that for every sixticth part of a degree we may have 
a mean approximation differing imperceptibly from 
the true figure and so be able readily to calculate the 
lengths corresponding to the fractions between 
the half degrees. It should be well noted that, by 
these same theorems now before us, if we should 
suspect an error in the computation of any of the 
chords in the table," we can easily make a test and 
* As there are 360 half degrees in the table, the statement 
a rs to mean that the table occupied eight Dee each 
45 rows; so Manitius, Des Claudiws Prolemdus Handbuch 
der Fountain Ler smd gb n. a, ἕ aN 
Such an error might be accumulated 7 | 
mations for i" ae 4°: bol, in fact, the shes in the 
table are generally correct to five places of decimals, 
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apply a correction, cither from the chord subtending 
double of the are which is under investigation, or 
from the difference with respect to any others of the 
given magnitudes, or from the chord subtending 
the remainder of the semicircular are. And this is 
the diagram of the table : 


11, Taste or tue Chorns mr a Cincie 
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(οὐ Mrewenavs’s THEoreM 
(i.) Lemmas 
Ibid. 68. 14-T4. 8 


ιγ΄. Προλαμβανόμενα εἰς τὰς σφαιρικὰς 
δείξεις 


"ἀκολούθου δ᾽ ὄντος ἀποδεῖξαι καὶ τὰς κατὰ 
μέρος γινομένας πηλικότητας τῶν ἀπολαμβανο- 
μένων περιφερειῶν μεταξὺ τοῦ τε ἰσημερινοῦ καὶ 
τοῦ διὰ μέσων τῶν Ζῳδίων κύκλου τῶν ψραῴο- 
μένων μεγίστων κύκλων διὰ τῶν τοῦ ἰσημερινοῦ 
πέλων προεκθησόμεθα λημμάτια βραχέα καὶ εὖ- 
χρηστα, & ὧν τὰς πλείστας σχεδὸν δείξεις τῶν 
σφαιρικῶς θεωρουμένων, we ἔνι μάλιστα, ἀἁπλού- 
arepoy καὶ μεθοδικώτερον ποιησόμεθα. 

Els δύο δὴ εὐθείας τὰς AB καὶ AD διαχθεῖσαι 


δύο εὐθεῖαι ἢ τε BE καὶ ἡ ΓΔ τεμνέτωσαν ἀλλήλας 
418 
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(¢) Menetavs’s Tyronem 
{1} Lemmas 
ibid, 63. 14-74, 8 

13. Preliminary matter for the spherical proofs 

The next subject for investigation being to show 
the lengths of the ares, intercepted between the 
celestial equator and the zodiac circle, of great circles 
drawn through the poles of the equator, we shall set 
out some brief ae serviceable little lemmas, by 
means of which we shall be able to prove more simply 
and more systematically most of the questions 
investigated spherically. 

Let two straight lines BE and A be drawn so as 


A 





nt 


to meet the straight lines AB and AT and to cut one 
47 
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κατὰ τὸ Z σημεῖον. λέγω, ὅτι ὁ τῆς TA πρὸς AE 
λάγος συνῆπται ex τε τοῦ τῆς ΓΔ πρὸς AZ καὶ 
τοῦ τῆς 4B πρὸς BE. 

Ἤχθω γὰρ διὰ τοῦ Ε τῇ ΓΔ παράλληλος ἡ EH. 
ἐπεὶ παράλληλοί εἶσιν αἱ Τὰ καὶ ΕΗ, ἁ τῆς ΤᾺ 
πρὸς EA λόγος 6 αὐτός ἐστιν τῷ τῆς ΓΔ πρὸς 
EH. ἔξωθεν δὲ ἡ Ὧ2Δ' ἃ dpa τῆς ΓᾺΔ πρὸς EH 
λόγος συγκείμενος ἔσται ἔκ τε τοῦ τῆς TA πρὸς 
AZ καὶ τοῦ τῆς AZ πρὸς ΠΕ" ὥστε καὶ ὁ τῆς 
ΓᾺ πρὸς AE λόγος σύγκειται ἔκ τε τοῦ τῆς TA 
πρὸς AZ καὶ τοῦ τῆς AZ πρὸς ΗΕ, ἔστιν δὲ καὶ 
o τῆς ΔΖ πρὸς HE λόγος ὁ αὐτὸς τῷ τῆς ΔΒ πρὸς 
BE διὰ τὸ παραλλήλους πάλιν εἶναι τὰς EH καὶ 
ZA: 6 ἄρα τῆς TA πρὸς AE λόγος σύγκειται ἔκ 
τε τοῦ τῆς ΓΔ πρὸς AZ καὶ τοῦ τῆς ZB apos 
BE: ὅπερ προέκειτο δεῖξαι. 

Κατὰ τὰ αὐτὰ δὲ δειχθήσεται, ὅτι καὶ κατὰ 
διαίρεσιν ὁ τῆς TE πρὸς EA λόγος συνῆπται ἔκ 
τε τοῦ τῆς ΓᾺ πρὸς AZ καὶ τοῦ τῆς ΔΒ πρὸὺς 
BA, διὰ τοῦ A τῇ EB παραλλήλου aytleions καὶ 





. Lit. “the ratio of TA ta AE is compounded of the ratio 
of TA to AZ and 2B to BE. 
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another at the point 4. Tsay that 
PA: AE=(TA:AZ\(AB: BE). 
For through K let EH be drawn parallel to TA, 
Since [A and EH are parallel, 


A: Ὰ -Τ ἃ : EH. [Eucl. vi. 4 
But 244 is an external [straight line] ; 
a PA: EH =(PA: Δα Δ ΗΕ; 
* TA? AB (ΓΔ : AZ)\(AZ : HE). 
But AZ«HE=2ZB : BE, (Evel. vi. 4 


by reason of the fact that EH and ZA are parallels ; 
oe TA: ΔῈ “ΓΔ ΑΖΒ: ΒΕ); . (1) 
which was set to be proved. 


With the same premises, it will be shown by trans- 
formation of ratios that 


PE : EA=(TZ : AZ\(AB : BA), 





Be 


a parallel to EB being drawn through A and PAH 
VOL. I 260 1 
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προσεκβληθείσης dy’ ὐτὴν τὸς TAH. tec yap 
Chae aie ats: ἐστιν ἡ AH τῇ ΕΖ, ἔστων ὡς 
ἡ ΤῈ πρὸς EA, ἡ ΓΖ πρὸς ΖΗ. ἀλλὰ τῆς ZA 
Foley. λαμβανομένης, δ᾽ το ΤΊΣ, πρὸς ZH λόγος 
σύγκειται ἔκ τε τοῦ τῆς ΓῺ πρὸς ΤΑ καὶ τοῦ τῆς 
AZ apis ΖΗ. torw δὺ ὁ τῆς AZ mpds ZH Abpos 
δ᾽ οὗτος τῷ τὴς ΔΉ Ὑμῖν BA Bed 40 ΕΝ πορῆλε 
λήλους τὰς AH καὶ ZB διῆχϑαι τὰς ΒΑ καὶ ΖΗ' 
ἃ ἄρα τῆς ΓΖ πρὸς ZH λόγος συνῆπται ἔκ τε 
τοῦ τῆς ΓΖ πρὸς AZ καὶ τοῦ τῆς ΔΒ πρὸς ΒΑ. 
ἀλλὰ τῷ τῆς ΓΖ πρὸς ZH λόγῳ 6 αὐτὸς ἐστιν ὅ 
τῆς TE πρὸς ἘΛ' καὶ ὁ τῆς ΓῈ ἄρα πρὸς EA 
λόγος σύγκειται ex re τοῦ τῆς TH πρὸς AZ 
καὶ τοῦ τῆς ΔΒ πρὸς ΒΑ: ὅπερ ἔδει δεῖξαι. 

Πάλιν ἕστῶ κύκλος ὁ ABT’, οὗ κῶτρον τὸ A, 


καὶ εἰλήφϑω ἐπὶ τὰς περιφερείας αὐτοῦ τυχόντα 
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being produced to it. For, again, since AH is parallel 


to E4, : 
ΓΕ: ΚΑ - Γ : ΖΗ, (Euel. vi. 2 
But, an external straight line ΖΔ having been taken, 
TZ: ZH =(P4: ἀλλ 42:20); 
and AZ :-ZH=AH: BA, 
by reason of BA and ZH being drawn to meet the 
parallels AH and ZB ; 
a. ΓΖ : ΖΗ =(T2 : AZ)(4B : BA). 
But 2: ZH=lE:EA; [supra 
and .*. TE: EAm([Z:AZYAB:BA); . (2) 
which was to be proved. 
Again, let ABI’ be a cirele with centre Δ, and let 





there be taken on its circumference any three points 
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τρία σημεῖα τὰ A, B, Γ, ὥστε ἑκατέραν τῶν AB, 
ΒΓ περιφερειῶν ἐλάσσονα εἶναε ἡμικυκλίου" καὶ 
ἐπὶ τῶν ἑξῆς δὲ λαμβανομένων περιφερειῶν τὸ 
ὅμοιον ὑπακουέσθω" καὶ ἐπεζεύχθωσαν at AT 
καὶ AEB. λέγω, ὅτι ἐστίν, ὡς ἡ ὑπὸ τὴν διπλῆν 
τῆς ἈΒ περιφερείας πρὸς τὴν ὑπὸ τὴν διπλῆν τῆς 
ΒΓ, οὕτως ἡ AE εὐθεῖα πρὸς τὴν ED εὐθεῖαν. 

Ἤχθωσαν γὰρ κάθετοι ἀπὸ τῶν A καὶ [ ση- 
μείων ἐπὶ τὴν ΔΒ ἢ τὲ AZ καὶ ἡ ΓῊ. ἐπεὶ 
παράλληλός ἐστιν ἡ AZ τῇ ΓΗ, καὶ διῆκται εἰς 
αὐτὰς εὐθεῖα ἡ AEDT, ἔστιν, ὡς ἡ AZ πρὸς τὴν 
TH, οὕτως ἡ AE πρὸς ET. ἀλλ᾽ ὁ αὐτὸς ἐστιν 
λόγος ὁ τῆς AZ πρὸς ΓῊ καὶ τῆς ὑπὸ τὴν διπλῆν 
τῆς AB περιφερείας πρὸς τὴν ὑπὸ τὴν διπλῆν τῆς 
ΒΓ΄ ἡμίσεια γὰρ ἑκατέρα ἑκατέρας" καὶ ὁ τῆς AE 
ἄρα πρὸς ED λόγος 6 αὐτός ἐστιν τῷ τῆς ὑπὸ τὴν 
διπλῆν τῆς ΑΒ πρὸς τὴν ὑπὸ τὴν διπλῆν τῆς 
BI: ὅπερ ἔδει δεῖξαι. 

Παρακολουθεῖ δ' αὐτόθεν, ὅτι, κἂν δοθῶσιν ἢ 
τε AI’ ὅλη περιφέρεια καὶ ὁ so a ὦ τῆς ὑπὸ τὴν 
Seahipe τῆς AB πρὸς τὴν ὑπὸ τὴν διπλῆν τῆς BI, 
δοθήσεται καὶ ἑκατέρα τῶν AB καὶ BI περι- 
depeid. ἐκτεθείσης yap τῆς αὐτῆς καταγραφῆς 
ἐπεϊεύχθω ἡ AA, καὶ ἤχθω ἀπὸ τοῦ A κάθετος 
ἐπὶ τὴν AEDT ἡ AZ. ὅτι μὲν οὖν τῆς ΑΓ περι- 
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A, B, T, in such a manner that each of the ares AB, 
ΒΓ is less than a semicircle ; and upon the arcs taken 
in succession let there be a similar relationship; and 
let AT be joined and AEB, I say that 


. the chord subtended by double of the are AB: 

the chord subtended by double of the are Br 
(.¢., Sin AB: sin ΒΓ *}=AE: ED. 

For let perpendiculars AZ and ΤῊ be drawn from 


the points A and Τ' to AB, Since AZ is parallel to 
ΤῊ, and the straight line AED has been drawn to 


meet them, 
AZ :TH=AE‘Er, [Eucl. vi. 4 
But ΑΖ : ΓῊ =the chord subtended by double of the 
arc AB: 


the chord subtended by double of 
the are BY, 


for each term is half of the corresponding term ; 
and therefore 
AE: EP =the chord subtended by double of 


the arc AB: 
the chord subtended by double of 
the are BE. 2 Ue E88) 


[=sin AB: sin BI"), 
which was to be proved. 

It follows immediately that, if the whole are AT be 
given, and the ratio of the chord subtended by double 
of the are AB to the chord subtended by double of 
the are ΒΓ fie. sin AB: sin BI), each of the ares 
AB and BI" will also be given. For let the same 
diagram be set out, and let AA be joined, and from 
A let AZ be drawn perpendicular to ΛΈΓ. If the are 

* wv. mupra, p. 420 n. a. 
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φερείας δοθείσης 7 τε ὑπὸ AAZ γωνία, τὴν ἡμί- 


σείαν αὐτῆς ὑποτείνουσα δεδομένη ἔσται καὶ 
ὅλον τὸ AAZ τρίγωνον, δῆλον. ἐπεὶ δὲ τῆς AT 





εὐθείας ὅλης δεδομένης ὑπόκειται καὶ a τῆς AE 
apos ET ὦ αὐτὸς ὧν τῷ τῆς ὑπὸ τὴν διπλῆν 
ἧς ΑΒ πρὸς τὴν ὑπὸ τὴν διπλῆν τῆς il’, ἢ τε 
AE & ἔσται δοθεῖσα καὶ λοιπὴ ἡ LE. καὶ διὰ τοῦτο 
καὶ τῆς A4 δεδομένης δοθήσεται καὶ ἢ τε ἐπὸ 
EAZ γωνία τοῦ EAZ ὀρθογωνίου καὶ ὅλη ἡ 

AAB: ὥστε καὶ ἧ τε AB περιφέρεια Sobsoerak 
καὶ λοιπὴ ἡ BI’: ὅπερ ἔδει δεῖξαι. 

Πάλιν ἔστω κύκλος ὁ ΑΒΓ περὶ κέντρον τὸ ἃ, 
καὶ ἐπὶ περιφερείας αὐτοῦ εἰλήφθω τρία 
σημεῖα Aye B, [, were ἑκατέραν τῶν AB, AT 
ch gg aed Didccos: εἶναι ἡμικυκλίου" xed ai 


TRIGONOMETRY 
AT is given, it is then clear that the angle AAZ, sub- 
tending half the same are, will also be given and 
therefore the whole triangle AAZ; and since the 
whole chord AT is given, and by hypothesis 
AE: El =the chord subtended by double of the 
are AB; 
the chord subtended by double of the 
are ΒΓ, 

(i.e.=sin AB:sin BI’), 
therefore AE will be given [Fucl. Dai. 7], and the 
remainder ZE. And for this reason, AZ also being 
given, the angle EAZ will be given in the right-angled 
triangle ΕΔΖ, and [therefore] the whole angle AAB ; 
therefore the are AB will be given and also the 
remainder BI ; which was to be proved. 

Again, let ABI” be a circle about centre ἃ, and let 





three points A, B, Γ᾽ be taken on its circumference so 
that each of the ares AB, AT is less than a semicircle 1 
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τῶν ἑξῆς Ἧ ee ἢ φο κεδορ: περιφερειῶν τὸ ὅ ὅμοιον 
ὑπακοιυές καὶ ἐπιζευχϑεῖσαι ῆ τε AA καὶ 
ΓΒ ἐκβεβλήσθωσαν, καὶ συμπιπτέτωσαν κατὰ i 
E ; σημεῖον. λέγω, ὅτι ἐστίν, (ὃς 7 ὑπὸ τὴν διπλῆν 
ΓΑ περιφερείας πρὸς τὴν ὑπὸ Pdi διπλῆν τῆς 
AB, οὕτως ἡ ΓΕ εὐθεῖα πρὸς τὴν Β 
"Ὁμοίως yap τῷ προτέρω Saige: ἐὰν ἀπὸ 
τῶν Β καὶ Γ' ἀγάγω καβέτους ἐπὶ τὴν AA τήν 
Te BZ καὶ τὴν TH, ἔσται διὰ τὸ παραλλή υς 
αὐτὰς εἶναι, ὡς ἡ ΓΗ πρὸς τὴν BZ, οὕτως ἡ TE 
πρὸς τὴν EB- ὥστε καί, ὡς ἡ i διπλῆν τῆς 
TA πρὸς τὴν ὑπὸ τὴν διπλῆν Β, οὕτως ἡ 
ΓΕ πρὸς τὴν cae ὅπερ ἔδει δέξαι. 


Kai ἐνταῦθα δὲ τατον ἐπι σαὶ peace Pew ner, 
κἂν ἡ ΓΒ een aa B oy he 
τῆς ὑπὸ τὴν ν oe igi v ὑπὸ εν 
διπλῆν τι ΤΑ Ὑ καὶ ᾿ ‘AB περιφέρεια δοθή- 
σεται. πάλιν γὰρ ἐπὶ τῆς ὁμοίας καταγραψῆς 


ἐπιζευχϑείσης τῆς ΔΒ καὶ καθέτου ἀχθείσης ἐπὶ 





τὴν ΒΓ τῆς AZ 7 μὲν ὑπὸ BAZ γωνία τὴν ape 
σέίαν ὑποτείνουσα τῆς BI περιφερείας ἕσται 
456 


TRIGONOMETRY 

and upon the arcs taken in succession let there be a 
similar relationship; and let AA be joined and let 
ΓΕ be produced so a5 to meet it at the point E. 1 
say that 

the chord subtended by double of the are TA: 

the chord subtended by double of the are AB 

(i.c., sin ΓᾺ : εἰπ AB) =TE : BE. 

For, as in the previous lemma, if from B and Γ we 
draw BZ and TH perpendicular to AA, then, by 
reason of the fact that they are parallel, 

rH: BA=TE : ER, (Fuel. vi, 4 
ἐν the chord subtended by double of the are ΓᾺ : 
the chord subtended by double of the arc AB 
fie., sin PA :sin AB)=TE:EB;, : » (4) 
which was to be proved. 

And thence it immediately follows why, if the are 
ΓΒ alone be given, and the ratio of the chord sub- 
tended by double of the are ['A to the chord sub- 
tended by double of the are AB [7.e.,sin ΓᾺ : sin AB}, 
the are AB will also be given. For again, in a similar 
diagram let AB be joined and let AZ be drawn per- 
pendicular to BI ; then the angle BAZ subtended by 
half the are BI will be given; and therefore the 
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δεδομένη" καὶ ὅλον dpa ro BAZ ὀρθογώνιον. ἐπεὶ 
δὲ καὶ o τε τῆς ΓΕ πρὸς τὴν EB λόγος δέδοται 
καὶ ἔτι ἡ ΓΒ εὐθεῖα, δοθήσεται καὶ ἢ τε EB καὶ 
ἔτι ὅλη ἡ EBZ- ὥστε καί, ἐπεὶ AZ δέδοται, 
δοθήσεται καὶ ἢ τε ὑπὸ EAZ γωνία τοῦ αὐτοῦ 
ὀρθογωνίου καὶ λοιπὴ ἡ ὑπὸ EAB, ὥστε καὶ ἡ 
AB περιφέρεια ἔσται δεδομένη. 


(ii.) The Theorem 
Τα. 74. 0-76. Ὁ 


Τούτων προληφθέντων γεγράφθωσαν ἐπὶ σῴαι- 
ρικῆς ἐπιφανείας μεγίστων κύκλων περιφέρειαι, 
ὥστε εἰς δύο τὰς AB καὶ AD δύο γραφείσας τὰς 
BE καὶ [A τέμνειν ἀλλήλας κατὰ τὸ Z σημεῖον" 
ἔστω δὲ ἑκάστη αὐτῶν ἐλάσσων ἡμικυκλίου" τὸ 
δὲ αὐτὸ καὶ ἐπὶ πασῶν τῶν καταγραφῶν ὑπ- 
ακουέσθω. 

Λέψω δή, ὅτι 6 τῆς ὑπὸ τὴν διπλὴν τῆς TE 
περιφερείας πρὸς τὴν ὑπὸ τὴν διπλῆν τῆς EA 

γος συνῆπται ἔκ τε τοῦ τῆς ὑπὸ THY διπλῆν. τῆς 
TZ πρὸς τὴν ὑπὸ τὴν διπλῆν τῆς ZA καὶ τοῦ τῆς 
ὑπὸ ΤῊ διπλῆν τῆς AB πρὸς τὴν ὑπὸ τὴν διπλὴν 
τῆς ΒΛ. 

Εἰλήφθω γὰρ τὸ κέντρον τῆς σφαίρας καὶ ἔστω 
τὸ Ἡ, καὶ ἤχθωσαν ἀπὸ τοῦ H ἐπὶ τὰς B, Z, E 
τομὰς τῶν κύκλων ἦ τε ΗΒ καὶ ἡ HZ καὶ ἡ HE, 
καὶ ἐπιζευχθεῖσα ἡ ΑΔ ἐκβεβλήσθω καὶ συμπι- 
πτέτω τῇ ΗΒ ἐκ etn Kal αὐτῇ κατὰ τὸ © 
σημεῖον, ὁμοίως δὲ ἐπιζευχϑεῖσαι αἱ AD καὶ AT 
repverwoay tas HZ καὶ ΠΕ κατὰ τὸ K καὶ A 
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whole of the right-angled triangle BAZ, But since 
the ratio [TE : EB is given and also the chord IB, 
therefore EB will also be given and, further, the 
whole [straight line] EBZ; therefore, since AZ is 
given, the angle EAZ in the same right-angled tri- 
angle will be given, and the remainder EAB, There- 
fore the are AB will be given. 


(ii) The Theorem 
Ibid. τὰ, 0-76. 9 

These things having first been d, let there he 
described bk the ee of a phere arcs of great 
circles such that the two ares BE and IA will meet 
the two arcs AB and AP and will cut one another at 
the point Z; let each of them be less than a semi- 
circle ; and let this hold for all the diagrams. 

Now I say that the ratio of the chord subtended by 
double of the are TE to the chord subtended by 
double of the are EA is compounded of (a) the ratio 
of the chord subtended by double of the are ΓΖ to 
the chord subtended by double of the are ZA, and 
(6) the ratio of the chord subtended by double of the 
+ AB to the chord subtended by double of the are 

ie εν Ses Insp nA | , 
"sin EA sin ZA sin BA | 


For let the centre of the sphere be taken, and let 
it be H,and from H let HB and HA and HE be drawn 
to B, Z, E, the points of intersection of the circles, 
and let AA be joined and produced, and let it meet 
HB produced at the point ©, and similarly let AT and 
AT’ be Joined and cut HZ and HE at K and the point 
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σημεῖον" ἐπὶ μιᾶς δὴ γίνεται εὐθείας τὰ ©, K, A 
σημεῖα. διὰ τὸ ἐν δυσὶν ἅμα εἶναι ἐπιπέδοις τῷ τε 
τοῦ ATA τριγώνου καὶ τῷ τοῦ BZE κύκλου, ἥτις 





Η 


ἐπιζευχθεῖσα ποιεῖ εἷς δύο εὐθείας τὰς ΘᾺ καὶ 
TA διηγμένας τὰς OA καὶ ΓΔ τεμνούσας ἀλλήλας 
κατὰ τὸ K σημεῖον" ὁ ἄρα τῆς PA πρὸς AA λόγος 
συνῆπται ἔκ Te τοῦ τῆς ΓΚ πρὸς KA καὶ ταῦ τῆς 
AG cate GAL ace pee HDA πρὸς AA, 
οὕτως ἡ ὑπὸ τὴν διπλῆν τῆς IE πρὸς τὴν ὑπὸ τὴν 
διπλῆν τῆς EA περιφερείας, ὡς δὲ ἡ ΓΚ πρὸς 
KA, οὕτως ἧ ὑπὸ τὴν διπλῆν Sep περιφερείας 
mo τὴν ὑπὸ τὴν διπλῆν τῆς ZA, ὡς δὲ ἡ OA 


TRIGONOMETRY 
A; then the points 0, K, A will lie on one atraight 
line because they lie simultancously in two planes, 
that of the triangle AIA and that of the circle BZE, 
and therefore we have straight lines OA and PA 
meeting the two straight lines OA and PA and cutting 
one another at the point K ; therefore 
TA: AA=(I'K : KA)(A0 : OA). [by (2) 
But TA:AA=the chord subtended by double of 
. the arc TE : 
the chord subtended by double 
of the arc EA 
(ie., sin TE : sin EA), 
while ΓΚ :KA=the chord subtended by double of 
the are ΓᾺ : 
the chord subtended by double of 
the are ZA [by (3) 


{i.c., sin PZ: sin ZA), 
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πρὸς ΘᾺ, οὕτως ἡ ὑπὸ τὴν διπλῆν τῆς AB περι- 
φερείας πρὸς τὴν ὑπὸ τὴν διπλῆν τῆς ΒΑ’ καὶ ὁ 
λόγος ἄρα ὁ τῆς ὑπὸ τὴν διπλῆν τῆς TE πρὸς πὴν 
ὑπὸ τὴν διπλῆν τῆς EA συνῆπται ἔκ τε τοῦ τῆς 
ὑπὸ τὴν διπλῆν τῆς ΓΖ πρὸς τὴν ὑπὸ τὴν διπλῆν 
τῆς ZA καὶ τοῦ τῆς ὑπὸ τὴν διπλῆν τῆς ΔΒ πρὸς 
τὴν ὑπὸ τὴν διπλῆν τῆς ΒΑ. 

Κατὰ τὰ αὐτὰ δὴ καὶ ὥσπερ ἐπὶ τῆς ἐπιπέδου 
καταγραφῆς τῶν εὐθειῶν δείκννται, ὅτι καὶ ὁ τῆς 
ὑπὸ τὴν διπλῆν τῆς TA πρὸς τὴν ὑπὸ τὴν διπλῆν 
τῆς EA λόγος συνῆπται ἔκ τε τοῦ τῆς ὑπὸ τὴν 
διπλῆν τῆς ΓΔ πρὸς τὴν ὑπὸ τὴν διπλῆν τῆς AZ 
καὶ τοῦ τῆς ὑπὸ τὴν διπλῆν τῆς ZB πρὸς τὴν ὑπὸ 
τὴν διπλῆν τῆς ΒΕ ἅπερ προέκειτο δεῖξαι. 








- From the Arabic version, it is known thot “ Menelaua's 
Theorem" was the first proposition In Book iii. of his 
Sphaerica, and several interesting deductions follow, 
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and OA:O0Asthe chord subtended by double of 


the arc AB: 
the chord subtended by double of 
the are BA [by (4) 


(i.e.,sin AB: sin BA], 
and therefore the ratio of the chord subtended by 
double of the are TE to the chord subtended by 
double of the are EA is compounded of (a) the ratio 
of the chord subtended by double of the are ΓΖ to 
the chord subtended by double of the arc ZA, and 
(5) the ratio of the chord subtended by double of the 
are AB to the chord subtended by double of the 
are BA, 
ie sin TE sin TZ sin 4B 

sin EA sin ZA sin BA | [ 
ὭΣ ΤῊ τὴν same pees ae as in the case of 

e straight lines in the plane diagram 11], it 
is shown that the ratio of the chord mice 
double of the are ΤᾺ to the chord subtended by 
double of the are EA is compounded of (a) the ratio 
of the chord subtended by double of the are ΓΔ to 
the chord subtended by double of the are AZ, and 
(4) the ratio of the chord subtended by double of 
the are ZB to the chord subtended by double of the 
chord BE, 

“sin EA sin AZ ° sin BE |’ 

which was set to be proved.* 


= 
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XXII, MENSURATION : HERON OF 
ALEXANDEIA 
(a) Derinrrions 
Heron, Def, ed. Heiberg (Heron iv.) 14, 1-94 
Kai τὰ μὲν πρὸ τῆς γεωμετρικῆς σ στοιχεμώσεως 


τεχνολογούμενα ὑπογράφων σοι καὶ ὑποτυπού- 
μενος, εὡς ἔχει ἘΠ Ce Bie ἘΝ λαμ- 





* The problem of Heron's date is one of the most disputed 
aoe in the history of Greek mathematics, The only 
etalls certainly known are that he lived after Apollonius, 
whom he quotes, and before Pappus, who cites him, say 
between 150 oc. and a.p. 250, Many scraps of εὐ δεινῶς 
have been thrown into the dispute, arpa ἐν passage 
here first cited; for it is argued that the ti λαμπρότατος 
corresponds to the Latin elorissimes, which was not in com- 
mon use in the third century ao. Both Heiberg (Heron, 
“a γ. Pp. ix) and Heath (A.M. fi. 306) ἢ aia Ἔριν 
in the third century a.p., only a little earlier oly published 

The chief works of Heron are now definitively τῶν in 
five volumes of the Teubner series, Perhaps the best known 
are his Prewmaties and the οἱ πέσαν, in which he shows 
how to wee the foree of compressed air, water or steam αὶ sept 
are of great interest in the history of physics, and have 
some to describe Heron as “ the father of the turbine,” but 
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(αἹ Derixrrions 
Heron, Desinitions, ed. Heiberg (Heron iv.) 14. 1-24 


In setting out for you as briefly as possible, O most 
excellent Dionysius, a sketch of the technical terms 
premised in the πα νον ometry, εἰ OR take as 
my starting point, and shall base my whole wigs τῷ rane 
pe <i) Nie teaching of Euclid, the writer of t 

elements of theoretical geometry ; for in this way 1 
think I shall give you a good general understanding, 


os they have no mathematical interest they cannot be noticed 
here. Heron also wrote a Beloposiea on the construction of 
engines of war, and a Mechanics, which has survived: in 
Arabic and in a few fragments of the Greek. | 

In geometry, Heron's elaborate collection of Definitions 
has survived, but his Commentary on Euclid's Elements is 
known only from extracts preserved by Proclus and an- 
Nairiai, the Arabic commentator. In mensuration there are 
extant the Metrica, Geometrica, Stereometrica, Geodaesio, 
Mensurae and Liber Gfefponicus. The Metrica, discovered 
ino Constantinople ws. in 1606 by KR. Schine and edited by 
his son Η, Schine, seems to have preserved its original form 
more closely than the others, and will be relied on here in 
preference to them. Heron's Diopfra, describing an instru- 
ment of the nature of a theodolite and its application to 
surveying, is also extant and will be cited here | 

For a full list of Heron's many works, v. Heath, ΗΜ. 
li, 308-310, 
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: εὐσυνόπτους ἔσεσθαί σοι, ἀλλὰ καὶ πλείστας ἴλλας 
τῶν εἰς γεωμετρίαν ἀνηκόντων. ἄρξομαι Tov 
ἀπὸ σημείου. 
a: “ημεῖόν ἐστιν, οὗ μέρος οὐδὲν ἢ πέρας 
ατὸν ἢ πέρας γραμμῆς, πέφυκε δὲ διανοίᾳ 
eres ληπτὸν εἶναι, ὡσανεὶ ἀμερές τε καὶ ἀμέγεθες 
τυγχάνον. τοιοῦτον οὖν αὐτό φασιν εἶναι: αἷον ἐν 
χρόνῳ τ τὸ ἐνεστὰς καὶ οἷον μονᾶδα θέσιν € ἔχουσαν: 
ἔστι μὲν οὖν ν τῇ οὐσίᾳ ταὐτὸν τῇ μονάδι" ἀδιαίρετα 
yap ἄμφω καὶ ἀσώματα καὶ ἀμέριστα: τῇ δὲ ἐπι- 
φανείᾳ καὶ τῇ σχέσει διαφέρει" ἡ μὲν γὰρ μονὰς 
ἀρλ ἀριθμοῦ, τὸ δὲ σημεῖον τῆς γεωμετρουι 
ς ἀρχή, ἀρχὴ. δὲ κατὰ ἔκθεσιν, οὐχ ὡς μέρος 
ὃν τῆς γραμμῆς, ὡς τοῦ ἀριθμοῦ μέρος ἡ μονάς, 
προεπινοούμενον δὲ αὐτῆς" κινηθέντος γὰρ ἢ μᾶλλον 
νοηθέντος ἐν ῥύσει νοεῖται γραμμή, καὶ οὕτω 


δημεῖον ἀρχή ἐστι γραμμῆς, daidcveics δὲ στερεοῦ 


1616. 60, 22-67. ἢ 


GE". Σ πεῖρα γίνεται, ὅταν κύκλος ἐπὶ κύκλου 
τὸ κέντρον casa ὀρθὸς ὧν πρὸς τὸ τοῦ κύκλου 
ἐπίπεδον πε ϑεὶς εἰς τὸ αὐτὸ πάλιν ἀποκατα- 
σταθῇ" τὸ αὐτὸ τοῦτο καὶ κρίκος καλεῖται. 
ὃ 4 


χὴς μὲν οὖν ἐστι σπεῖρα ἡ € ἔχουσα διάλειμμα, 
συνεχὴς δὲ ἡ καθ᾽ ἕν σημεῖον συμπίπτουσα, ἐπαλ- 


Πα The first definition is that of Euclid i. Def. 1, the third 
in effect that of Plato, who defined « point as ἀρχὴ γραμμῆς 


Aristot. Metaph, 992 a 20); the second is reminiscent of 
Nicomachus 4rith, Introd. il. 7.1, v. vol. i. pp. 86-69, 
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not only of Kuclid's works, but of many others per- 
taining to geometry. I shall begin, then, with the 
voit, 

a A. point is that which has no parts, or an ex- 
tremity without extension, or the extremity of a line," 
and, being both without parts and without magnitude, 
it can be grasped by the understanding only. It is 
said to have the same character as the moment in 
time or the unit having position.’ It is the same as 
the unit in its fundamental nature, for they are both 
indivisible and incorporeal and without parts, but in 
relation to surface and position td differ ; for the 
unit is the beginning of number, while the point is 
the beginning of geometrical being—but a beginning 
by way of setting out only, not a5 a part of a line, 
in the way that the unit is a part of number—and 
is prior to geometrical being in conception ; for when 
a point moves, or rather is conceived in motion, a 
line is conceived, and in this way a point is the be- 
ginning of a line and a surface is the beginning of a 
solid body. 


Ibid. 60. 22-62. 9 


07. A spire is generated when a circle revolves and 
returns to its original position in such a manner that 
its centre traces a circle, the cone 1] circle remaining 
at right angles to the plane of this 


circle ; this same 





if, and am 


μου μέσο in 4 
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αὐτὸς αὐτὸν τέμνει. γίνονται δὲ καὶ τούτων “τομαὶ 
γραμμαί τιμὲς ἰδιάζουσαι, οἱ δὲ τετράγωνοι 
κρίκοι ἐκπρίσματά εἰσι κυλίνδρων" γένονται δὲ 
καὶ ἄλλα τινὰ ποικίλα πρίσματα ἔκ τε σφαιρῶν" 
καὶ ἐκ μικτῶν ἐπιφανειῶν,. 


(6) Measunement or Angas anp VoLumes 
(i.) Area of a Triangle Given the Sides 
Heron, Mefr. i. 8, ed, H. Schtne (Heron iii.) 18. 12-24. 21 
Ἔστι δὲ καθολικὴ μέθοδος ὥστε τριῶν πλευ- 


ρῶν δοθεισῶν οἵ ποτοῦν τριγώνου τὸ ἐμβαδὸν 
εὑρεῖν χωρὶς καθέτου" ary ἔστωσαν αἱ τοῦ τριγώνου 
πλευραὶ μονάδων ἐν; . σύνθες τὰ € καὶ τὰ ἢ 
i Mahe τῷ τούτων τὸ ἡμισυ' 

αὐ Be dpe τὰς ¢ pee Neral’ 2 é. 
πάλο; ἄφελε ama τῶν iB τὰς " λοιπαὶ 5, καὶ ἔτι 
τὰς 6 λοιπαὶ Ὁ. ποίησον τὰ ip ἐπὶ τὰ ξ' γίγνονται 
ἔξ. ταῦτα ἐπὶ τὸν 6+ γίγνονται Gp: ταῦτα ἐπὶ τὸν 
Ζ" γίγνεται ψκ' τούτων λαβὲ πλευρὰν καὶ ἔσται τὸ 
ἐμβαδὸν τοῦ τριγώνου. ἐπεὶ οὖν αἱ yx ν τὴν 
πλευρὰν οὐκ Ἔχουσι, Anil μεθα Πα a ey 
ἐλαχίστου τὴν π εὑρὰν οὕτωιτ" ἐπεὶ a συνεγγίξων 
τῷ ψκ τετράγωνός. ἐστιν ὅ dined καὶ πλευρὰν ἔ ἔχει 
τὸν κξ, μέρισον τὰς ἐκ εἰς τὸν κί: γίγνεται κε 
καὶ tpira δύο" πρόσθες τὰς Kl yeyveras ¥y τρίτα 
ooo. τούτων τὸ ἥμισυ" γίγνεται ie <y", ἔσται 
dpa τοῦ ψκ ἡ πλευρὰ ἔ ἔγγιστα τὰ κα <y’. τὰ γὰρ 
κε fy" ἐφ᾽ ἑαυτὰ γίγνεται ψκ As" . aes τὸ διά- 
φορον μονάδος ἐστὶ μόριον λε΄, ἐὰν δὲ βουλώμεθα 
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Certain special curves are generated by sections of 
these spires. But the sgware rings are prismatic 
sections of cylinders ; various other kinds of prismatic 
sections are formed from spheres and mired surfaces." 


(b) Measunement or Angas axp Vonuses 


(i) Area of a Triangle Given the Sides 
Heron, Metrica i, 8, ed. H. Schiine (Heron iii.) 18, 12-24. 91 


There is a general method for finding, without 
drawing a perpendicular, the area of an triangle 
whose three sides are given. For example, let the 
sides of the triangle be 7, 6 and ὃ. Add together 
7,8 and9; the result is 24. Take halfof this, which | 
gives 12. ‘Take away 7; the remainderis 5. Again, 
from 12 take away 8; the remainder is 4. And 
again; the remainderis 3, Multiply 12 by 4; the 
result is 60. Multiply this by 4; the result is 240. 
Multiply this by 3; the result is 720. Take the 
square root of this and it will be the area of the tri- 
angle. Since 720 has not a rational square root, we 
shall make a close approximation to the root in this 
manner. Since the square nearest to 720 is 729, 
having a root 27, divide 27 into 720; the result is 
262; add 27; the result is 539. Take half of this ; 
the result is 96) 4+4(=26%). Therefore the square 
root of 720 will be very nearly 26%. For 26) multi- 
plied by itself gives 720, ; so that the ditference 
is εἷς. If we wish to make the difference less than yy, 


« The passage should be read in conjunction with those 
from Proclus cited swpra, pp. 360-365 ; note the slight differ- 
ence in terminology—self-croaring for interlaced. 
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ἐν ἐλάσσονι μορίῳ τοῦ As’ τὴν διαφορὰν γίγνεσθαι, 
ἀντὶ τοῦ ψκῦ τάξομεν τὰ νῦν εὑρεθέντα tine καὶ As, 
καὶ ταὐτὰ ποιήσαντες εὑρήσομεν πολλῷ ἐλάττονα 
(τοῦν" As” τὴν διαφορὰν γιγνομένην. 

Ἢ δὲ γεωμετρικὴ τούτου ἀπόδειξίς ἐστιν ἤδε' 
τριγώνου δοθεισῶν τῶν πλευρῶν εὑρεῖν τὸ ἐμβαδόν. 
δυνατὸν μὲν οὖν ἐστιν dyayerrals|* μίαν κάθετον 
καὶ πορισάμενον αὐτῆς τὸ μέγεθος εὑρεῖν τοῦ 
τριγώνου τὸ ἐμβαδόν, δέον δὲ ἔστω χωρὶς τῆς 
καθέτου τὸ ἐμβαδὸν πορίσασθαι. 

“Ἔστω τὸ δοθὲν τρίγωνον τὸ ABT wal ἔστω 
" ἑκάστη τῶν AB, ΒΓ, ΓᾺ δοθεῖσα" εὑρεῖν τὸ ἐμβα- 


᾿ τοῦ add, ἀρ aga 
® ἀγαγάντα[εἾ corr. H. Schiine, 





* If a non-square number A is equal to αὐ ὁ, Heron's 
method gives as a first approximation to ν΄ ἃ, 


a,=3(a +2), 
and a8 a second approximation, 
a=#(, +=) : 


An equivalent formula is used by Rhabdas (er. vol. ip. 80 
ἢ, 6) and by αὶ fourteenth “apa Calabrian monk Barln | 
who wrote in Greek and who indicated that the : could 
be continued indefinitely. Several modern writers have used 
the formula to account for Archimedes’ approximations to 
V3 (. vol. i. p. 922 n. a), 

* Heron had previously shown how to do this. 
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instead of 720 we shall take the number now found, 
720,1,, and by the same method we shall find an 
approximation differing by much less than ,',.* 

The geometrical proof of this is as follows: Jn a 

aagle whose sues are given to find the area, Now it is 
possible to find the area of the triangle by drawing 
one perpendicular and calculating its magnitude,’ 
but let it be required to calculate the area without 
the perpendicular. 

Let ΑΒΓ be the given triangle, and let each of 





A 


AB, Br, TA be given; to find the area. Let the 
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dor, ἐγγεγράφθω εἰς τὸ τρίγωνον κύκλος ὦ ΔΕΖ, 


οὗ ΩΣ ν ἔστω τὸ H, καὶ ἐπεζεύχθωσαν αἱ AH, 
BH, ΓΗ , AH, EH, ZH. τὸ μὲν dpa ὑπὸ ΒΓ, 
ΕΗ διπλάσιόν ἐστὶ τοῦ ΒΗΓ τριγώνου, τὸ δὲ 
ὑπὸ TA, ZH τοῦ ATH τριγώνου, (To be ὑπὸ AB, 
AH τοῦ ABH τριγώνου)"" τὸ dpa ὑπὸ τῆς περι- 
μέτρου τοῦ ΑΒΓ τριγώνου καὶ τῆς EH, τουτέστι 
τῆς ex τοῦ κέντρου τοῦ AEZ κύκλου, διπλάσιόν 
ἐστι τοῦ ABT τριγώνου. ἐκβεβλήσθω ἡ ΓΒ, καὶ 
τῇ AA ἴση κείσθω ἡ ΒΘ dpa ΓΒΘ μίσειά ἐστι 
τῆς περιμέτρου τοῦ ABT τριγώνου διὰ τὸ ἴσην 
εἶναι τὴν μὲν ΑΔ τῇ ΑΖ, τὴν δὲ ΔΒ τῇ ΒΕ, τὴν 
ἘΦ ΤΕ, “πὸ dpa ὑπὸ τῶν ἴθΘ, ΕΗ ἴσον ἐστὶ 
 ΑΒΡ τριγώνω. ἀλλὰ τὰ ὑπὸ τῶν ΓΘ, EH 
pa ἐστιν. τοῦ ἀπὸ τῆς ΓΘ ἐπὶ τὸ ἀπὸ ris 
ΕΗ. ἔσται dpa τοῦ ABI’ τριγώνου τὸ ἐμ αδὸν 
ἐφ᾽ ἑαυτὸ γενόμενον ἴσον τῷ ἀπὸ τῆς ΘΓ ἐπὶ τὸ 
ἀπὸ τῆς EH. ἤχθω τῇ μὲν ΓῊ πρὸς ὑρθὰς ἢ 
ΗΛ, τῇ ] δὲ ΓΒ ἡ BA, καὶ ἐπεζεύχθω ἡ ἡ TA. ἐπεὶ 
οὖν ὀρθή ἐστιν ἑκατέρα τῶν ὑπὸ THA, Γ ΒΛ, 
κύκλῳ apa ἐστὶ τὸ THBA τετράπλευρον" ὦ αἱ "ἄρα 
ὑπὸ ΓΗΒ, ΓΛΒ δυσὶν ὀρθαῖς εἰσιν wat, εἰσὶν be 
καὶ at ὑπὸ ΓΗΒ, AHA δυσὶν ὀρθαῖς ἴ ἴσαι διὰ τὸ 
δίχα τετμῆσθαι τὰς πρὸς τῷ Η γωνίας ταῖς AH, 
ΒΗ, ΓῊ καὶ ἴσας εἶναι τὰς ὑπὸ τῶν PHB, AHA 
ταῖς ὑπὸ τῶν ger AHB καὶ τὰς πάσας τέτρασιν 
ὀρθαῖς ἵ ἔσας εἶναι" care uieene γ᾽ ὑπὸ AHA τῇ 
ὑπὸ TAB. ἔστι δὲ καὶ ὀρθὴ AAH Spl 
τῇ ὑπὸ TBA ton: ὅμοιον ἄρα Say τὸ AHA τρί- 
γωνον τῷ TBA τριγώνῳ. ὡς dpa ἡ ΒΓ πρὸς 


Ὁ τὸ δὲ. .. τριγώνου: these words, υἱους, with several 
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circle AEZ be inscribed in the triangle with centre H 
| Buel. iV. 4, and let AH, BH, rH, AH, EH, “AH ἴῃ: 
joined. Then 

BI. EH =@. triangle BHT, [Ἐπ]. i. 41 

TA .4H=2), triangle AHT, [shee 

AB, AH =2., triangle ABH. [eed 
Therefore the rectangle contained by the perimeter 
of the triangle ABI and EH, that is the radius of 
the circle ARZ, is double of the triangle ABT, Let 
CB be produced and let BO be placed equal to AA; 
then ΓΒΕ) is half of the perimeter of the triangle ABT 
because AA= AZ, AB= BE, Zl Ἐ ΓΕ [by Euel. iii. 17]. 


- Therefore 

ΓΘ. EH =triangle ΑΒΓ, [ebved, 
But ΓΘ. EH =4/T6", EHF; 
therefore (triangle ABI’)? =@T*, EH. 
Let HA be drawn perpendicular to ΤῊ and BA per- 
pendicular to ΓΒ, and let A be joined. Then since 
each of the angles [HLA, CBA is right, a cirele can be 
described about the quadrilateral PHBA [by Euel. 
iii. 31]; therefore the angles THB, [AB are together 
equal to two right angles [πο], iii. 22). But the 
angles THB, AHA are together equal to two right 
angles because the angles at H are bisected by AH, 
BH, ΓῊ and the angles THB, AHA together with 
AHI, AHB are equal to four right angles; therefore 
the angle AHA is equal to the angle TAB. But the 
right angle AAH is equal to the right angle TBA; 
ee the triangle AHA is similar to the triangle 





other obvious corrections not specified in this edition, were 
rightly added to the text by a fifteenth-century scribe. 
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A, ἡ AA πρὸς AH, τουτέστιν ἡ BO πρὸς EH, 
ral διαλλάξ, εὡς ἡ ΓΕ πρὸς ΒΘ, ἢ ΒΛ τοῖς Eee 
τουτέστιν ἡ 7 BK πρὸς KE διὰ τὸ παράλληλο ν εἶναι 
τὴν ΒΛ τῇ ΕΗ, καὶ συνθέντι, ὡς 7, ΓΘ πρὸς BO, 
οὕτως BE πρὸς EK: ὥστε καὶ ὡς τὸ ἀπὸ τῆς 
ΓΘ πρὸς τὸ ὑπὸ τῶν IG), ΘΒ, οὕτως τὸ ὑπὸ 
BET zpos τὸ ὑπὸ TER, τουτέστι π τὸ ἀπὸ 
ΕΗ: ἐν ὀρθογωνίῳ γὰρ ἀπὸ τῆς ὀρθῆς ἐπὶ Ὡς 
βάσιν. κάθετος ἧκται ἡ ἡ "ὥστε τὸ ἀπὸ τῆς Γ 
ἐπὶ τὸ ἀπὸ τῆς ἘΗ͂, οὗ πλευρὰ ἦν τὸ ΤΙΣ Ὡς 
τοῦ ΑΒΓ τριγώνου," ἴον στ τ rd: ΠΟῪ ΝΣ 
τὸ ὑπὸ TEB. καὶ ἔστι δοθεῖσα ἑκάστη τῶν ΓΘ, 
OB, BE, ΓΕ" ἡ μὲν re a ἐστι τῆς ᾿ 
πὐριμέγρου τοῦ ΒΓ Rani #52 BO ἡ rth 

ὑπερέχει ἡ μέσεια τῆς περιμέτ 
ee ἡ δὲ ΒΗ ἡ bates ἡ ὑπερέχει eee 
τῆς περιμέτρου. τῆς ie δὲ cpa ss 
ἌΝΟΥΣ ἡ ἡμίσεια τῆς πέρι 
oa Ὁ ἡ toh ἐμὴν ἡ μὲν ΕἸ τῇ ἘΖ, ἡ δὲ BO Be 
πεὶ Κα pe AA ἐστὶν ἴση. δοθὲν ἄρα καὶ 


τὸ Ie Babie τοῦ ABD’ τριγώνου. 


(ii.) Volume of a Spire 


fhid. ii. 13, ed. H. Sehime (Heron fii.) 126. 10-190, 5 


"Eorw yap τις ἐν ἐπιπέδῳ εὐθεῖα. ἡ AB καὶ 
δύο τυχόντα ἐπ᾿ αὐτῆς σημεῖα. εἰλήφθω ὁ ΒΓΔΕ 
{κύκλος )" ὀρθὸς ὧν πρὸς τὰ ὑ ὑποκείμενον ἐπίπεδον, 


ἐν ᾧ ἐστι. ἡ AB εὐθεῖα, καὶ μένοντος τοῦ A 


1 an Ars ached, H. Schine. 
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Therefore ΒΓ BA=AA:AH 
= Bt: EH, 
and permutando, IB: BO= BA ;EH 
=BK : KE, 
because BA is parallel to EH, 
and componendo ΓΘ : BO=HE: EK ; 
therefore ['6?; TQ .6B=BE.El:TE. EK, 
Le. =BE. ἘΠ᾽ : EH?, 
for in a right-angled triangle KH has been drawn 
from the 2 iy angle perpendicular to the base ; 
therefore [0?. EH*, whose square root is the area 
of the triangle ABI’, is equal to (ΓΘ. OBIE . EB). 
And each of ΓΘ, 6B, BE, CE is given; for [Ὁ is half 
of the perimeter of the triangle ABI’, while BO is the 
excess of half the perimeter over ΓΗ, BE is the excess 
of half the perimeter over Al’, and ET is the excess 
of half the perimeter over AB, inasmuch as ἘΠ᾿ πὸ ΓΖ, 
BO=AA= AZ. Therefore the area of the triangle 
ABI’ is given. 
(ii.) Folume of a Spire 
Ibid. 11. 18, ed. H. Schiine (Heron iii.) 126. 10-130, 9 
Let AB be any straight line in a plane and A, B 
any two points taken on it. Let the circle ΒΓΔΕ be 
taken cena ie to the plane of the horizontal, 
in which lies the straight line AB, and, while the point 
_® If the sides of the triangle » ον and χ Ξε λία ἘΡῚ 
Heron's formula nay be statedda the fnillae ieee Τὸ 
area of triangle = 4/e(9 - a)(a -- δ 7.4 -- εἷ. 
Heron also proves the formula in his Dioptra 30, 
ped msi tong δος στ να τα 
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σημείου περιφερέσθω κατὰ τὸ ἐπίπεδον 4 AB, 


ἄχρι οὗ εἰς τὸ αὐτὸ ἀποκατασταθῇ συμπεριῴερο- 

νον καὶ τοῦ ΒΓΔΕ κύκλου opt ou διαμένοντος 
πρὸς τὸ ὑποκείμενον ἐπίπεδον. ἀπογεννήσει ἄρα 
τινὰ ἐπιφάνειαν ἡ ΒΓΔΕ περιφέρεια, ἣν δὴ 
σπειρικὴν. καλοῦσιν" κἂν: μὴ ἧ de ὅλος ὁ ὃ κύκλος, 
ἀλλὰ τμῆμα αὐτοῦ, πάλιν ἀπογεννήσει τὸ τοῦ 
κύκλον τ Hea σπειρικῆς ἐπιφανείας τμῆμα, Kall 
ἅπερ εἰσὶ καὶ αἱ ταῖς κίοσιν ὑποκείμεναι σπεῖραι" 
τριῶν γὰρ οὐσῶν ἐπιφανειῶν ev τῷ καλουμένῳ 
ἀνα! i, ὃν δή τινες καὶ ἐμβολέο καλοῦσιν, δύο 
μὲν κοίλων τῶν ἄκρων, μιᾶς δὲ μέσης καὶ κυρτῆς, 
1 ἅμα περιφερόμεναι αἱ τρεῖς ἀπογεννῶσι τὸ εἶδος 
ἘΞ τοῖς κίοσιν ὑποκειμένης orreipas. 

Δέον οὖν ἔστω τὴν ἀπογεννηθεῖσαν σπεῖραν ὑπὸ 
τοῦ ΒΓΔΕ κύκλου μετ . δεδόσθω ἡ μὲν 
AB μονάδων «, ἡ δὲ ΒΓ διάμετρος μονάδων of. 








di τὸ κέντρον τοῦ κύκλου τὸ 4, καὶ ἀπὸ τῶν 
A, 27 ὑποκειμένῳ ἐπιπέδῳ πρὸς ὀρθὰς ἤχθωσαν 
αἱ AZE, HA®. καὶ διὰ τῶν A, E τῇ AB παράλ- 
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A remains stationary, let AB revolve in the plane 
until it concludes its motion at the place where it 
started, the circle ΒΓΔΕ remaining throughout. 
perpendicular to the plane of the horizontal, Then 
the circumference ΒΓΔΕ will generate a certain sur- 
face, which is called spiric; and if the whole circle 
do not revolve, but only a segment of it, the seg- 
ment of the circle will again generate a segment 
of a spirie surface, such as are the spirae on which 
columns rest ; for as there are three surfaces in the 
so-called anagrapheus, which some call also emboleus, 
two concave (the extremes) and one (the middle) 
convex, When the three are moved round simultane- 
ously they generate the form of the spira on which 
columns rest." 

Let it then be required to measure the spire gener- 
ated by the circle ΓΔΕ. Let AB be given as 20, 
and the diameter BI'.as 12. Let Z be the centre of 
the circle, and through® A, Z let HAG, ΔΖΕ be 
drawn perpendicular to the plane of the horizontal. 
And through A, E let AH, E@ be drawn parallel to 

* The draypageds or ἐμβολεύς is the pattern or tenrplet for 
apph toan architectural feature, in this case an Attic-Lonic 

olumn-base. The Attic-lonie base , 
consists essentially of two convex 
mouldings, separated by a concave 
one, In practice, there are always 
narrow vertical ribbons between 
convex mouldings and the concave 
one, but Heron ignores them. In the 
femplet, there are naturally two con- 
eave surfaces separated by a convex, 
and the kind of figure Heron had in 
mind appears to that here ilus- — ς 
trated, [ am indebted to Mr. D. 5, Hobertson, Regius 
Professor of Greek in the University of Cambridge, for help 
in elucidating this passage, * Lit.“ from," —~ 
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Anos ἤχθωσαν αἱ ΔΗ, 1510. δέδεικται δὲ Διονυ- 
σοδώρῳ ἐν ee Περὶ τῆς σπείρας ἐπιγραφομένῳ, 
ὅτι ὧν ν ἔχει ὁ ΒΓΔΕ κύκλος πρὸς τὸ ἥμισυ 
τοῦ ΔΕ Θ παραλληλογράμμου, τοῦτον ἔχει καὶ 


τὸν κύλινδρον, οὗ ἄξων μέν ἐστιν ὁ HO, ἡ ἡ δὲ ἐκ 
τοῦ κέντρου τῆς βάσεως ἡ EO. ἐπεὶ ἀν ἡ ΒΓ 
μονάδων ιβ ἐστίν, ἡ dpa ZT ἔσται ᾿μονάδων ξ. 
ἔστι δὲ καὶ ἡ AT μονάδων FW ἔσται dpa ἡ ΑΖ 
μονάδων 16, τουτέστιν ἡ ΕΘ, ἥτις ἐστὶν ἐκ τοῦ 
κέντρου τῆς βάσεως τοῦ εἰρημένου κυλίνδρου" 
δοθεὶς a dpa ἐστὶν ὁ κύκλος" ἀλλὰ καὶ ὁ ἄξων δοθείς" 
ἔστιν γὰρ μονάδων iB, ἐπεὶ καὶ ἧ ΔΕ, ὥστε 
δοθεὶς καὶ ὁ εἰρημένος κύλινδρος" καὶ ἔστι τὸ ΔΘ 

Ἔν ΣΝ ὁ (δοθέν. pore καὶ τὸ ance 

PB διάμετρος. φ τοῦ κύκλου 
i τὸ KG sens Rodda εἰ δοθείς: ὥστε καὶ 
τῆς σπείρας πρὸς τὸν κύλινδρον λόγος ἔ ἔστι δοθείς. 
καὶ ἔστι δοθείς ὁ κύλινδρος. δοθὲν dpa καὶ τὸ 
στερεὸν τῆς σπείρας. 

Συντεθήσεται δὴ ἀκολούθως τῇ ἀναλύσει οὕτως. 
ἄφελε ἀπὸ τῶν ἃ τὰ if λοιπὰ ἢ. καὶ πρόσθες τὰ 
Kr γίγνεται Κη’ καὶ μέτρησον κὐλιμῦρον, o οὗ ἡ ἧ μὲν 
διάμετρος τῆς βάσεώς ἐστι μονάδων Κη, τὸ δὲ 
ὕψος ‘p> καὶ γίγνεται TO στερεῦν αὐτοῦ «ἶτεβ. 
καὶ μέτρησον κύκλοι, οὗ διάμετρύς ἐστι μονάδων 
if γίγνεται τὸ ἐμβαδὸν αὐτοῦ, καθὼς ἐμάθομεν, 
py f° καὶ Λάβε: τῶν et: τὸ ἥμισυ" γίγνεται 0d. 
ἐπὶ τὸ ἥμισυ τῶν iB γίγνεται πᾶ" καὶ πολλα- 

1 Sofie add, H. Schone, 
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AB. Now it is proved by Dionysodorus * in the book 
which he wrote On the Spire that the circle ΒΓΔΕ 
bears to half of the parallelogram AEHO the same 
ratio as the spire generated by the circle ΒΓΔΕ bears 
to the cylinder having HO for its axis and ΕΘ for the 
radius of its base. Now, since BI is 12, ZT will be 6. 
But ΑΓ is 8; therefore AZ will be 14, and likewise 
EO, which is the radius of the base of the aforesaid 
cylinder. Therefore the circle is given; but the 
axis is also given ; for it is 12, since this is the length 
of AE. Therefore the aforesaid cylinder is also given ; 
and the parallelogram AO is given, so that its half 
is also given. But the circle ΒΓΔΕ is also given ; 
for the diameter IB is given. Therefore the ratio of 
the circle ΒΓΔΕ to the parallelogram is given; and 
so the ratio of the spire to the cylinder is given. 
And the cylinder is given; therefore the volume of 
the spire is also given. 

Following the analysis, the synthesis may thus be 
done, Take 12 from 20; the remainder is 8. And 
add 20; the result is 28. Let the measure be taken 
of the cylinder having for the diameter of its base 29 
and for height 12; the resulting volume is 7309. 
Now let the area be found of a circle haying a dia- 
meter 12; the resulting area, as we learnt, is 1 18). 
Take the half of 28; the result is 14. Multiply it 
by the half of 12; the result is 84. Now multiply 

* For Dionysodorus δὶ supra, p. 162 n. a and p. 864 n. a. 

1 AE=H@=2r and ΕΒ =a, then the volume of the spire 
bears to the volume of the cylinder the ratio ὅσια, πὶ; ον. at 
or er: a, which, a5 Dionysodorus points out, is identical with 
the ratio of the circle to half the parallelogram, that is, wr? : ra 
OF arta. 
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πλασιάσας τὰ C758 ἐπὶ τὰ poy ζ΄" καὶ τὰ γενόμενα 
παράβαλε παρὰ τὸν wa: γίγνεται apr 4 τοῦ- 


i 4 i = é 
οὗτου ἔσται τὸ στερεὸν τῆς σπείρας. 


{{|.} Division of a Circle 
Tbid. iii. 18, ed. H. Schine (Heron iii.) 172. 13-174. 9 


Tov δοθέντα κύκλον διελεῖν εἰς τρία ἴσα δυσὶν 
εὐθείαις. τὸ μὲν οὖν πρόβλημα ὅτι οὐ ῥητὸν ἐστι, 
δῆλον, τῆς εὐχρηστίας δὲ ἕνεκεν διελοῦμεν αὐτὸν 
ὡς ἔγγιστα οὕτω. ἔστω ἃ δοθεὶς κύκλος, οὗ 
κέντρον τὸ A, καὶ ἐνηρμόσθω εἰς αὐτὸν τρίγωνον 
ἰσόπλευρον, οὗ πλευρὰ ἡ BI’, καὶ παράλληλος αὐτῇ 
ἤχθω ἡ AAE καὶ ἐπεζεύχθωσαν αἱ ΒΑ, AT. λέγω, 
ὅτι τὸ ΑΒΓ τμῆμα τρίτον ἔγγιστά ἐστι μέρος τοῦ 
ὅλου κύκλου. ἐπεζεύχθωσαν γὰρ αἱ BA, AI’. ὁ 
ἄρα ABIZB τομεὺς τρίτον ἐστὶ μέρος τοῦ ὅλου 
κύκλου. καὶ ἔστιν ἴσον τὸ ABI" τρίγωνον τῷ 
ΒΓΔ τριγώνῳ: τὸ ἄρα ΒΑΓ σχῆμα τρίτον 
μέμος ἐστὶ τοῦ ὅλου κύκλου, ᾧ δὴ μεῖζόν ἐστιν 
αὐτοῦ τὸ ΔΒΓ τμῆμα ἀνεπαισθήτου ὄντος ὡς 
πρὺς τὸν ὅλον κύκλον. ὁμοίως δὲ καὶ ἑτέραν 
ἀπ 
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7992 by 113! and divide the product by 84;. the 
result is 90562. ‘This will be the volume of the spire. 


(iii.) Division of a Circte 
τὰ. fi. 18, ed. H. Schone (Heron iii.) 172. 19-174. 9 


To divide a given circle info three equal parts by two 
straight lines. It is clear that this problem is not 
rational, and for practical convenience we shall make 
the division as closely as possible in this way. Let 
the given circle have A for its centre, and let there be 
inserted in it an equilateral triangle with side BI’, 
and let AAE be drawn parallel to it, and let BA, AT 





be joined, I say that the segment ABI is approxi- 
mately a third part of the whole circle. For let 
BA, AD be joined. Then the sector ABI'ZB is a third 
part of the whole cirele. And the triangle ABI is 
equal to the triangle ΒΓΔ [Fucl. i. $7]; therefore the 
figure BAIZ is a third part of the whole circle, and 
the exeess of the segment ABI over it is negligible 
in comparison with the whole circle. Similarly, if we 
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πλευρὰν ἰσοπλεύρου τριγώνου ἐγγράψαντες dde- 
λοῦμεν ἕτερον τρίτον μέρος" ὦστε καὶ τὸ κατα- 
λειπόμενον τρίτον μέρος ἔσται μέρος} τοῦ ὅλου 
κύκλου. 
(iv.) Measurement of an Irregular drea 


Heron, Diopt. 23, ed. H. Schone (Heron iii.) 


To δοθὲν χωρίον μετρῆσαι διὰ διόπτρας. fore 
τὸ δοθὲν χωρίον περιεχόμενον ὑπὸ γραμμῆς 





ἀτάκτου τῆς ΑΒΓΔΕΖΗ͂Θ. ἐπεὶ οὖν ἐμάθομεν 
διὰ τῆς κατασκευασθείσης διόπτρας διάγειν 
τῇ ϑοθείσῃ εὐθείᾳ ἐέἐτέραν) πρὸς ὀρθὰς, ν" 
τι σημεῖον ἐπὶ τῆς περιεχούσης τὸ χωρίον γραμμῆς 
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inscribe another side of the equilateral triangle, we 
may take away another third part; and therefore 
the remainder will also be a third part of the whole 
circle." 


(iv.) Measurement of an Irregular Area 


Heron, Diopira * 23, ed. H. Schiine (Heron iii.) 
260. ΙΒ. 15 


To measure a given area by means of the dioptra. Let 
the given area be bounded by the irregular line 
ABPAEZHO, Since we learnt to draw, by setting 
the dioptra, a straight line perpendicular to any 
other straight line, I took any point B on the line en- 


* Euclid, in his book Os Divisions of Figures which has 
ly survived In Arabic, solved a similar problem—fo draw 
im a gieen cirela feo parallel chords cutting of a certain 
froction of the cirele; Euclid actually takes the fraction as 
one-third. The general character of the third book of 
Heron's Mefrics is very similar to Euclid's treatise. 
It is in the course of this bool: (iii, 20) that Heron extracts 
the cube root of 100 by a method already noted (vol. i. pp. 
60-03 


* The dioptra was an instrument fulfilling the same pur- 
poses as the modern theodolite. An elaborate description of 
the instrument prefaces Heron's treatise on the subject, and 
it was obviously a fine piece of craftsmanship, much superior 
to the κ᾽ parallactic instrument with which Ptolemy had to 
se τάδρθμε piece of evidence against an early date for 

erot. 


1 μέρος om. H. Schiine, 
fds oad ἢ παῦρα 


GREEK MATHEMATICS 


τὸ 6B, καὶ ἤγαγον εὐθεῖαν τυχοῦσαν διὰ 
διάπτρας τὴν ΒΗ, καὶ ταύτῃ πρὸς ὀρθὰς ΓΖ, xa ἦν 
καὶ ταύτῃ" éxdpay “πρὸς ὀρθὰς τὴν Γ 
doles τῇ ΓᾺ πρὸς ὀρθὰς τὴν ZO, καὶ ἔλαβον 
i τῶν ἀχθεισῶν εὐθειῶν TEXT) σημεῖα, ἐπὶ μὲν 
τῆς BH τὰ K, A, Μ, N, &, O+ ἐπὶ δὲ τῆς BI’ τὰ 
II, P: ἐπὶ δὲ τῆς ΓΖ τὰ Σ, T, Y, > xX, YT, Ὡ: 
dri δὲ τῆς 20 ras, 5. καὶ ἀπὸ τῶν ληφθέντων 
σημείων ταῖς. εὐθείαις; eh’ ὧν ἐστὶ τὰ σημεῖα, 
πρὸς ὦ ἃς ἤγαγον τὰς Ka, AA, M.A, ΝΒ, 
Ξ ΠΕ, Ps, δ, ἔπ, ΤΉ, Υ9, A, 


XM, YM, QE, -M, OM οὕτως ὥστε [τὰς ent τὰ 
πέρατα τῶν ἀχϑεισῶν πρὺς ὀρθὰς | ᾿ἐπεξευγνι s|" 
ἀπολαμβάνειν γραμμὰς ἀπὸ ioe περιεχούσης τὸ 


χωρίον γραμμῆς σύνεγγυς εὖ elas” καὶ τούτων 
γενηθέντων aul δυνατὸν τὸ χωρίον μετρεῖν. τὸ 


μὲν γὰρ ΒΓΖΝ παραλληλό; βαμμὸν ὁ ὑνιόν 
ἐστιν" ἔπειτα τὰς πλευρὰς ἁ λύσει ἢ σχοινίῳ | Be- 
βασανισμένῳ, τουτέστιν μήτ᾽ ἐκτείνεσθαι μήτε 
συστέλλεσθαι δυναμένω, μετρήσαντες ἕξομεν τὸ 
ἐμβαδὸν τοῦ παραλληλογράμμου. τὰ δ' ἐκτὸς 
τούτου τρίγωνα ὀρθογώνια καὶ Tpa πέξια ὁμοίως 

᾿ς ἔχοντες τὰς πλευρᾶς αὐτῶν" ἕσται 


γὰρ τρίγωνα μὲν cedars τὰ BRK, BILE, 


IPs, ΤΣ, Ζ, ZOE, Z=M, ΘΗΜ' τὰ δὲ λοιπὰ 
τραπέζια ὀρθογώνια. τὰ pe οὖν τρίγωνα με- 
τρεῖται τῶν περὶ τὴν ὀρθὴν γωνίαν. πλασια- 
ζομένων ἐπ᾿ ἄλληλα" καὶ τοῦ γενομένου τὸ ἥμισυ. 
τὰ δὲ τραπέζια" συναμφοτέρων τῶν παραλλήλων 
τὸ ἥμισυ ἐπὶ τὴν ἐπ᾽ αὐτὰς κάβετον οὖσαν, οἷον 
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closing the area, and by means of the dioptra drew 
any straight line BH, and drew BI perpendicular 
to it, and drew another straight line ΓΖ perpen- 
dicular to this last, and similarly drew ZO per- 
pendicular to ΓΖ, And on the straight lines so 
drawn I took a series of points—on BH taking 
K, A, M, N, =, O, on ΒΓ taking TI, P, on ΓΖ taking 
=, T, ¥, ®, X, ¥, ἢ, and on ZO taking s, ¢. Ane 
from the points so taken on the straight lines de- 
signated by the letters, I drew the perpendiculars 
Ka, AA, MA, ΝΒ, =, 0A, ILE, Pe, 3.2, TH, 


5 β 
γ9, $4, XM, ¥M, QE, ¢M, CM in such a manner 
that the extremities of the perpendiculars cut off 
from the line enclosing the area approximately 
straight lines. When this is done it will be possible 


to measure the area. For the parallelogram BI'ZM 
is right-angled ; so that if we measure the sides by 
a chain or measuring-rod, which has been carefully 
tested so that it can neither expand nor contract, we 
shall obtain the area of the par eek ue We may 
similarly measure the right-angled triangles and 
trapezia outside this by taking their sides ; fee BRA, 


BILE, TPs, ΓΣΖ, ZOE, ZeM, OHM are. right- 
i i triangles, and the remaining figures are 
right-angled trapezia, The triangles are measured 
by multiplying together the sides about the right 
angle and taking half the product. As for the 
trapezin—take half of the sum of the two parallel 
sides and multiply it by the perpendicular upon 





+ gel τούτη add. H. Schone | 
2 rds. 1, Schone. 
® ἐπιζευγνυμένας om. H. Sciidine. 
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τῶν ΚὮ, AA τὸ ἥμισυ emt τὴν ΚΛ’ καὶ τῶν 
λοιπῶν δὲ ὁμοίως. ἔσται ἄρα μεμετρημένον ὅλον 


τὸ χωρίον διά τε τοῦ μέσου παραλληλογράμμου 
Ay τῶν ἐκτὸς αὐτοῦ τριγώνων καὶ τραπεζίων. 


ἂν δὲ τύχῃ ποτὲ μεταξὺ αὐτῶν τῶν ayleody 
spi ὁ ταῖς τοῦ παραλληλογράμμου πλευραῖς 
κάμης pant Τὸ A συνεγγίζουσα εὐθείᾳ (οἷον 
μεταξὺ τῶν Ξ, γραμμὴ ἡ Τ᾽, ΔΊ, ἀλλὰ 
περιφερεῖ, μετρήσομεν Nico ἀγαγόντες (77) 


O.A πρὸς ὀρθὰς τὴν, AM, καὶ ἐπ᾽ αὐτῆς λαβόντες 


σημεῖα συνεχῆ τὰ Μ, M, καὶ ὭΣ αὐτῶν πρὸς 


ὀρθὰς ἃ γόντες ' = MLA τὰς ΜΝ, MINT, 
τὰς Sects τῶν ἀχθεισῶν [σύνεγγυς «ὐδείας a 


πάλιν με Tene? τὸ τέ MEO, A παραλληλονοσῃς 
μὸν καὶ To ΝΙΝ, Δ, τρίγωνον, καὶ τὸ MMM 
τ εν καὶ ἔτι τὸ ἕτερον τραπέξιον, καὶ ἐξομεν 
τὸ περιεχόμενον χωρίον ὑπὸ Tre τῆς MMA 
γραμμῆς καὶ τῶν ΓΞ, {ΞΟ." OA εὐθειῶν 
μεμετρημένον. 
(c) Merctanics 
Heron, Diopt, 37, ed. WH. Schtine (Heron fil) 306, 92-319, 22 
Τῇ δοθείσῃ δυνάμει τὸ δοθὲν βάρος κινῆσαι 
1 τῇ add. Η. Schone, 5. EO add. H. ρμῆπο. 


* Heron's Mechanica in three books has survived in Arabic, 
but has obviously undergone changes in form. It begins 
with the problem of arranging toothed wheels 50 as to move 
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them, as, for example, half of K%, AA by KA; and 
similarly for the remainder. Then the whole area 
will have been measured by means of the parallelo- 
gram in the middle and the triangles and trapezia 
outside it. If perchance the curved line between 
the perpendiculars drawn to the sides of the parallelo- 
fram should not approximate to a straight line (as, 
for example, the curve Γ ἃ between =I’, Ὁ Δ), but 


"3 
to an arc, we may measure it thus: Draw AM per- 
pendicular to Ὁ Δ, and on it take a series of points 


# # i 
Μ, ἧι, and from them draw MM, Nhs perpendicular to 


3 
MA, so that the portions between the straight lines 
so drawn approximate to straight lines, and again we 


5 
can measure the parallelogram M=(Q A and the tri- 


i * # i 
angle MAL A, and the trapezium T'MMM, and also the 
other trapezium, and so we shall obtain the area 


bounded by the line TMA and the straight lines 
T=, 20,04. 


(c) Mectantes 9 
Heron, Dioptra 37, ed. H. Schine (Heron iii.) 306, 22-312, 22 
With a given force to move a given weight by th 


a given weight by a given force. ‘This account is the same 
as that given in the passage here reproduced from the Dioptra, 
and it is obviously the sume as the account found by Pappus 
vill. sf ay Arta ιὐδῦ, 1-1068. 23) in a work oF Heron's 
now Jost) entitled Bapouleds (“ weight-lifter ")—though 
| acres himself took the ratio of force to we ΕἾΝ 4: 160 
and the ratio of successive diameters as 231. [tis su 

by Heath (ALG, il, 366-347) that the chapter from the 
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διὰ τυμπάνων ὁδοντωτῶν παραθέσεως. κατε- 
σκευάσθιω πῆγμα καθάπερ γλωσσόκομον" eis τοὺς 
μακροὺς καὶ παραλλήλους τοίχους διακείσθωσαν 


ἄξονες παράλληλοι ἑαυτοῖς, ἐν διαστήμασι κείΐμενοι 





wore τὰ συμφυῆ αὐτοῖς ὀδοντωτὰ τύμπανα παρα- 
κεῖσθαι καὶ συμπεπλέχθαι ἀλλήλοις, καθὰ μέλλομεν 
δηλοῦν. ἕστω τὸ εἰρημένον γλωσσόκομον. τὸ 
ΑΒΓΔ, ἐν ᾧ ἄξων ἕστω διακείμε sy ὡς εἴρηται 

καὶ δυνάμενος εὐλύτως στρέφει ate a EZ. τούτῳ 
be συμφυὲς ἔστω τύμπανον ὐδοντιωμένον τὸ ΗΘ) 
ἔχον. ΜΡ saa εἰ τύχοι, πενταπλασίονα {τῆν 
τοῦ E ἄ ἔονος διαμέτρου. καὶ ἵνα ἐπὶ παραδείγ- 
ματος τὴν κατασκευὴν ποι ἡρόμεθα, ἔστω τὸ μὲν 
ἀγόμενον ἐν ταλάντων χιλίων, ἡ δὲ κινοῦσα 
δύναμις ταλάντων é, μα δ δ ὦ κινῶν 
ἄνθρωπος ἢ Ἶ “παιδάριον, ὥστε δύνασθαι wall ἑαυτὸν 
ἄνευ μηχανῇ: ἕλκειν τάλαντα ξ. οὐκοῦν ἐὰν τὰ 
ἐκ τοῦ φορτίου ἐκδεδεμένα ὅπλα διά τινος (drips 
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justaposition of toothed wheels.* Let a framework be 
prepared like a chest ; and in the long, parallel walls 
let there lie axles parallel one to another, resting at 
such intervals that the toothed wheels fitting on to 
them will be adjacent and will engage one with the 
other, as we shall explain. Let ΑΒΓΔ be the afore- 
said chest, and let EZ be an axle lying in it, as stated 
above, and able to revolve freely. Fitting on to this 
axle let there be a toothed wheel HO whose diameter, 
say, is five times the diameter of the axle EZ. In 
order that the construction may serve as an illustra- 
tion, let the weight to be raised be 1000 talents, and 
let the moving force be 5 talents, that is, let the man 
or slave who moves it be able by himself, without 
mechanical aid, to lift 5 talents. Then if the rope 
holding the load passes through some aperture in 
see ee Wee Malet ied τον for ‘org original opening of the 
Other problems dealt with Ἶ the -Wechonies ore the para- 
dox of motion known as Aristotle's wheel, the parallelogram 
of velocities, motion on an inclined plane, centres of gravity, 
the five mechanical powers, and the construction of ὦ 
a with a German translation Brel and W. Schmidt, 


ublished as vol, ii. in the Ten Heron, 
erhape ba rollers,"* 





1 τῆς add. Vincentius. 
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οὔσης" ἐν τῷ AB τοίχῳ ἐπειληθῇ περὶ τὸν EZ 
ἄξονα «.. ΣΝ κατειλούμενα τὰ ἐκ τοῦ φορτίου 
ὅπλα ΠΣ τὸ βάρος" ἵνα δὲ κινηθῇ τὸ HO 
τύμπανον, {δεῖ Suva pec’ ὑπάρχειν πλέον ταλάντων 
διακοσίων, διὰ τὸ τὴν διάμετρον τοῦ τυμπάνου 

ξ διαμέτρου τοῦ ἄξονος, ὡς ὑπεθέμεθα, wepra- 
a (elvar)*: ταῦτα γὰρ eek ἐν ταῖς τῶν 
ξ δυνάμεων ἐς ἀπ νοΝ ἀλλ 25.54 ὦ ἔχομεν τί 
τὴν δύναμιν ταλάντων διακοσίων, ᾿ἀλλὰ πῶντε. 
γεγονέτω οὖν Boy eth ἄξων {παράλληλος διακείς- 
μενος τῷ EZ, ὁ KA, ἔχων συμφυὲς τύμπανον 
ὠδοντωμένον τὸ MN. ὁδοντῶδες δὲ καὶ τὸ ΗΘ 
τύμπανον, ὥστε ἐναρμόξειν ταῖς ὁδοντώσεσι τοῦ 
ΜΝ τυμπάνου. τῷ δὲ αὐτῷ ᾿ἄξονι τῷ frig συμφυὲς 
τύμπανον τὸ EO, ἔχον ὁμοίως ν διάμετρον 
πενταπλασίονα τῆς τοῦ Μ coined) διαμέτρου. 
διὰ δὴ τοῦτο δεήσει τὸν βουλόμενον κινεῖν διὰ τοῦ 
EO τυμπάνου τὸ βάρος ἔχειν δύναμιν ντῶων 
ἢ, ἐπειδήπερ τῶν ἃ ταλάντων τὸ πέμπτον ἐστὶ 
τάλαντα ji. πάλιν οὖν παρακείσθω (τῷ : ΞΟ 

τιυμπάνιμ εὠδοντωμένων" τύμπανον ὁδοντωθβὲν ἔτε- 
pov (ro ΠΡ, wai € ἔστω τῷ" τυμπᾶνεμ ὠδοντωμένῷῳ 
τῷ ΠΡ cupdves ἕτερον τύμπανον τὸ i" ἔχον 
ὁμοίως πενταπλῆν τὴν διάμετρον τῆς ΠΡ mere 
διαμέτρου" ἡ δὲ ἀζνάλογος ἔσται Ow ις sy τοῦ 
ET τυμπάνου ἡ ἔχουσα τὸ βάρος 

i 

: a Ailes meine these ΡΝ Poaceae 

* τὰ ἐκ τοῦ φορτίου ὅπλα ΠΡ ΜΟΥΔ ΡΟ ΜΕΊΝ. Schine, τὰ ἐκ 


τοῦ φορτίου. ἐπλακειν ἐν τισι τῷ 


Ba pos 
© δεῖ “gentem litteris macdore absumptis, supplevi 
dubitanter,” H. Schiine. 
* elena add. H, Schine, 
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the wall AB and is coiled round the axle EZ, the rope 
holding the load will move the weight as it winds up. 
In order that the wheel HO may be moved, a force of 
more than 200 talents is necessary, owing to the 
diameter of the wheel being, as postulated, five times 
the diameter of the axle ; for this was shown in the 

roofs of the five mechanical powers.* We have 
[δὲ however. . . a force of 200 talents, but only 
of 5. ‘Therefore let there be another axle KA, lying 
parallel to EZ, and having the toothed wheel MN 
fitting on to it. Now let the teeth of the wheel ΗΘ 
be such as to engage with the teeth of the wheel 
MN. On the same axle KA let there be fitted the 
wheel ΞΟ, whose diameter is likewise five times 
the diameter of the wheel MN. Now, in consequence, 
anyone wishing to move the weight by means of the 
wheel =O will need a force of 40 talents, since the 
fifth part of 200 talents is 40 talents. Again, then, let 
another toothed wheel ΠΡ lic alongside the toothed 
wheel =O, and let there be fitted to the toothed 
wheel ITP another toothed wheel ΣΤ whose diameter 
is likewise five times the diameter of the wheel ΠΡ: 
then the force needing to be applied to the wheel 
ST will be 8 talents ; but the force actqally available 

® The wheel and axle, the lever, the pulle nthe wee aa 
ited which ore dealt with in Book ἢ, of Heron's 
Mechanics. 


* After ἀλλ' is a special sign and a lnc πὰ of 22 letters. 
F add. H. Sch A 
* τῷ 20 τυμπάνῳ ὠδοντωμένῳ add. H. Schone. 
i zt ΠΡ, καὶ core τῷ cd Hh. Seine *s 
vam τὸ XT, so 1 in plage of the ovpdody In 
Schine'’s text. P 
Ἦ δνάλογος ἔσται δύναμις -ο H. Schone completes the 


na. 
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ἀλλ᾽ ἡ ὑπάρχουσα ἡμῖν δύναμις δέδοται ταλάντων 
&. ὁμοίως ἕτερον παρακείσθω τύμπανον ὠδοντω- 
μένον τὸ YO τῷ ΣΤ ὁδοντωθέντι' τοῦδε τοῦ TD 
τυμπάνου τῷ ἄξονι συμφυὲς ἔστω τύμπανον τὸ 
XY ὠδοντωμένον, οὗ ἡ διάμετρος πρὸς τὴν τοῦ 
ὙΦ τυμπάνου διόμετρῦν λόγον ἐχέτω, dv τὰ ὀκτὼ 
τάλαντα πρὸς τὰ τῆς δοθείσης δυνάμεως τάλαντα €. 

Καὶ τούτων παρασκευασθέντων, ἐὰν ἐπινοήσωμεν 
τὸ ΑΒΓΔ γλωσσόκομον)" μετέωρον κείμενον, 
καὶ ἐκ μὲν τοῦ EZ ἄξονος τὸ βάρος ἐξάψωμεν, 
ἐκ δὲ τοῦ XY τυμπάνου τὴν ἑλκουσαν δύναμιν, 
οὐδοπότερον αὐτῶν κατενεχθήσεται, εὐλύτως στρε- 
φομένων τῶν ἀξόνων, καὶ τῆς τῶν τυμπάνων 
παραθέσεως καλῶς ἁρμοζούσης, ἀλλ᾽ ὥσπερ ζυγοῦ 
τινος ἰσορροπήσει ἡ δύναμις τῷ βάρει. ἐὰν δὲ 
ἑνὶ αὐτῶν προσθῶμεν ὀλίγον ἕτερον βάρος, καταρ- 
ρέψει καὶ ἐνεχθήσεται ἐφ᾽ : προσετέθη βάρος, 


ὥστε ἐὰν ἕν τῶν € ταλάντων δυνάμει ζ........ 
εἰ τύχοι μναϊαῖον προστεθῇ βάρος, κατακρατήσει 
καὶ ἐπισπάσεται τὸ βάρος. ἀντὶ Se" τῆς mpoatle- 


σεως τούτω παρακείσθω κοχλίας ἔχων τὴν ἕλικα 
atl τοῖς ὀδοῦσι τοῦ τυμπάνου, στρεφόμενος 
εὐλύτως περὶ τόρμους ἐνόντας ἐν τρήμασι στρογ- 
γύλοις, ὧν ὃ μὲν ἕτερος ὑπερεχέτω εἰς τὰ ἐκτὸς 
μέρος τοῦ γλωσσοκόμου κατὰ τὸν TA {τοῖχον 
τὸν παρακείμενον)" τῷ κοχλίᾳ' ἡ ἄρα ὑπεροχὴ 
τετραγωνισθεῖσα λαβέτω χειρολάβην τὴν SF, δι 
ἧς ἐπιλαμβανόμενός τις καὶ ἐπιστρέφων ἐπιστρέψει 
τὸν κοχλίαν καὶ τὸ ΧΡ τύμπανον, ὥστε καὶ 1 
ὙΦ συμφυὲς αὐτῷ. διὰ δὲ τοῦτο καὶ τὸ mapa- 
κείμενον τὸ ΣΤ ἐπιστραφήσεται, καὶ τὸ ae 
αὐτῷ τὸ ΠΡ, καὶ τὸ τούτῳ παρακείμενον ro =U), 
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to us is 5 talents. Let there be placed another 
toothed wheel ὙΦ engaging with the toothed wheel 
ΣΤ; and fitting on to the axle of the wheel ὙΦ let 
there be a toothed wheel XW, whose diameter bears 
to the diameter of the whee] Y the same ratio as 
§ talents bears to the given force 5 talents. 

When this construction is done, if we imagine the 
chest AGIA as lying above the ground, with the 
weight hanging from the axle EZ and the force rais- 
ing it applied to the wheel XY, neither of them will 
descend, provided the axles revolve freely and the 
juxtaposition of the wheels is accurate, but as in a 
beam the force will balance the weight. But if to one 
of them we add another small weight, the one to which 
the weight was added will tend to sink down and will 
descend, so that if, say, a mina is added to one of 
the 5 talents in the foree it will overcome and draw 
the weight. But instead of this addition to the force, 
let there be a screw having a spiral which engages 
the teeth of the wheel, and let it revolve freely about 
pins in round holes, of which one projects beyond 
the chest through the wall [A adjacent to the screw; 
and then let the projecting piece be made square and 
be given a handle Sr. Anyone who takes this handle 
and turns, will turn the screw and the wheel X¥, and 
therefore the wheel ὙΦ joined to it. Similarly the 
adjacent wheel =T will revolve, and ΠΡ joined to it, 
and then the adjacent wheel =O, and then MN fitting 

3 ἐν add. H. Schone 
* After parteary saseia as seven letters. 
* In Schine's text δὲ is printed after τούτῳ, 
Ὁ τοῖχον τὸν παρακείμενον add. H. Schone, 
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καὶ τὸ τούτῳ συμφυὲς τὸ ΜΝ, καὶ τὸ τούτω 


εἰμενμον τὸ HO, ὥστε καὶ 6 τούτῳ συμφυὴς 
ἄξων ὅ 6 EZ, περὶ ov ἐπειλούμενα τὰ ἐκ τοῦ φορτίον 
ὅπλα κινήσει τὸ δ, βάρος. ὅτι γὰρ κινήσει, πρόδηλον 
ἐκ τοῦ προστεθῆναι ἑτέρᾳ δυνάμει {τὴν} τῆς 
χειρολάβης, ἥτις περιγράφει κύκλον τῆς τοῦ 
κοχλίου περιμέτρου μείξονα' ἀπεδείχη γὰρ ὅτι 
οἱ μείζονες κύκλοι τῶν ἐλασσόνων κατακρατοῦσιν, 
ὅταν περὶ τὸ αὐτὸ κέντρον κυλίωνται, 


(d) Orrics: Equatrry oF Asotes oF INCIDENCE 
ΑΝ ReFLEcTios 


Damian. Opé. 14, od. KR. Schéne 20. 12-18 
᾿Απέδειξε γὰρ ὦ μηχανικὸς "“Hpew év τοῖς αὐτοῦ 


Κατοπτρικοῖς, ὅτι αἱ πρὸς ἴσας Mian κλώμεναι 
εὐθεῖαι ἐλάχισταί εἶσι πασῶν" τῶν αὐτῆς 
καὶ ὁμοιομεροῦς γραμμῆς ine bi τὰ αὐτὰ ΩΝ τῷ 
ἱπρὸς ἀνίσους γωνίας |." Ne ἀποδείξας 
φησὶν ὅτι εἰ μὴ μέλλοι ἡ φύσι: μάτην περιάγειν 
τὴν “ἥμετέ ραν ὄψιν, πρὸς ἴσας αὐτὴν ἀνακλάσει 
γωνίας. 


Olympiod. In Meteor. ἘΠ, 2 (Aristot. 371 b 18), 
ed, Stiive 212. 4-213, 21 


"Ἐπειδὴ yap τοῦτο ὡμολογημένον ἐστὶ παρὰ 
πᾶσιν, ὅτι se μάτην ἐργάζεται. 7 Φύσις οὐδὲ 
ματαιοπονεῖ, ἐὰν μὴ δώσωμεν πρὸς ἴσας γωνίας 
γίνεσθαι τὴν ἀνάκλασιν, πρὸς ἀνίσους ματαιοπονεῖ 


. σὴν add. HH. Schiine. 
κ πασῶν G. Schmidt, τῶν μέσων codd, 
ὁ πρὸς ἀνίσους γωνίας OW. R. Schiine. 
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on to this last, and then the adjacent wheel HO, and 
so finally the axle EZ fitting on to it; and the rope, 
winding round the axle, will move the weight. That 
it will move the weight is obvious because there has 
been added to the one force that moving the handle 
which describes a circle greater than that of the screw: 
for it has been proved that greater circles prevail over 
lesser when they revolve about the same centre. 


(ἢ Orrics: Equanrry or Axotes or Incipence 
Axn. Reriection 
: janis,” On the Hypotheses in Optics 
eR ahs IIs μουν οι 
For the mechanician Heron showed in his Catopiri 
that of all (mutually) inclined straight lines drawn 
from the same homogenous straight line [surface] to 
the same [points], those are the least which are so 
inclined as to make equal angles. In his proof he says 
that if Nature did not wish to lead our sight in vain, 
she would incline it so as to make equal angles. 





Olympiodorus, Commentary on Aristotle's Meteora iil. 2 
(371 b 18), ed. Stiiwe 212, 5-9)3, 9] 


For this would be agreed by all, that Nature does 
ΠΟ ΤΙΣ τα vain nor labours in vain: but if we do not 
grant that the angles of incidence and reflection are 
equal, Nature would be labouring in vain by following 

* Damianus, or Heliodorus, of Larissa (date unknown) is 
the author of a small work on optics, which seems to be an 
abridgement of a large work based on Euelid's treatise, 
The full tithe-given in some mss.—Aapsarod φιλοσόφων τοῦ 
᾿Ἡλιοδώρου Λαρισσαίον Περὶ ἐπτικῶν trofld βιβλία § leaves 
rae thin whit was kurklame oar ΒΝ 
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ἡ φύσις, καὶ ἀντὲ τοῦ διὰ βραχείας περιόδου 
φθάσαι τὸ ὀριόμενον τὴν ὄψιν, διὰ μακρᾶς περιῦϑον 
τοῦτο φανήσεται καταλαμβάνουσα. εὑρεθήσονται 
yap αἱ τὰς ἀνίσους γωνίας περιέχουσαι εὐθεῖαι, 
αἵτινες ἀπὸ τῆς ὄψεως [περιέχουσαι φέρονται" 
πρὸς τὸ κάτοπτρον κἀκεῖθεν πρὸς τὸ ὁρώμενον, 
μείζονες οὖσαι τῶν τὰς ἴσας γωνίας περιεχυυσῶν 
εὐθειῶν. καὶ ὅτι τοῦτο aAnilés, δῆλον ἐντεῦθεν. 

Υποκείσθω γὰρ τὸ κάτοπτρον εὐθεῖά τις ἡ AB, 
καὶ ἔστω τὸ μὲν ὁρῶν I’, τὸ δ' δρώμενον τὸ ἃ, 
τὸ δὲ Ε σημεῖον τοῦ κατόπτρου, ἐν ᾧ προσπί- 
πτουσα ἡ ὄψις ἀνακλᾶται πρὸς τὸ ὁρώμενον, ἔστω, 


Θ 





Τ' Δ 
καὶ ἐπεζεύχθω ἡ TE, ΕΔ. Ady ὅτι ἡ ὑπὸ AED 
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unequal angles, and instead of the eye apprehending 
the visible object by the shortest route it would do 
so by alonger. For straight lines so drawn from the 
eye to the mirror and thence to the visible object as 
to make unequal angles will be found to be greater 
than straight lines so drawn as to make equal angles. 
That this is true, is here made clear, 

For let the straight line AB be supposed to be the 
mirror, and let I’ be the observer, A the visible object, 
and let E be a point on the mirror, falling on which 
the sight is bent towards the visible object, and let 
VE, EA be joined. Isay that the angle AET' is equal 
to the angle AEB.* 


" Different res are given in different sas., with corre- 
sponding small variants in the text. With G. Schmidt, | 
have reprises the figure in the Aldine edition. 





a eagle ga rouge Om. Ideler, 
* περιέχουσαι om. Tt. ne, περιέχουσι Ideler, Stive. 
5 ῥέρονται KR. Schiine, φερομένας codd, 
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Ei γὰρ μὴ ἔστιν ἴση, ἔστω ἕτερον σημεῖον τοῦ 
κατόπτρου, ἐν ᾧ προσπίπτουσα ἡ ὄψις πρὸς 
ἀνίσους γωνίας ἀνακλᾶται, τὸ ἅν, καὶ ἐπεζεύχθω 

ΓΖ, ZA. δῆλον ὅτι ἡ ὑπὸ (ZA γωνία μείζων 
lori τῆς ὑπὸ AZE γωνίας. λέγω ὅτι ai ΤΖ, ZA 
εὐθεῖαι, αἵτινες Tas ἀνίσους γωνίας περιέχουσιν 
ὑποκειμένης τῆς ΑΒ εὐθείας, μείζονές εἶσι τῶν 
ΓΕ, EA εὐθειῶν, αἴτινες τὰς ἴσας γωνίας περι- 
ἔχουσι μετὰ τῆς AB. ἤχθω γὰρ κάθετος ἀπὸ τοῦ 
ἃ ἐπὶ τὴν AB κατὰ τὸ Η σημεῖον καὶ ἐκβεβλήσθω 
ἐπ᾿ εὐθείας ὡς ἐπὶ τὸ Θ. φανερὸν δὴ ὅτι αἱ πρὸς 

& H γωνέαι ἴσαι εἰσίν" ὀρθαὶ γάρ εἶσι. καὶ ἔστω 
ἡ AH τῇ HO ἴση, καὶ ἐπεζεύχθω ἡ ΘΖ καὶ ἡ OE. 
αὕτη μὲν ἡ κατασκευή. ἐπεὶ οὖν ἴση ἐστὶν ἡ ΔῊ 
τῇ ἨΘ, ἀλλὰ καὶ ἡ ὑπὸ AHE γωνία τῇ ὑπὸ ΘΗΝ 

wvia ἴση ἐστί, κοινὴ δὲ πλευρὰ τῶν δύο τριγώνων 
ἡ HE, [καὶ βάσις ἡ ΘΕ βάσει τῇ EA ἴση ἐστί, 
καὶ τὸ ΗΘΕ τρίγωνον τῷ AHE τριγώνῳ ἴσον 
ἐστί, καὶ (ai)* λοιπαὶ γωνίαι ταῖς λοιπαῖς γωνίαις 
εἰσὶν ἴσαι, ὑφ᾽ ἃς αἱ ἴσαι πλευραὶ ὑποτείνουσιν. 
ἴση ἄρα ἡ ΘΕ τῇ EA. πάλιν ἐπειδὴ τῇ HO ἴση 
ἐστὶν ἡ HA καὶ γωνία ἡ ὑπὸ AHZ γωνίᾳ τῇ ὑπὸ 
@HZ ἴση ἐστί, κοινὴ δὲ ἡ HZ τῶν δύο τριγώνων 
τῶν AHZ καὶ OHZ, [καὶ βάσις ἄρα ἡ OZ βάσει 
τῇ ZA ἴση ἐστί, xaif τὸ ZHA τρίγωνον τῷ OHA 
τριγεύνῳ ἴσον ἐστίν. ἴση dpa ἐστὶν ἡ OZ τῇ ZA. 
καὶ ἐπεὶ ἴση ἐστὶν ἡ OE τῇ EA, κοινὴ προσκείσθω 
ἡ ΕΓ. δύο ἄρα αἱ TE, EA δυσὶ ταῖς TE, ΕΘ 
ἴσαι εἰσίν. ὅλη ἄρα ἡ ΓΘ δυσὶ ταῖς TE, EA ἴση 
ἐστί. καὶ ἐπεὶ παντὸς τριγώνου al δύο πλευραὶ 
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For if it be not equal, let there be another point 
#, on the mirror, fr liner on which the sight makes 
unequal angles, and let ΕΠ, ZA be joined. It is clear 
that ine angle [ZA is prcates than the angle AZE, 
I say that the sum of the straight lines Γ, Ζὰ 
whic h make unequal angles with the base line 
AB, is greater than the sum of the straight lines 
iF EA, which make equal angles with AB, For let 

pendicular be drawn from A to AB at the 

int H and let it be produced in a straight line to θ. 
pn it is obvious that the angles at H are eq 
for they are right angles. And let AH - Ηθ, and tet 
ΘΖ and OE be joined. This is the construction. 
Then since AH = HO, and the angle AHE is equal to 
the angle OHE, while HE is a common side of the two 
triangles, the triangle HOE is equal to the triangle 
AHE, and the remaining les, subtended by the 
equal sides are severally equal one to the other | Fuel. 
i. 4). Therefore OE=EA. Again, since HA=HO 
and angle AHZ=angle OHZ, while HZ is common 
to the two triangles AHZ and ΒΗΖ, the triangle ZHA 
is equal to the triangle GHZ (ibid. . ‘herefore 
θάπτει. And since GE=EA, let ED be added to 
both. Then the sum of the two straight lines TE, 
EA is equal to the sum of the two straight lines PE, 
EQ. Therefore the whole ΓΘ is equal to the sum of 
the two straight lines ΓΕ, EA. And since in any 
ee the sum of two sides is always greater than 





ents inal, ἤρα witha ες Gut clause ΤΠ τ ρ - 


superfluous. 

αἱ add. Schmidt. But possibly «al... ὑποτείνουσιν 
bein superfluous, should be omitted. 

wa... καὶ T lie alii a eee 
sreerteie 
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λοιπῆς μείζονές εἶσι wa μεταλαμβανό ι, 
ἐς τον ἄρα τοῦ ΘΖ or τὰ πλευραὶ αἱ OZ 

μιᾶς τῆς ΓΘ μείζονές εἰσιν. ἀλλ᾽ ἡ re t ἴση 
ort ταῖς ΓΕ, EA: αἱ ae ZV apa μείζονές εἶσι 
τῶν TE, EA. ἀλλ᾽ ἡ ὃ τῇ ὯΔ ἐστὶν ἴση" αἱ 
21°, 2A τῶν Γ E, EA 1 ὅτι εἶσι. καὶ εἶσιν 
αἱ ΓΖ, ΤᾺ αἰ αἱ τὰς ἀνίσους γωνίας περιέχουσαι" 
αἱ ἄρα τὰς ἀνίσους γωνίας περιέχουσαι “μείζονές 
εἶσι τῶν τὰς ἴσας γωνίας περιεχουσῶν" ὅπερ ἔδει 
δεῖξαι. 

[εὖ υληπαάτισ Equations 

Heron, Geom. 21. 9-10, ed. Heiberg (Heron iv.) 380. 15-31 


Δοθέντων συναμφοτέρων τῶν ἀριθμῶν ἤ ἤγουν τῆς 
διαμέτρου, τῆς περιμέτ καὶ τοῦ ἐμβαδοῦ “Τοῦ 
κύκλου ἐν ἀριθμῷ ἑ ἑνὶ διαστεῖλαι καὶ εὑρεῖν ἔκα- 
στον ἀριθμόν. ποίει οὕτως" ἔστω ὁ δοθεὶς ἀριθμὸς 
μονάδες aif. ταῦτα ἀεὶ ἐπὶ τὰ pro: γένονται 
μυριάδες Τ᾽ καὶ βχμη. τούτοις προστίθει καθ- 
ολικῶς μα" γίνονται μυριάδες τ τρεῖς καὶ ,γυπθ' ὧν 
πλευρὰ τετράγωνος γίνεται, pry ἀπὸ τούτων κού- 
φισον κθ' λοιπὰ pvo- ὧν μέρος τα’ γίνεται, ιδ' τοῦ- 
ovrov 7) πείβϑτορέ: τοῦ κύκλους, ἐὰν δὲ θέλῃς 
καὶ τὴν περιφέρειαν εὑρεῖν, ὕφειλον τὰ κῦ ἀπὸ τῶν 
pry" λοιπὰ prb: ταῦτα ποίησον δίς" γίνονται Τῇ" 
τούτων λαβὲ μέρος ζ΄" γίνονται po: τοσούτου ἡ 


5 The rom Heron's Cat urs to have been taken by 
Olym proof her eron'& fried, and it is substanti- 
ally identienl with the Speculis 4. This work 
was formerly attributec fo Prolene. but the discovery of 
Ptolemy's Cptica in Arabic has encouraged the the belief, now 
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the remaining side, in whatever way these may he 
taken [πιο]. 1. 20), therefore in the triangle O4I" the 
sum of the two sides 0%, ZT is greater than the one 
side TO. But 


ΓΌ - ΓΕ EA ; 
aA O24 + ΖΓ > ΓΕ + EA. 
But O2=—=ZA; 

ZI’ +ZA>TE + EA, 


And 4, #4 make unequal angles; therefore the 
sum of straight lines making unequal angles is greater 
than the sum of straight lines making equal angles ; 
which was to be proved.? 


[εὖ Quapnatic Equations 


Heron, Geometries 21. 9-10, od. Helberg 
(Heron iv.) 340, 15-31 


Given the sum oft the diameter, perimeter and area of 
a circle, fo find each of them separately. It is done 
thus : Let the given sum be 212. Multiply this by 
154; the result is $2648, To this add 841, making 
53489, whose square root is 183. From this take 
away 20, leaving 154, whose eleventh part is 14; this 
will be the diameter of the circle. If you wish to 
find the circumference, take 29 from 183, leavin 
154; double this, making 308, and take the peed 
part, which is 44; this will be the perimeter. To 


cara beld, that it is « translation of Heron's Cofopfrica, 
The translation, made by William of Moerbeke in 1269, can 

be shown by internal evidence to have been made from the 

Greek and oot from an Arabic translation. It is 

ρον τσ the Teubner edition of Heron's works, vol. Ἢ 

part 
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περίμετρος. τὸ δὲ ἐμβαδὸν εὑρεῖν. ποίει auras 
τὰ ιὃ τῆς διαμέτρον ἐπὶ τὰ μὸ τῆς περιμέτρου" 
μνᾶ" τοσοῦτον τὸ ἐμβαδὸν τοῦ κύκλου. ὁμοῦ τῶν 
τριῶν ἀριθμῶν μονάδες σιβ. . 

(f) IxpereuminaTe ΑΝΑΙΛΈΙΒ 


Heron, (reom. 24. 1, ed. Heiberg 
(Heron iv.) 414. 28-815. 10 


Evpety δύο χωρία τετράγωνα, ὅπως τὸ τοῦ 
πρώτου ἐμβαδὸν τοῦ τοῦ δευτέρου ἐμβαδοῦ ἕσται 


τριπλάσιον. ποιῶ οὕτως" τὰ Y κύβισον' γίνονται 





. If ἃ is the diameter of the circle, then the given relation 
is that 


d+ + pao, 


. ia 
Ae Is 5919 
‘4. ia? t7 d=213, 


To solve this quadratic equation, we should divide by {4 so as 
to make the first term a square; Heron makes the first term 
a square by multiplying by the lowest requisite factor, in this 
case 154, obtaining the equation 
113 Ἐπ. 99. 11..-1δὲ. 212. 
By odding 641 he completes the square on the left-hand side 
(lid+29)=154.212+h41 


= 32645 84} 
a SS4e9, 

ae lld+20 =153,. 

εἶς lla Ξε δά, 

and all = 14. 


The came equation is again solved in Geom. 24, 46 and a 
similar one in Geom. 24.47. Another quadratic equation is 
solved in Geom, 24. 3 and the result of yet another is given 
in Metr. ii. 4. 
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find the area. It is done thus: Multiply the dia- 
meter, 14, by the perimeter, 44, making 616; take 
the fourth part of this, which is 154; this will be the 
area of the circle. The sum of the three numbers 


is 2 a ΝΒ a 
(f) Ispereaminate Axatysis ὃ 


Heron, (reometrica 24. 1, ed. Heiberg 
(Heron iv.) 414. 26-415, 10 


To find tro rectangles suck that the area of the first is 
three times the area of the second.* I proceed thus : 


* The Constantinople ws. in which Heron’s Metrica was 
found in 1896 contains also a oumber of interesting problems 
in indeterminate analysis; and two were already extant in 
Heron's Geéponieus. The problems, thirteen in all, are now 
re Te ap by Heiberg in Fleron iv. 414. 28-426. 29, 
t appears also to. be a condition that the perimeter of 
should be three times the perimeter of the first. 
τὰ we substitute any factor κα for 8 the general problem 
becomes : To solve the equations 


we+ecn(c+y) (Cf ᾿ a= (ἢ) 
ἀρ τε, we * . « [93] 
The solution given is equivalent to 
z=2n"—- 1, y=2n" 
v= nl4n® — 2), t=", 
Zeuthen ( Biblrotheca mathematica, viil.( 107-1904), pp. 118- 
134) solves the problem thus: Let us start with the hypo- 


that «=n, It follows from (1) that w is a multiple 
of n, say nz. We have then | 


2+y=1 ἘΣ, 
while by (2) ary τὸ ms, 
ynenee ay=n"(2+y)— A" 


(x — πῆϊυ — "ἢ τα δ ν3 --- 1). 
Aa obvious solution of this equation is 

"5 -- πλ Ξ ηϑ- 1, y-nt=n), 
which gives τας Δ) η3"- ὦ, whence w=n(4n"-2). The other 
values follow. : 
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nt: ταῦτα. δίς" γίνονται νδ. νῦν ἄρον μονάδα ἃ" 
λοιπὸν γίνονται Fy. ἔστω οὖν ἡ μὲν μία πλευρὰ 
ποδῶν Fy, ἧ δὲ ἑτέρα πλευρὰ ποδῶν vO. καὶ τοῦ 
ἄλλου χωρίου οὕτως" θὲς ὁμοῦ τὰ vy καὶ τὰ vo 

γίνονται πόδες pl: ταῦτα ποίει ἐπὶ τὰ τ δηι 

πὸν γίνονται πόδες Fj. ἔστω οὖν ἡ τοῦ 

τέρου πλευρὰ ποδῶν Tay τιν ἡ δὲ ἑτέρα πλευρὰ ποδῶν 

7 τὰ δὲ ἐμβαδὰ τοῦ ἑνὸς γίνεται ποδῶν Ape καὶ 
a ἄλλου ποδῶν βωξβ. 


Ibid, 24. 10, ed. Heiberg (Heron iv.) 422. 15-494. 5 

Τ vou ὀρθογωνίου τὸ ἐμβαδὸν περι- 
Pacigaers or: ἀποδιαστεῖλαι fra is His 
εὑρεῖν TO ἐμβαδόν. ποιῶ οὕτως" ael ζήτει τοὺς 
ἀπαρτίζοντας ἀριθμούς" ἀπαρτίζει δὲ τὸν δ᾽ ἃ δὶς 
τὸν pp, ὁ δ΄ τὸν ὅ, ὁ ε΄ ror ,o C° τὸν fi, ὅ η΄ τὸν 
he, ὁ 0’ τὸν Ky, ὁ ιδ΄ τὸν K. ἐσκεψάμην, ὅ ὅτι ὅ ἢ 
καὶ Ae ποιήσουσι τὸ δοθὲν ἐπίταγμα. τῶν oF τὸ 
η΄" γίνονται πόδες Ac. διὰ παντὸς My Bavd δυάδα 
τῶν ἢ" λοιπὸν μένουσιν © πόδες, τὰ οὖν λε καὶ 


= 


τὰ F ὁμοῦ γίνονται πόδες μα. ταῦτα rote ἐφ᾽ 
ἑαυτά" γίνονται πόδες jaya. τὰ Ae ἐπὶ τὰ ξ΄ 
γίνονται πόδες OL" ταῦτα ποίει ἀεὶ ἐπὶ τὰ ἢ" γίνον- 
rat πόδες jay ταῦτα ἄρον ἀπὸ τῶν jaya: 
λοιπὸν μένει α" aw πλευρὰ τετραγωνικὴ γίνεται a. 
ἄρτι. θὲς τὰ μα καὶ ἄρον μονάδα a* λοιπὸν Κ΄ ὧν 
ἐ" γίνεται K- τοῦτό ἐστιν ἡ κάθετος, ποδῶν Κ. 
καὶ θὲς πάλιν τὰ fea καὶ πρόσθες a" γίνονται πόδες 
μβ' ὧν 2’ γίνεται πόδες Ka- ἔστω ἡ βάσις ποδῶν 
κα. καὶ θὲς τὰ Ae καὶ ἄρον τὰ ξ΄" λοιπὸν μένουσι 
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Take the cube of 8, making 27 ; double this, making 
54. Now take away 1, leaving 53. Then let one 
side be 53 feet and the other 54 feet. As for the 
other rectangle, [I proceed] thus: Add together 53 
and 54, making 107 feet : multiply this by $, [making 
$21; take away 3], leaving $18. Then let one side 
be 318 feet and the other 3 feet. The area of the 
one will be 954 feet and of the other 2862 feet.* 


ibid. 24. 10, ed. Heiberg (Heron iv.) 422. 15-424. 5 


Ina right-angled triangle the sum of the area and 
the perimeter is 280 feet; to seperate the sides and 
find the area. I proceed thus: Always look for the 
factors; now 280 can be factorized into 2. 140, 4.70, 
5.66, 7.40, 8.35, 10.98, 14.20. By inspection, we 
find § and 35 fulfil the requirements. For take one- 
eighth of 280, getting 35 feet. Take 2 from 8, 
leaving 6 feet. Then 35 and 6 together make 41 feet. 
Multiply this by itself, making 1681 feet. Now 
multiply 35 by 6, getting 210 feet. Multiply this 
by 8, getting 1680 feet. Take this away from the 
1631, leaving 1, whose square root is 1. Now take 
the 41 and subtract 1, leaving 40, of which the half 
is 20; this is the perpendicular, 20 fect. And again 
take 41 and add 1, getting 42 feet, of which the 
half is 21+: and let this be the base, 2] feet. And 
take 35 and subtract 6, leaving 29 feet. Now multiply 

5 The term “ feet,” πόδες, is used by Heron indiscrimin- 


ately of lineal feet, square fect anid the sum of numbers of 
lineal and square feet. . 
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πόδες KO. ἄρτι θὲς τὴν κάθετον ἐπὶ τὴν βάσιν" 
ὧν £" γίνεται πόδες Gi- καὶ αἱ τρεῖς πλευραὶ 
περιμετρούμεναι ἔχουσι πόδας δ' ὁμοῦ σύνθες μετὰ 
τοῦ ἐμβαδοῦ. γίνονται πόδες σπ. 





* Heath (H.G.M. ii. 446-647) shows how this solution ean 
be generalized, Let a, 4 be the sides of the triangle con- 
taining the right angle, ¢ the hypotenuse, Αἰ the area of the 
triangle, r the radius of the inseribed circle ; and Jet 
s=Ha+6+e). 

Then | 

S=re=joh, τ ἐξα ἐδ, ἐπε ὰ-- γὶ 
Solving the first two equations, we have 


τὶ πεῖ ἐξ ν{{ν Ὁ)" -- re], 
and this formula is actually used in the problem. The 
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the perpendicular and the base together, [gettin 
420), of which the half is 210 feet; and the chews 


sides comprising the perimeter amount to 70 feet ; 
add them to the area, getting 980 feet. 


method is to take the sum of the area and the perimeter 
S+24, separated into its two obyious factors a(r +2), to put 
ie =.4 (the given number), and then to separate οἱ Into 
factors to which ἃ and r+2 may be equated. They 
ee abvicusly be such that sr, the area, is divisible by ἃ. 
In the given problem 4 =2680, and the suitable factors are 
r+2=8, #=35, because r is then equal to 6 and rv is a 
multiple of 6. Then 
a=§(G +35 —4/((6+35"-68.6.35}] = h(41 -- 1) =20, 
b=4(414+1)=21, 
δι: 3 -- ἢ τ 30, 
This problem ts followed by three more of the same type. 


AXII. ALGEBRA: DIOPHANTUS 


ΧΧΠΠ. ALGEBRA: DIOPHANTUS 
(αὐ GENERAL 


Anthol, Pala, xiv, 126, The Greek Anthology, ed 
Paton (LC. L.) Wa 2-05 


Οὗτός τοι Διόφαντον ἔχει ταῴος" ἃ μέγα θαῦμα" 
καὶ τάφος ἐκ μέτρα _Biowo Λέγει, 

ἕκτην κουρίζειν Py fleas ὥπασε βοίρην" 
 δωδεκάτην 6 ἐπιθείς, μῆλα πόρεν ἐν" 
7H? cee, ae ἐβθομάτῃ τὸ ναμήλων ἡ nro φέγγος, 

δὲ γάμων Wepre παῖδ᾽ ἐπένευσεν ἔτει. 

αἰαῖ, bs τηλύγετον δειλὸν τέκος, ἥμισυ πατρὸς 
τοῦδε καὶ ἡ κρυερὸς μέτρον ἑλὼν βιότου. 

πένθος δ' αὖ πισύρεσσι παρηγορέων ἐνιαυτοῖς 


τῆδε πόσου σοφίῃ τέρμ' ἐπέρησε βίου. 


* There ore = the Anthology 46 epigrams which are 
og problems. Most of them “bay 116-146) were 
ected by Metrodorus, a grammarian who lived about 
aD, SA, but their origin is obviously much earlier and ΠΡΟΣ 
belong to a type described by Pilato and the scholiast to the 
Charmides (r. vol. i. pp. 16, 20). 
Problems in indeterminate analysis solved before the time 
orig hantus cy the slate the muna Platonic methods 
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(a) GexeraL 


Palatine Anthology * xiv. 126, The Greek Anthology, ed. 
Paton ΡΥ 02-03 eee 
Ts tomb holds Diophantus. Ah, what a marvel ! 
And the tomb tells scientifically the measure of his 
life. God vouchsafed that he should be a boy for the 
sixth part of his life ; when a twelfth was added, his 
cheeks acquired a beard; He kindled for him the 
ahr his of sere after aseventh, and in the fifth year 
his marriage He granted him a son. Alas! 
~ Jate- tten and miserable child, when he had 
reached the measure of half his father's life, the chill 
grave took him. After consoli, his grief by this 
science of numbers for four years i reached the end 
of his life. 


Diophantus's surviving works and ancillary material are 
admirably edited ἊΣ Tamu in two volumes of the Teubner 
series (Leipzig, 1695), There is a French translation 
Paul Ver Eecke, τ d’ Alerandre (Bruges, 1098} 
The history of Greek algebra as a whole is well treated 


Heath, Dri tus of Alerandria; 4 Study κα in the History 
of Greek Algebra, 2nd ed. 1910. 
* Tf 2 was his age at death, then 


(egos ἐπε δὲ ἐπι πὰ, 
whenee a= Sh. 
VOL. ἢ 2 513 


GREEK MATHEMATICS 


‘Theon Alex: in Ptal, Math. Syn, (omen, ἷ, Li, ed. 
Rome, Studi « Testi, xxii. (1936), 455. 4-6 
Kal’ ἃ καὶ Διόφαντός φησι" “" τῆς yap μονάδας 
ἀμεταθέτου οὔσης καὶ ἑστώσης πάντοτε, τὸ 
πολλαπλασιαζόμενον εἶδος ἐπὶ αὐτὴν αὐτὸ τὸ 


εἶδος ἔσται." 


Dioph. De polyy. num. [8]. Dioph. ed. Tannery i. 
lop. Dé pele. tr ΣΝ 

Kai ἀπεδείχθη τὸ παρὰ “Ὑῴικλεῖ ἐν. ὅρῳ λεγό- 
μένον, ὅτι, “ ἐὰν cow ἀριθμοὶ ἀπὸ μονάδος ἐν ἴσῃ 
ὑπεροχῇ ὁποσοιοῦν, μονάδος μενούσης τῆς ὑπερ- 
υχῆς, 6 σύμπας ἐστὶν. {τρίγωνος, δυάδος δέν, 
τετράγωνος, τριάδος δέ, πεντάγωνος" λέγεται δὲ 
τὸ πλῆθος τῶν γωνιῶν κατὰ τὸν δυάδι μείζονα 
τῆς ὑπεροχῆς, πλευραὶ δὲ αὐτῶν τὸ πλῆθος τῶν 
ἐκτεθβέντων σὺν τῇ μονάδι." 

Mich. Pecll. Epist., Dioph. ed. Tannery ii. 838. 22-89, 1 

Περὶ δὲ τῆς Αἰγυπτιακῆς μεθόδου ταύτης Διό- 
φαντὸς μὲν διέλαβεν ἀκριβέστερον, ὁ δὲ λογιώτατος 
᾿Ανατόλιος τὰ συνεκτικώτατα μέρη τῆς κατ᾽ 

1 φρίγωνος, δυάδος δέ add, Bachet. 

= cf. Dioph. ed. Tannery L 8. 13-15. The word εἶδος, as 

will be seen in due course, is regularly wed by Diophantus 


for a frm of an equation, 
Gl+ 
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Theon of Alexandria, Commentary on Ptolemy's Syntaxis 
i. 10, ed. Rome, Stedi ¢ Testi, lxxii. (1996), 453. 4-6 


As Diophantus says: “The unit being without 
dimensions and everywhere the same, a term that is 
multiplied by it will remain the same term.” * 


Diophantus, On Polygonal Numbers [5], Dioph. ed. 
, Tannery L470, 27-472. 4 

There has also been proved what was stated by 

ypsicles in a definition, namely, that “if there be 
as many numbers as we please beginnivg from 1 and 
increasing by the same common difference, then, 
when the common difference is 1, the sum of all the 
numbers is a triangular number; when 9, a square 
number; when 3, a pentagonal number [ : and so 
on}, The number of angles is called after the number 
which exceeds the common difference by 2, and the 
sides after the number of terms including 1." Ὁ 


Michael Psellus," grid Dioph. ed. Tannery ii. 
oe. | 


Diophantus dealt more accurately with this Egypt- 
ian method, but the most learned Anatolius collected 
the most essential parts of the theory as stated by 


» ie, the oth a-gonal number (1 being the first) is 
ju{2+(n—1\(a-2)} ς τ᾿ vol. i. p. 98 π΄ a. 
© Michael Psellus, “ first of Praag jae “in a barren 
ae flourished in the latter part of the eleventh century a.p, 
‘here has survived a book parporting to be by Psellus on 
arithmetic, music, geometry and astronomy, but it is clearl 
not all hisown work. In the geometrical section it is observed 
that the most favoured method of pour the area of a circle 
is to take the mean between the inscribed and circumsaribed 
squares, which would give w=4/5=2-6254271, 
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ἐκεῖνον ἐπιστήμης ἀπολεξάμενος ἑτέρως" Διοφάντῳ 
συνμοπτικώτατα προσεφώνησε. 


Dioph, Arith. i., Praef., Dioph, od. Tannery L 14, 25-16, Τ 
Νῦν 6° ἐπὶ τὰς προτάσεις χωρήσωμεν ὁδὸν, 
πλείστην ἔχοντες τὴν ἐπ᾽ αὐτοῖς παῖς εἴδεσι συν- 
cul eae ὕλην. πλείστων δ᾽ ὄντων τῷ ἀριθμῷ 
ἐ μεγίστων τῷ ὄγκῳ, καὶ διὰ τοῦτο βραδέως 
βεβαιουμένων ὑπὸ τῶν παραλαμβανόντων αὐτὰ 
in ὄντων ἐν αὐτοῖς δυσμνημονευτῶν, ἐδοκίμασα 
τὰ ἐν αὐτοῖς ἐπιδεχύμενα διαιρεῖν, καὶ μάλιστα τὰ 
ἐν ἀρχῇ ἔχοντα στοιχειύδως ἅπὸ ἀπλουστάρων 
ἐπὶ σκολμώτερα διελεῖν ὡς προσῆκεν. οὕτως γὰρ 
εὐόδευτα γενήσεται τοῖς ἀρχομένοις, καὶ ἡ ἀγωγὴ 
αὐτῶν μνημονευθήσεται, τῆς πραγματείας αὐτῶν 
ἐν τρισκαίδεκα βιβλίοις γεγενημένης. 


"τα. τι 3, Dieph. ed. Tannery i. $16, 6 
Ἔχομεν ἐν τοῖς Πορίσμασιν. 
1. ἑτέρως Tannery, ἐτέρω codd, 





a contemporar of Ana bishop of Laodicea about 
aD. 280 (τ Lp pp. 23). For references by Plato and a 
a ra Th ods of reckoning, v. vol. ἢ, 


- * Of these thirteen books In the rithmetica, only six 
16 
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him in a different way and in the most concise form, 
and dedicated his work to Diophantus.* 


Diophantus, Arithmetica i., Preface, Dioph. ed. Tannery I. 
[4, 25-16, 7 
Now let us tread the path to the propositions 
themselves, which contain a great mass of material 
compressed into the several species. As they are 
both numerous and very complex to express, they 
are only slowly grasped by those into whose hands 
they are pat and include things hard to remember ; 
for this reason I have tried to divide them up ac- 
cording to their subject-matter, and especially to 
place, as is fitting, the elementary propositions at 
the beginning in order that passage may be made 
from the simpler to the more complex. For thus 
the way will be made easy for beginners and what 
they learn will be fixed in their memory ; the treatise 
is divided into thirteen books,* 


_ bid. y. 3, Dioph. ed, Tannery i. 316. 6 
We have-it in the Porisms.* 


have survived. Tannery sug; that the commentary on 
it written b aad ace daughter of Theon of Alexandria, 
extended only to these first six books, and that consequently 
little notice was taken of the remaining seven. There would 
be a parallel in Eutocius’s commentaries on Apollonius's 
Contes. Nesselmann argues that the lost books came in the 
middle, but ‘Tannery (Dioph, ii. xix-xxi) gives strong reasons 
pe Shinking it ts the last abd most ditic t books h have 


ost. 

* Whether this collection of propositions in the Theory of 
Numbers, several times referred to in the Arithmetica, 
formed a separate treatise from, or was included in, that 
work is disputed; Hulisch and Heath take the former view, 
in my opinion judiciously, but Tannery takes the latter, 
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[δὴ Noratron 
Thid, τ. Praef., Dioph. ed. Tannery i. 2, 3-6. 21 


Τὴν εὕρεσιν τῶν ἐν τοῖς ἀριθμοῖς προβλημάτων, 
τιμιώτατέ μοι Διονύσιε, γινώσκων σε σπουδαίως 
ἔχοντα μαβεῖν, ἰὀργανῶσαι τὴν μέθοδον) ἐπει- 
ράθην, ἀρξάμενος ad’ ὧν συνέστηκε τὰ πράγματα 
θεμελίων, ὑποστῆσαι τὴν ἐν τοῖς ἀριθμοῖς φύσιν 
τε καὶ δύναμιν. 

Ἴσως μὲν οὖν δοκεῖ τὸ πρᾶγμα δυσχερέστερον, 
ἐπειδὴ μήπω γνώριμόν͵ ἐστιν, δυσέλπιστοι γὰρ εἰς 
κατόρθωσίν εἶσιν αἱ τῶν ἀρχομένων ψυχαί, ὅμως 
δ᾽ εὐκατάληπτόν cot γενήσεται, διά τε τὴν σὴν 
προθυμίαν καὶ τὴν ἐμὴν ἀπάδειξα- ταχεῖα γὰρ εἷς 
μάθησιν ἐπιθυμία προσλαβοῦσα διδαχήν. 

᾿Αλλὰ καὶ πρὸς τοῖσδε γινώσκοντί σοι πάντας 
τοὺς ἀριθμοὺς συγκειμένους €x μονάδων πλήθους 
τινός, φανερὸν καθέστηκεν εἰς ἄπειρον ἔχειν τὴν 
ὕπαρξιν. τυγχανόντων δὴ οὖν ἐν τούτοις 

ὧν μὲν τετραγώνων, ot εἶσιν ἐξ ἀριθμοῦ τινὸς 
ἐφ᾽ ἑαυτὸν πολυπλασιασθέντος" οὗτος δὲ ὁ ἀριθμὸς 
καλεῖται πλευρὰ τοῦ τετραγῶν ΟἹ" 

ὧν δὲ κύβων, οἵ εἰσιν ἐκ τετραγώνων ἐπὶ τὰς 
αὐτῶν πλευρὰς πολυπλασιασθέντων, 

av δὲ δυναμοδυνάμεων, οἵ εἶσιν ἐκ τετραγώνων 
ep ἑαυτοὺς πολυπλασιασθέντων, 

ὧν δὲ δυναμοκύβων, οἵ εἶσιν ἐκ τετραγώνων ἐπὶ 


1 δργανῶσπαι τὴν μέθοδον om. Tannery, following the most 
ancient ΜΒ, 
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(4) Novation @ 
fiid. i, Preface, Dioph. ed. Tannery i. 5, 3-6. 21 


Knowing that You are anxious, my most esteemed 
Dionysius, to learn how to solve problems in numbers, 
I have tried, beginning from the foundations on 
which the subject is built, to set forth the nature and 
power in numbers. 

Perhaps the subject will appear to you rather 
difficult, as it is not yet common knowledge, and the 
minds of beginners are apt to be discouraged by 
mistakes ; but it will be easy for you to grasp, with 
your enthusiasm and my teaching; for keenness 
backed by teaching is a swift road to knowledge. 

As you know, in addition to these things, that all 
numbers arc made up of some multitude of units, it 
is clear that their formation has no limit. Among 
them are— | : 

sen which are formed when any number is 
multiplied by itself; the number itself is called the 
side of the square δ. 

cubes, which are formed when squares are multi- 
plied by their sides, 

squere-squares, Which are formed when squares are 
multiplied by themselves ; 

square-cubes, which are formed when squares are 

5. This subject is admirably treated, with two original con- 
sieve by eer ἕ it eee af rggesnaas olay 2nd oa 

. 34-53. ~ Diophantus’s method epresenting 
rida el and fractions has already be a atest re. L. 
pp. 444-65). Among other abbreviations used by [iophantus 
are O™, declined throughout its cases, for rerpayoves; and 
ie. (apparently ef in the archetype) for the sign =, connecting 
two sides of an equation. 

* Or “ square root.” 
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τοὺς ἀπὸ τῆς αὐτῆς αὐτοῖς πλευρᾶς κύβους πολυ- 
πλασιασθέντων, 

ὧν δὲ κυβοκύβων, οὗ εἰσιν ἐκ κύβων ἐφ᾽ ἑαυτοὺς 
πολυπλασιασθέντων, 

ἔκ τε τῆς τούτων ἦτοι συνθέσεως ἢ ὑπεροχῆς 
ἢ πολυπλασιασμοῦ ἢ λόγου τοῦ πρὸς ἀλλήλους ἢ 
καὶ ἑκάστων πρὸς τὰς ἰδίας πλευρὰς συμβαίνει 
πλέκεσθαι πλεῖστα προβλήματα ἀριβμητικά" λύεται 
δὲ βαδίξζοντός σου τὴν ὑποδειχθησομένην ὁδόν. 

᾿Εδοκιμάσθη οὖν ἕκαστος τούτων τῶν ἀριθμῶν 
συντομωτέραν ἐπωνυμίαν κτησάμενος στοιχεῖον τῆς 
ἀριβμητικῆς θεωρίας elven: καλεῖται οὖν oa μὲν 
τετράγωνος. δύναμις καὶ ἔστιν αὐτῆς σημεῖον τὸ 
A ἐπίσημον ἔχον Y, ΔΓ δύναμις" 

ὁ δὲ κύβος καὶ ἔστιν αὐτοῦ σημεῖον K ἐπίσημον 
ἔχον TY, Κ΄ κύβος" 

ὦ δὲ ἐκ τετραγιώνου ἐφ᾽ ἑαυτὸν πολυπλασια- 
σθέντος δυναμοδύναμις καὶ ἔστιν αὐτοῦ σημεῖον 
δέλτα δύο ἐπίσημον ἔχοντα Ὑ, AXA δυναμοδύναμις" 

ὁ δὲ ἐκ τετραγώνου ἐπὶ τὸν ἀπὸ τῆς αὐτῆς αὐτῷ 
πλευρᾶς κύβου πολυπλασιασθέντος δυναμάκυβος 
καὶ ἔστιν αὐτοῦ σημεῖον τὰ AK ἐπίσημον ἔχοντα 
T, ΔΙ᾽ δυναμόκυβος" 

6 δὲ ἐκ κύβου ἑαυτὸν πολυπλασιάσαντος κυβό- 
κυβὸς καὶ ἔστιν αὐτοῦ σημεῖον δύο κάππα ἐπίσημον 
ἔχοντα TY, KK κυβόκυβος. 

Si 
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multiplied by the cubes formed from the same 


sicle : 
cube-cubes, which are formed when cubes are multi- 
plied by themselves ; 

and it is from the addition, subtraction, or multi- 
plication of these numbers or from the ratio which 
they bear one to another or to their own sides that 
most arithmetical problems are formed ; you will be 
able to solve them if you follow the method shown 
below, 

Now each of these numbers, which have been given 
abbreviated names, is recognized as an element in 
arithmetical science; the square [of the unknown 
quantity |" is called dynanus and its sign is A with the 
index Y, that is A* ; 

the cube is called cubus and has for its sign K with 
the index Y, that is K* ; 

the square multiplied by itself is called dynamo- 
dynamis and its sign is two deltas with the index Y, 

hat is ATA; 

the square multiplied by the cube formed from the 
same root is called dynamocubus and its sign is AK 
with the index Y, that is AK* ; 

the cube multiplied by itself is called cwhocubus and 
its sign is two kappas with the index Y, K*K, 


* It ts not here stated in so many words, but becomes 


prihsnenlly hihi iariceaialbrentbeme τον 5 and its 
abbreviation are restricted to the square of the unknown 


uantity; the square of a determinate number is τετράγωνος, 
There is only one term, κύβος, for the cube both of a deber- 
sd yaaa Bet ra yi eg aig The Noa terms, 
when written oll as μοδύναμις, δυναμόκυβος and κυβύ- 
κυβοὸς, are used respectively for the fourth, fifth and sixth 
poe both of csrpicheeeeat ly bana and of the unknown, 
t their abbreviations, and that for «fer, are used to 
powers of the unknown only, 
52) 
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Ὃ δὲ μηδὲν τούτων τῶν ἰδιωμάτων κτησάμενος, 


ἔχων δὲ ἐν ἑαυτῷ πλῆθος μονάδων ἀόριστον, 
ἀριθμὸς καλεῖται καὶ ria ie Sie τὸ 5, 

Ἔστι δὲ καὶ ἕτερον σημεῖον τὸ ἀμετάθετον τῶν 
ὡρισμένων, ἡ μονάς, καὶ ἔστιν αὐτῆς σημεῖον τὸ M 
ἐπίσημον. ἔχον τὸ O, Μ. 

"Ὥσπερ δὲ τῶν ἀριθμῶν τὰ ὁμώνυμα μόρια παρ- 
ὁμοίως καλεῖται τοῖς ἀριθμοῖς, τοῦ μὲν τρία τὸ 
τρίτον, τοῦ δὲ τέσσαρα τὸ τέταρτον, οὕτως καὶ 
τῶν νῦν ἐπονομασθέντων ἀριθμῶν τὰ ὁμώνυμα 
μύρια κληθήσεται παρομοίως τοῖς ἀριθμοῖς" 


τοῦ μὲν ἀριθμοῦ τὸ ἀριθμοστόν, 
τῆς δὲ δυνάμεως τὸ δυναμοστόν, 
τοῦ δὲ κύβου τὸ κυβοστόν, 


τῆς δὲ δυναμοδυνάμεως τὸ δυναμοδυναμοστόν, 
τοῦ δὲ δυναμοκύβου τὸ δυναμοκυβοστόν, 
τοῦ δὲ κυβοκύβου τὸ κυβοκυβοστάν' 


ἕξει δὲ ἕκαστον αὐτῶν ἐπὶ τὸ τοῦ ὁμωνύμου 
ἀριθμοῦ σημεῖον γραμμὴν M&M διαστέλλουσαν τὸ 
εἶδος. 





* L am entirely convinced by Heath's argument, based on 
the Bodleian ss. of Diophantus and general considerations, 
that this symbol is really the first two letters of ἀριθμός ς this 
iy ech brings the symbol into line with Diophantus's 
abbreviations for δύναμις, : and so on. It may be 
declined seh aang its cases, ¢.9., 5°" for the genitive plural, 
ἐπῆγα p. 552, line 5, 


L has only one symbol for an unknown quantity, 
but his problems often lead to subsidiary equations involving 
other unknowns. He shows great ingenuity in isolating 
these subsidiary unknowns, In the translation I shall use 
ΡΣ, 
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The number which has none of these character- 
istics, but merely has in it an undetermined multitude 
of units, is called arithmas, and its sign is 5 [1]. 

There is also another sign denoting the invariable 
element in determinate numbers, the unit, and its 
sign is M with the index O, that is M. 

As in the case of numbers the corresponding 
fractions are called after the numbers, a third being 
called after $ and a_ fourth after 4, so the functions 
named above will have reciprocals called after them : 


arithmos [5] arithmoston [:} 
dynamis (29) dynamoston [τ 
cubuee [23] cuboston [ 3} 
dynamodynamis [1] dynamodynamoston [3} 
dynamocubus [15] dynamocuboston Ei 
cubocubus [45] cubocubosion | 5, | 


And each of these will have the same sign as the 
corresponding process, but with the mark to dis- 
tinguish its nature.* 


different letters for the different unknowns as they occur, for 
example, x, =, m. 

Diophantus does not admit negative or zero values of the 
unknown, but positive fractional values are admitted, 

* So the symbol is printed by Tannery, but there are many 
variants in the sss. 
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Id. t.. Praef., Dioph. ed. ‘Tannery i. 19. 19-21 
Acting ἐπὶ λεῖψιν πολλαπλασιασθεῖσα ποιεῖ 
ὕπαρξιν, λεῖψις δὲ ἐπὶ ὕπαρξιν ποιεῖ λεῖψιν, καὶ 
τῆς λεύψεως σημεῖον ‘FE ἐλλιπὲς κάτω νεῦον, A, 


(c) ΠΕΤΈΝΜΙΝΑΤΕ Equations 
(i.) Pure Determinate Equations 
Ibid. τος Praef., Dioph. ed. Tannery i. 14. 11-20 

Mera δὲ ταῦτα ἐὰν ἀπὸ mpoBAijparos τινος 
γένηται εἴδη τινὰ ἴσα εἴδεσι τοῖς αὐτοῖς, μὴ ὑμο- 
πληθὴ δέ, ἀπὸ ἑκατέρων τῶν μερῶν δεήσει ἀφαι- 
ρεῖν τὰ ὅμοια ἀπὸ τῶν ὁμοίων, ἕως ἂν ἕν εἶδος 
ἑνὶ εἴδει ἴσον γένηται. ἐὰν δὲ πως ἐν ὁποτέρῳ 
ἐνυπάρχῃ ἢ ἐν ἀμφοτέροις ἐν ἐλλεύψεσί τινα εἴδη, 
δεήσει προσθεῖναι τὰ λείποντα εἴδη ἐν ἀμφοτέροις 
τοῖς μέρεσιν, ἕως ἂν ἑκατέρων τῶν μερῶν τὰ εἴδη 
ἐνυπάρχοντα γένηται, καὶ πάλιν ἀφελεῖν τὰ ὅμοια 
ἀπὸ τῶν ὁμοίων, ἕως ἂν ἑκατέρῳ τῶν μερῶν ἕν 


εἶδος καταλε θῇ A 





* Lit. “a deficiency multiplied by a deficiency ma 
forthooming.”” ency map y a deficiency makes a 

* The sign has nothing to do with ὙΠ, but I see no reason 
why Diophantus should not have described it by means of 'f, 
ἔα 
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Ibid, i., Preface, Dioph. ed. Tannery i. 12. 19-21 


A minus multiplied by a mians makes a plus? a 
mbes Poi crap by a plus makes a minus, and the 
sign of a minws is a truncated Y turned upside down, 
that is A. 


(c) Detenminate Equations 
(i.) Pure * Determinate Equations 
Ibid. i., Preface, Dioph. od. Tannery i. 14. 11-20 


Next, if there result from a problem an equation 
in which certain terms are equal to terms of the same 
species, but with diferent coefficients, it will be 
necessary to subtract like from like on both sides 
until one term is found equal to one term. If per- 
chance there be on either side or on both sides any 
negative terms, it will be necessary to add the nega- 
tive terms on both sides, until the terms on both sides 
become positive, and again to subtract like from like 
until on each side one term only is left.? 


and rte agree with Heath {ἢ Ὁ. ΔΓ, ii, 459) that “ the 
deseri ia evidently interpolated.” But Heath seems 
right ie cousestarestiek thede-tn 1885, that the sign A, is 
a compendium for the root of the verb λείπειν, and is, in | 

a A with an I placed in the middle. When the’ sign i resolves 
in the manuscripts into a word, the dative dekh is 

used, but there is no conclusive proof that: jophat 
used this not form. 

A is one conlaining only one power of the 
Pee a tetecer its ts degree: a mized equati ἢ contnins 
more than one power of the unknown. 

* In modern notation, Diophantus manipulates the equa- 
tion until it is of the form Az“=B; as he recognizes onl 

᾿ pol yen of 2 satisfying this equation, it is then then soneidured 
80 
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(ii.) Quadratic Equations 
Ibid. iv. 39, Dioph. ed. Tannery 1. 298. T-306. Β 

Evpet τρεῖς ἀριθμοὺς ὅπως ἡ ὑπεροχὴ τοῦ 
μείζονος καὶ τοῦ μέσου πρὸς τὴν ὑπεροχὴν τοῦ 
μέσου καὶ τοῦ ἐλάσσονος λόγον ἔχῃ δεδομένον, 
ὅτι δὲ καὶ σὺν δύο λαμβανόμενοι, ποιῶσι τετράγω- 
por. 

Ἐπιτετάχθω δὴ τὴν ὑπεροχὴν τοῦ μείζονος Kal 
τοῦ μέσου τῆς ὑπεροχῆς τοῦ μέσου καὶ τοῦ ἐλα- 
γίστου εἶναι γῆς. 

"Emel δὲ συναμφότερος ὁ μέσος καὶ o ἐλάσσων 
ποιεῖ [], ποιείτω M5. 6 ἄρα μέσος μείξων ἐστὶ 


ἐλαχίστου Ξβ, ἡ ἄρα ὑπεροχὴ τοῦ μείζονος καὶ 
τοῦ μέσου ἔσται 25, καὶ 6 μείζων ἄρα ἔσται 


Λοιπόν ἐστι δύο ἐπιτάγματα, τό τε σι ἡτερον 
{τὸν μείζονα καὶ τὸν ἐλάχιστον ποιεῖν ΓΝ, καὶ 


5ῆΜ δία. ()*, καὶ SF M Sie. Cr. 
καὶ διὰ τὸ τὰς Μ εἶναι τετραγωνικάς, εὐχερής 
ἐστιν ἦ ἴσωσις. 
1 fort add. Bachet. 


a τὸν μείζονα ΕΒ ἃ κ᾿ τὸν μείζονα add. Tannery. 
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(ii.) Quadratic Equations α 
Ibid. iv. 39, Dioph. ed. Tannery i. 298, 7-306, 8 

To find three numbers such that the difference of the 
greatest and the middle has to the dijference of the middle 
and the least a given ratio, and further such that the sum 
of any two is a square, 

Let it be laid down that the difference of the 
greatest and the middle has to the difference of the 
middle and the least the ratio 3: 1. 

since the sum of the middle term and the least 
makes a square, let it be 4. Then the middle term 
> Let it be «+2. - Then the least term =? —-<, 

And since the difference of the greatest and the 
middle has to the difference of the middle and 
the least the ratio 3:1, and the difference of the 
middle and the least is ὥς, therefore the difference 
of the greatest and the middle is ὅν, and therefore 
the greatest will be Tr +2. 

ere remain two conditions, that the sum of the 
eatest and the least make a square and the sum of 
the greatest and the middle make a square. And I 
am left with the double equation ὃ 
Br ἐδ τα square, 
ir ++=a square, 
And os the units are squares, the equation is con- 
venient to solve. 
* The SIE takes up only « small part of this 


GREEK MATHEMATICS 


Πλάσσω ἀριθμοὺς δύο ἵνα ὁ ὑπ᾽ αὐτῶν ἦ Ξ, 
καθὼς U αν διπλῆν ὦ ἰσότητα: ἕστω οὖν S32” καὶ 
M5: καὶ lars ba a 5 Μριβ. ἐλθὼν ἐπὶ τὰς ὑπὸ- 
στάσεις, οὐ δύναμαι ἀφελεῖν ἀπὸ MB τὸν Sa 
τουτέστι Tas M ριβ' θέλω οὖν τὸν 5 εὑρεθῆναι 
ἐλάττονα MB, ὥστε καὶ 55 M5 ἐλάσσονες ἔσονται 
Mir. ἐὰν γὰρ ἧ δυὰς ἐπὶ 3F γένηται καὶ προῦσ- 
λάβη M5, ποιεῖ Me. 

᾿Ἔπεὶ οὖν ζητῶ ΞΜ ia. [" καὶ S=M5 
ig. [I*, ἀλλὰ καὶ ὁ ἀπὸ τῆς δυάδος, rosrentt 
M4, (1* dom, γεγόνασι τρεῖς 1", 5η Μ 8, καὶ 
5: M6, καὶ M5, καὶ ἡ ὑπεροχὴ τοῦ μείζονος 
καὶ τοῦ μέσου τῆς ὑπεροχῆς τοῦ μέσου καὶ τοῦ 
ἐλαχίστου 7,5 μέρος ἐστίν. weit nd οὖν μοι εἰς 
τὸ εὑρεῖν (rpeis)' τετραγώνους, ὅπως ἡ ὑπεροχὴ 
τοῦ μείζονος καὶ τοῦ μέσου τῆς ὑπεροχῆς τὸ 
μέσου καὶ τοῦ ἐλαχίστου y" μέρος 7}, ἔτι δὲ ὁ μὲν 
ἐλάχιστος ἧ M5, ὁ δὲ μέσος ἐλάσσων Mir. 


1 τρεῖς add. Bachet. 
* If we put 
S2+4=—(p+q)', 
6r+4=(p-g), 
on subtracting, 2a = dpa, 


Substituting 9» Ξε ἡ, 2¢=4 (£2, p=}e, y=2) in the first 
equation we get 


Se + 4o( jr τ 8)", 
whence w= 18, 
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I form two numbers whose product is 2x, according 
to what we know about a double equation ; let them 
be ἐπ and 4; and therefore =112,5 But, returning 
to the conditions, I cannot subtract x, that is 119, 
from 2; I desire, then, that x be found <?, so that 
Gr+d¢<16. For2.6+4=16, 

Then since I seek to make 82 φάττα square, and 
Gr τ ὁ τοῦ square, while 2. 2=4 is a square, there are 
three squares, 8x +4, ὃς +4, and 4, and the difference 
of the greatest and the middle is one-third® of the 
difference of the middle and least. My problem 
therefore resolves itself into finding three squares 
such that the difference of the greatest and the 
middle is one-third of the difference of the middle 
and least, and further such that the least =4 and the 
middle «- 18. : 

7 al Sa shea ene gr 
ἔσται ἄρα ὁ μὲν 52M ἢ, ὁ δὲ 5 aM, to. ΓΙ" καὶ τοῦτο τὸ εἶδος 
καλεῖται διπλοϊσότητ' ἰσοῦται δὲ τὸν tp τοῦτον. ἰδὼν τὴ 
ὑπεροχήν, ζήτει δύο ἀριθμοὺς ἵνα τὸ ὑπ᾽ αὐτῶν ποιῇ τὴν iit 

ue 18 καὶ Mt a”. ae 4 - ΤΥ 
Pin Pcie καὶ all πονῶν 3 ce cobs ae oe as 


ence; they are 4.and }. Then, cither the square of half the 
difference of these numbers is equated to the lesser, or the 
square of half the sum to the preater,” 
has, of course, nothing to do with the ratio of the differences 
in the main problem: the fact that they are reciprocals may 
lead the casual reader to Suspect Wn error, 
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Terdy Ben G μὲν ἐλάχιστος M5, ἡ δὲ τοῦ μέσου 
π᾿ 8a Μ β' αὐτὸς ἄρα ἔσται ὁ [1", A’ asiM5. 

Ἐπεὶ οὖν ἡ ὑπεροχὴ τοῦ μείζονος καὶ τοῦ μέσου 
τῆς ὑπεροχῆς τοῦ μέσον καὶ τοῦ ἐλαχίστου γὴν 
μέρος ἐστίν, καὶ ἔστιν ἡ ὑπεροχὴ τοῦ μέσον καὶ 
τοῦ ἐλαχίστου Δ᾽ ᾶ58, ὥστε ἡ ὑπεροχὴ τοῦ 
μεγίστου καὶ τοῦ μέσαυ ἔσται AY y* 5ἃ γῆ καὶ 
ἔστιν 6 μέσος Δ᾽ ἃ 5ὃ Μδ' ὁ dpa μέγιστος 
fora ATG γα ξὲγλ MS ic. OY πάντα Oe AY 
ἄρα ιβ Ξμη Μὰς to. [1 καὶ τὸ O° αὐτῶν' 
Δ᾽ Sn ΒΜ ic. Or. 

"Ere δὲ θέλω τὸν μέσον τετράγωνον ἐλάσσονα 
εἶναι Miz, καὶ τὴν π᾿ δηλαδὴ ἐλάσσονος M6. 
ἡ δὲ πλευρὰ τοῦ μέσου ἐστὶν 5 ἃ Μ β' ἐλάττονές 
εἶσι M5. καὶ κοινῶν ἀφαιρεθεισῶν τῶν BM, ὅ 
5. ἔσται ἐλάσσονος Mf. 

Γέγονεν οὖν μοι Δ΄ ysipBMé ἴσ. ποιῆσαι 
Cl". πλάσσω Γ" Tera ἀπὸ ΜΠ λειπουσῶν 5 
τινας" καὶ γίνεται ὁ Ξ ἔκ τινος ἀριθμοῦ τα γενο- 
μένου καὶ προσλαβόντος τὸν ιβ, τουτέστι τῆς 
ἰσώσεως τῆς 5 ιβ, καὶ μερισϑέντος εἰς τὴν ὑπεροχὴν 
ἣ ὑπερέχει ᾧ ἀπὸ τοῦ ἀριθμοῦ ΓΙ" τῶν Δ' τῶν 
ἐν τῇ ἰσώσει 7. ἀπῆκται οὖν μοι εἰς τὸ εὑρεῖν 
Tia ἀριθμόν, ὃς © γενόμενος καὶ προσλαβὼν 
MiB καὶ μεριζόμενος els τὴν ὑπεροχὴν ἦ ὑπερέχει 
6 ἀπὸ τοῦ αὐτοῦ Γ΄" τριάδος, sain apapitty 
ἐλάσσονος M ἢ. 


oo) 
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Let the least be taken as 4, and the side of the 
middle as s +2; then the square is εἴ 445 +4. 

Then since the difference of the greatest and the 
middle is one-third of the difference of the middle 
and the least, and the difference of the middle and 
the least is 2?+42, so that the difference of the 
greatest and the least is }2"+11s, while the 
middle term is s*+42+4, therefore the preatest 
term = 1 5 δὶς πὰ square. M ultiply through- 
out by 9: | 

1227 +482 +36=a square ; 
and take the fourth part : 
8ε5 +122 49=a square. 

Further, I desire that the middle square <16, 
whence clearly its side <4. But the side of. the 
middle square is = +2, and so z 49-4, Take away 
2 from each side, and 2 <9, 

My equation is now 

$27 +125+90=4 square, 
= (mir = 3}, Say." 

= Gm +12 
Then = its? 
and the equation to which my problem is now re- 
solved is j 
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. "Forex ἃ ζητούμενος 5 a* οὕτως ΓΗ yepoieres 
καὶ προσλαβὼν M ιβ, ποιεῖ 5: 4. 6 δὲ ἀπ᾽ 
αὐτοῦ ΓΊ“", AM#, ποιεῖ AY ἃ ΑΝ. θέλω οὖν 
55 MiB μερίζεσθαι εἰς ΔΙΑ: fF καὶ ποιεῖν τὴν 
παραβολὴν ἐλάσσονος M β. ἀλλὰ καὶ ὁ β pepito- 
μενος εἰς Ma, ποιεῖ τὴν παραβολὴν ' ὥστε 
5: Μ πρὸς ΔΙΔΑΝΙ; ἐλάσσονα λόγον ἔχουσιν 
ἥπερ B πρὸς ἃ. 


Καὶ χωρίον χωρίῳ ἄνισον' ὦ ἄρα ὑπὸ ΞΜ β 
καὶ Ma ἐλάσσων ἐστὶν τοῦ ὑπὸ δυάδος καὶ 


AY aa My 7, τουτέστιν $5 MiB sheeted εἰσιν 
A* B. AME. καὶ κοιναὶ Sacre i MF. 
ΞΕ Mi [ἢ feel ΔΒ 


“Ὅταν δὲ τοιαύτην ἰσωσιν ἰσώσωμεν, ποιὸ ποιοῦμεν 
τῶν 5 τὸ 4’ ἐφ' cavro, γίνεται OU, καὶ τὰς AY B 


ἐπὶ τὰς δ᾽ τῇ, γίνονται ἀξ - πρύσθες τοῖς 0, γίνονται 
μὲ, ὧν aw οὐκ ἔλαττόν ἐστι Μξ: πρόσθες τὸ 
ἡμίσευμα τῶν 8. {γίνεται οὐκ ἔλαττον Mi καὶ 
μέρισον εἰς τὰς A‘*>' γίνεται οὐκ ἔλαττον Με. 
Γέγονεν οὖν μοι Δ. Ξιβ ΝΜ to. ΓΙ. τῷ ἀπὸ 


πὸ M PASE, καὶ γίνεται a 3 Μ" μβ τουτέστιν με 


Τέταχα δὲ τὴν τοῦ μέσου (J™ πὸ Βὰ M ἢ: 
1 γένεται. . . τὰς AY add. Tannery. 
5 This is not strictly true. But since 4/45 lies Suede 


6 and 7, no smaller integral ταὶ than 7 will satisfy the 
conditions of the problem, 


mole 
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The inequality will be preserved when the term 
are cross-multiplicd, 
ff, ( Game +12), ] <2. (m?-3) " 
on Gm +12 <2m? -6. 

By adding 6 to both sides, 
Gm +18 «Ομ, 

When we solve such an equation, we multiply half 
the coefficient of x [or m] into itself—getting 9 ; 
then multiply the coefficient of τὲ into the units 
—2.18=36 ; add this last number to the 9—getting 
45; take the square root—which is «75: add half 
vie τρειθεῖσαι ἐξ agin a number +10; and 

ivide the result © cocfhcient of 2*—getting 
number «5,5 J z 

My equation is therefore 

$2* +125 +9 =n square on side (8 -- δεῖ, 


and s=—=—* 
[ have made the side of the middle square to be 
* This shows that Diophantus bad a perfectly general 


formula for solving the equation 
ax = hr - δ, 
ie? «οὐδεν Fae 


re 
From vi. 6 it becomes clear that he had a similar ge 
formula for solving a oi ae 


ar’ τα τεῦ, 
and from ν, 10 and yi, 22 it may be inferred that he had 
general solution for ‘ ᾿ 
ax? +cshe. 
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ἔσται ἡ τοῦ On πὸ MM αὐτὸς δὲ ὁ ΓῚ" 
5 par 
M ᾿αωμϑ' 
"Epyopa οὖν ἐπὶ τὸ ἐξ ἀρχῆς καὶ τάσσω 


M κα ὄντα Lj”, to. τοῖς SEM5- καὶ πάντα 


aco" © 
els pea καὶ γίνεται ὦ 5 jes καὶ ἔστιν ἐλάσσων 
δυάδος. 

‘Eni τὰς ὑποστάσεις τοῦ προβλήματος τοῦ ἐξ 
ἀρχῆς" ὑπέστημεν δὴ τὸν μὲν μέσον Ξὰ Μ B, τὸν 
δὲ ἐλάχιστον ΜΗ ΑΞᾶ, τὸν δὲ μέγιστον SEM ἢ. 
ἔσται ὁ μὲν μέγιστος α. αἴ, o δὲ B* Bunt, ὁ 
δὲ ἐλάχιστος 6 y" al. καὶ ἐπεὶ τὸ μόριον, ἔστι τὸ 
ins, οὖκ ἔστιν []™, © δέ ἐστιν αὐτοῦ, ἐὰν 
λάβωμεν pea, ὅ ἐστι (]™, πάντων οὖν τὸ τον 
καὶ ὅμοΐιως ἔσται ὁ μὲν a™ pean" {ood Zz: a δὲ 
Bs υξθ Ζ᾽, ἃ δὲ γε BL’, 

Καὶ ἐὰν ἐν ὁλοκλήροις θέλῃς ἵνα μὴ τὸ 4’ ἐπι- 
teben εἰς 8° ἔμβαλε, καὶ ζροταῦ dee hae ὁ δὲ 


. ὑπ τς μπῇ Ca ae } 
Be ,Awor" ὁ δὲ y" sbi KOE 7] ἀπόδειξις φανερά, 
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= +2; therefore the side will be = and the square 


: , 1849 
itself Te1° 


I return now to the original problem and make 
sar; which is a square, =62+4. Multiplying by 


Shh 
121 throughout, I get - which is <9, 


In the conditions of the original problem we made 
the middle term=2+2, the least=2- 2, and the 
greatest Tx +2, 

Therefore 
11007 

726 
| ς ΦΒ17 
the middle = "705" 
ΒΤ 
786 
Since the denominator, 726, is not a square, but its 
sixth part is, if we take 121, which is a square, and 
divide throughout by 6, then similarly the numbers 


are 

834} 100} ἢ 

1359] " 191" 19] 
_And if you prefer to use integers only, avoiding 
the ery throughout by 4, Then the numbers 
will 


7338 187858 
454" 4694" 484 
And the proof is obvious, 


the greatest = 


the least = 
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(iii.) πη απο Equations Leading to a Quadratic 
SItid. i. 28, Dioph. ed. Tannery i. ie, a-ha, τῇ 
Εὐρεῖν δύο ἀριθμοὺς ὅ πὼς καὶ ἡ σύνθεσις αὐτῶν 
καὶ Ἧ σύνθεσις τῶν ἀπ᾽ αὐτῶν τετραγώνων ποιῇ 


δοθέντας ἀριθμούς. 
Δεῖ δὴ τοὺς bis d ἀπ᾽ αὐτῶν τετραγώνους τοῦ ἀπὸ 


συν ἔρου αὐτῶν - 
τ ΕΝ antenna 
. Ἐπιτετάχθω δὴ τὴν μὲν σύνθεσιν αὐτῶν ποιεῖν 
Κ, τὴν ps σύνθεσιν τῶν ἀπ᾿ αὐτῶν τετραγώνων 
ποιεῖν M a7 
Τετάχϑω δὴ ἡ ἢ ὑπεροχὴ αὐτῶν 5 β. καὶ ἔστω 
6 μείζων 54 καὶ Mi, τῶν ἡμίσεων πάλιν τοῦ 
cuviguaros, ὁ δὲ ἐλάσσων Mims ἃ. καὶ μένει 
ob ie τὸ μὲν σύνθεμα αὐτῶν M x, ἡ δὲ ὑπεροχὴ 


τἰλη τόν ἐστι καὶ τὸ σύνθεμα τῶν ἀπ᾿ αὐτῶν 
τετραγνόνοιν ποιεῖν M a: αλλὰ τὸ σύνθεμα τῶν 
aa αὐτῶν τεγράγινονν ποιεῖ A’ AMa. ταῦτα 
ioe Man, καὶ vere oO ΞΜ. 

"Eni τὰς ὑποστάσεις. ἔσται ὁ μὲν μείζων ΝΜ τῇ, 
ὁ δὲ ἐλάσσων Μ ἢ. καὶ ποιοῦσι τὰ τῆς προτάσεως. 


* In general terms, Diophantus's problem is to κοῖνο ‘thin the 
eimultancous equations 


ἔτη =a 

Cryo. 
He says, in effect, Jet ἔ--η =92; 
then f=a+2, ἡ Ξε -- ἅς 
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(iii.) Simultaneous Equations Leading to a Quadratic 
Ibid. i. 28, Dioph. ed. Tannery i. 62. 20-64. 10 


To find two numbers such that their sum and the sin of 
their squares are given numbers.2 

It is a necessary condition that double the sum of 
their squares exceed the square of their sum by a 
square, This is of the nature of a formula, 

Let it be required to make their sum 20 and the 
sum of their squares 208, 

Let their difference be 2r, and let the greater 
ΞΖ +10 (again adding half the sum) and the lesser 
=l0—z. 

Then again their sum is 20 and their difference ὃς. 

It remains to make the sum of their squares 208, 
But the sum of their squares is 22% +200, 


Therefore 22° +200 = 208, 
and r= 2, 

To return to the hypotheses—the greater = 19 
and the lesser =8, And these satisfy the conditions 
of the problem. 


ancl (a+2P+(a-a)'=A, 
Ley a" +A, 
A procedure equivalent to the solution of the pair of aimul- 
tancous equations ἔξ ἢ Ξε θα, ξῃ Ξε αὶ is given in 1, ΩΤ, and a 
ae equivalent to the solution of f-y=2a, fy =A, 
in i. 30, 
in 


ἀπὰς (¢-9)". TI have followed Heath in transla δὲ 


aa casy to form a mould,” te. the formula is easy to discover, 
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(iv.) Cubic Equation 
(tid, vi. 17, Dioph. ed. Tannery i. 482. 19-434. 29 

Εὐρεῖν τρίγωνον dpfoyanov ὅπως 6 ἐν τῷ 
ἐμβαδῷ αὐτοῦ, προσλαβὼν τὸν ἐν τῇ ὑποτεινούσῃ, 
ποιῇ τετράγωνον, d δὲ ἐν τῇ περιμέτρῳ αὐτοῦ ἡ 
Pall oF. 

Terdyf ἃ ἐν τῷ ἐμβαδῷ αὐτοῦ sa, 6 δὲ ἐν τῇ 
ὑποτεινούσῃ αὐτοῦ M τινῶν τετραγωνικῶν M54, 
ἔστω Miz ASG. 

᾿Αλλ᾽ ἐπεὶ ὑπεθέμεθα τὸν ἐν τῷ ἐμβαδῷ αὐτοῦ 
εἶναι Sd, ὦ dpa ὑπὸ τῶν περὶ τὴν ὀρθὴν αὐτοῦ 
γίνεται Ξβ, ἀλλὰ SP περιέχονται ὑπὸ 3a καὶ 
MB: ἐὰν οὖν τάξωμεν μίαν τῶν ὀρθῶν M B, ἔσται 
ἡ ἑτέρα Sa, 

Καὶ γίνεται ἡ περίμετρος Μτῆ καὶ οὐκ ἔστι 
κύβος" ὁ δὲ ζῆ γέγονεν ἔκ τινος [" καὶ Μ' 
δεήσει ἄρα εὑρεῖν OC) τινα, ὅς, προσλαβὼν MB, 
ποιεῖ κύβον, ὥστε κύβον Cle ὑπερέχειν MB. 

Τετάχθω οὖν ἡ μὲν τοῦ [5 os SaMG, ἡ δὲ 
τοῦ κύβου SaMMa. γίνεται ὅ μὲν 1", 
A'aSBMa, ὃ δὲ κύβος, K'as7AA" 7 Ma. 
θέλω οὖν τὸν κύβον τὸν [" ὑπερέχειν δυάδι’ 6 
ἄρα []™ μετὰ δυάδος, τουτέστιν Δ' ἃ 58ἘΝ 167, 
ἔστιν ἴσος K' ἃ 57. Δ Μᾶ, ὅθεν ὁ 5 εὑρίσκεται 
M6. 

Ἔσται οὖν ἡ μὲν τοῦ []" πὸ ΜΕ, ἡ δὲ τοῦ 
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(iv.) Cubic Equation # 
bid, vi, 17, Dioph, ed. Tannery 1. 492. 19-434. 22 


Τὸ find ἃ right-angled triangle such that its area, added 
to one af the perpeniliculars, makes a square, while its 
perimeter ts a owbe, 

Let its area=x, and let its hypotenuse be some 
square number minus x, sny 16— ας. 

But since we supposed the area=<, therefore the 
product of the sides about the right angle=2r. But 
#2 can be factorized into x and 2; if, then, we make 
one of the sides about the right angle=@, the other 
m= FT, 

The perimeter then becomes 18, which is not a 
cube; but 18 is made up of a square [16]+2. It 
shall be required, therefore, to find a square number 
which, when 2 is added, shall make a cube, so that 
the cube shall exceed the square by 2. 

Let the side of the square =m +1 and that of the 
cube m—-1. Then the square =m?+2m+1 and the 
cube =m? +3m-—S8m*-1. Now I want the cube to 
exceed the square by 2. Therefore, by adding 2 to 
the square, 

m*+9m +3 =m? + Sm —Sm?— 1, 
whence ΤΠ = 4. 

Therefore the side of the square =5 and that of 

* This is the only example of ἃ eubic equation solved by 


ac aro tus, For Archimedes’ geometrical solution of a 
cubic equation, v. awpra, pp, 126-168, 
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κύβου M7. αὐτοὶ dpa ὅ μὲν cl Mie , ὁ δὲ κύβος 
M κί. 

Μεθυφίσταμαι οὖν τὸ ὀρθογώνιον, καὶ τάξας 
αὐτοῦ τὸ ἐμβαδὸν Sa, τάσσω τὴν ὑποτείνουσαν 
M RA Sa: μένει δὲ καὶ ἡ βάσις MB, ἡ δὲ 
κάθετος Sa. 

Λοιπόν ἐστιν τὸν ἀπὸ τῆς ὑποτεινούσης ἴσον 
εἶναι τοῖς ἀπὸ τῶν υἱὲ τ ΤῊΡ ὀρθήν" γίνεται δὲ 


Δὲ ἃ M χπε Αι 3Γ' ἔσται toy Δα Μϑ. ὅθεν ἃ 
<M” 


"Emi τὰς ὑποστάσεις καὶ μένει, 


(ἢ Inperensi~aTre Equations 
(i.) Indeterminate Equations of the Second Degree 


(a) Single Equations 
Ibid. ii, 20, Dioph, ed. Tannery 1. 114. 11-22 


Εὐρεῖν δύο ἀριθμοὺς ὅπως ὦ ἀπὸ τοῦ. ἑκατέρου 
αὐτῶν τετράγωνος, προσλαβὼν τὸν λοιπόν, ποιῇ 
τετράγωνον. 

Terdy fen ὅ αὐ Sa, ὃ Ge B* MasB, i ἵνα ὅ ἀπὸ 
τοῦ αὐ []", προσλαβὼν τὸν B*, ποιῇ Ol". λοιπὸν 
ἐστι καὶ τὸν ἀπὸ τοῦ pe Ci", προσλαβόντα τὸν 
a’, ποιεῖν [5 ἀλλ᾽ ὁ ἀπὸ τοῦ B™ []*, προῦ- 
λαβὼν τὸν a, ποιεῖ Δ΄ δξΞε Μᾶ: ταῦτα ἴσα OY. 





* Diophantus makes no mention of indeterminate equi 
Hons of the first degree, presumably because he admits 
Si) 
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the cube=3; and hence the square is 25 and the 
cube 27, 

I now transform the right-angled [triangle], and, 
assuming its area to be x, I make the hypotenuse = 
25 — 9 16 hase remains = % and ἐπ rpendicular τας, 

The condition is still left that the square on the 
hypotenuse is equal to the sum of the squares on the 
sides about the right angle ; 


bitsy 2.4625 —50r— 27 +4, 
whence ae 
eg δῦ 


This satisfies the conditions. 


(d) INDETERMINATE EFoevations 4 
(i.) Jndeterminate Equations of the Second Dearee 


(a) Single Equations 
ibid. 11. 20, Dioph. ed. Tannery i, 114, 11-22 


To find tro numbers such that the rquare of cither, 
added to the other, shall make a aguare. 

Let the first be ©, and the second 2x +1, in order 
that the square on the first, added to the second, may 
make a square. There remains to be satisfied the 
condition that the square on the second, added to 
the first, shall make a square. But the square on 
the second, added to the first, is 422451 4] : and 
therefore this must be a square. 


rational fractional solutions, and the whole point of solving 
an indeterminate equation of the first degree is to get ἃ solu- 
tion in integers, 

oh 
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Πλάσσω τὸν []*% ἀπὸ sB AMA: αὐτὸς dpa 
ἔσται ΔΙδΙΝ δ. Ξῆ: καὶ γίνεται 6 5 ng 


Ἔσται 6 μὲν a yt ὁ δὲ βη ἐν, καὶ ποιοῦσι τὸ 
πρόβλημα. 


ibid, iv. 32, Dioph. ed. Tannery 268. 18-272. 15 

Aofeévra ἀριθμὸν διελεῖν εἰς τρεῖς ἀριθμοὺς ὅπως 
ἃ ὑπὸ τοῦ πρώτου καὶ τοῦ δευτέρου, ἐάν τε προῦ- 

ify τὸν Τρίτον, ἐάν τε λείψῃ, ποιῇ τετράγωνον. 

a7w ὁ δοθεὶς ὁ F. 

ESOS 6 γ 54, καὶ ὁ at M ἐλασσόνων τοῦ 
S* ἔστω M B- 6 dpa a* ἔσται MSAS4: καὶ 
Aowmrd ἐστι duo ἐπιτάγματα, τὸν ὑπὸ a” καὶ Be, 
ἐάν Te προσλάβῃ τὸν 9", ἐάν τε λεύμῃ, ποιεῖν 
Ci. καὶ γίνεται διπλῆ ἡ sed MaiASa 
Cit} καὶ MASH ἴα. Or οὐ ῥητὸν 


“ὙΠῸ problem, in its most general teres: is to solve the 


equation 
As + Be +C =", 


Diophantus does net give a general solution, but takes a 
number of special cases. In this case A is ἃ square number 


{Ξε αὖ, say), and in the equation 


a 








αἴ + Be +C my 
he apparently puts ¥=(or - my’, 
where m is some Integer, , 
whence .-εἰὐ τὸ 
Zom+B 
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1 form the square from 2r-2; jt will be 


$c? +4—8r: and 2= =. 
The first number will be =, the second 19, and 
they satisfy the conditions of the problem.* 


(8) Double Equations * | 
Ibid, iv. 32, Dioph. ed. Tannery 968. 18-272, 15 


To divide a given number into three parts such that the 
product of the first and second + the third shall make a 
syuare, 

Let the given number be δ. 

Let the third part be z, and the second part any 
number <6, say 2; then the first parte=4—27; and 
the two remaining conditions are that the product of 
the first and seconds the third=a square. There 
results the double equation 

S—-2 =a square, 
8—S$z=a square, 


And this does not give a rational result since the ratio 


* Diophantus's term for a double equation is διπλοϊσάότης, 
διπλῇ ἰσότης or διπλῇ ἴσωσις. It always means with him 
that two different functions of the unknown have to be made 
simultaneously equal to two squares, The general equations 

A, + ya +O, =u,", 

Ag! + Hye +C,=u,". 
Diophantus solves several examples in which the terms in 2 
are missing, and also several forms of the general equation, 
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ἐστι διὰ τὸ μὴ εἶναι τοὺς 5 πρὸς ἀλλήλους λόγον 
ἔχοντας ὃν [1" ἀριθμὸς πρὸς [15 ἀριθμάν. 

᾿Αλλὰ ὁ Ξ ὁ ἃ μονάδι ἀλάσσων τοῦ ἢ, οἱ be 5. ¥ 
ὁμοίως μείζονες Μ' τοῦ β. ἀπῆκται οὖν μοι εἰς 
τὸ εὑρεῖν ἀριθμόν τινα, ὡς τὸν B, ἵνα ὁ Μ' αὐτοῦ 
μείζων, πρὸς τὸν M ζαὐτοῦ ἐλάσσονα, λόγον ἔχῃ 
ὧν [1" ἀριθμὸς zpos} [" ἀριθμόν. 

“Eorw ἡ ζητούμενος 3a, καὶ ὁ Μ' ἃ αὐτοῦ 
μείζων ἔσται SaMa, 6 δὲ M* αὐτοῦ ἐλάσσων 
SGAMa@. θέλομεν οὖν αὐτοὺς πρὸς ἀλλήλους 
λόγον ἔχειν ov Γ]" ἀριθμὸς πρὸς iE ἄρι μόν. 
ἔστω Gv ὃ πρὸς G@ ὥστεξα ΑΜ ἃ ἐπὶ M5 
γίνονται SSAMS- καὶ saMa ἐπὶ τὴν Ma 
{γίνονται 5a Ma | καὶ εἶσιν οὗτοι οἱ ἐκκείμενοι 
ἀριθμοὶ λόγον ἔχοντες πρὸς ἀλλήλους ἂν ἔχει 
O* ἀριθμὸς πρὸς OO" ἀριθμόν: νῦν SSAMS 


io. aM ad, Kal γίνεται ὁ 5M Σ: 
Τάσσω οὖν τὸν BY MY ὅ γὰρ y* ἐστὶν 


58’ 6 ἄρα a™ ἔσται MY ΑΞᾶ. 
Λοιπὸν Bet εἶναι τὸ ἐπίταγμα, ἔστω τὸν ὑπὸ a” 


καὶ B*, προσλαβόντα τὸν y", ποιεῖν ]™, καὶ 
λεύψαντα τὸν 3", ποιεῖν [“΄ ἀλλ᾽ ὁ ὑπὸ a™ καὶ 


B™, προσλαβὼν τὸν γ᾽, ποιεῖ Μ 2 ΔΕ ur to, []ν" 
Ἂ δὲ τοῦ γ"", ποιεῖ ἡ ἢ Asp w’ to. Γ]φ“. καὶ 
δὼ 
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of the coefficients of x is not the ratio of a square to 
a square, 

But the coctlicient 1 of 2 is 2-1 and the co- 
efficient 3 of x likewise is 2+1; therefore my pro- 
blem resolves itself into finding a number to take the 
place of 2 such that (the number +1) bears to (the 
number — 1) the same ratio ag a square to a square. 

Let the number sought be y; then (the num- 
ber+1)=y+1, and (the number—1)=y-1. We 
require these to have the ratio of a square to a square, 
say 4:1. Now(y—1).4=4y—4 and (y +1). 1=y +1. 
And these are the numbers having the ratio of a 
square to a square. Now I put 

ty—4=—y +1, 

“ag ao 
riving y= 

Therefore I make the second part τ for the 


third =2 ; and therefore the first= = —2, 
There remains the condition, that the product of 
the first and second 4 the third=a square. But the 
product of the first and second «the third 
65 2 
ΠῚ τὴν =i ἘΠΠΕΓΕ, 

and the product of the first and second —the third = 
ad - 2}r=a square. 


a αὐτοῦ. * - πρὸς acid, Bachet. 
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πάντα ἐπὶ τὸν 8, wat γίνονται Μέελϑξ ie. ΓΊν, 
καὶ Με ΑΞ xd to, [ν. καὶ ἐξισῶ, τοὺς 5 τῆς 
μείζονος ἰσύτητος ποιήσας δ᾽", καὶ ἔστι 

MoE 5 κὃ to. OY καὶ Me MSxd to. Or. 

Νῦν τούτων λαμβάνω τὴν ὑπεροχὴν καὶ ἔστι 
M pSe: καὶ ἐκτίθεμαι Sto ἀριβμοὺς ὧν τὸ ὑπό ἐστι 
M ρζε, καί i εἰσι τε καὶ ey καὶ τῆς τούτων ὑπεροχῆς 
τὸ rah ep ἑαυτὸ ἴσον ἐστὶ τῷ ἐλάσσονι []*, καὶ 
γίνεται ὦ 3 γ ἢ 

Ἐπὶ τὰς ὑποστάσεις. ἕσται ὁ μὲν a €, ὅ δὲ 


Be ε, ὁ dey" ἢ. καὶ ἡ ἀπόδειξις φανερά. 


® These are a pair of equations of the form 


ams +a= εἰ, 
ants ἢ δ τὸ ΕἾ, 
Multiply by πῆ, πιῇ respectively, getting, say 
amn*n®s +an* =u, 
απι εἶ + hm? =e, 
=" an! — de? = yt = ἐπ 
Let an? — bat= py, 
and put μὴ περ, 


oe qi 
ss μ ΞΞΉΡ ἘΩ, ΞῊΡ ΞΜ a)", 
and so ants +an"= fp +g), 

am ‘nts + ben? = jp — q)* ; 
whenee, from either, 

patle* +99) —d(an* + bm?) 

| om*y® 
O46 
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Multiply throughout by 9, getting 
65 -- ὅτ το ἃ square 
and 
65 —-2ir=a squarc.* 
E.quating the coeflicients of x by multiplying the first 
equation by 4, I get 
260 -- 242 = square 
and 
65 —242=a square 
Now I take their difference, which is 195, and split 
it into the two factors 15 and 13. Squaring the half 
of their difference, and equating the result to the 


lesser square, I get ats 


Returning to the conditions—the first part will be 
5. ,5 4 8 


obvious. 


This is the procedure indicated by Diophantus, In his 


example, 

p=15, 7=13, 
and {{18 -- 13)" = 65 - 24z, 
whence 242 =64, and ae 
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(11.} Indeterminate Equations of Higher Degree 
iid. iv. 18, Dioph. ed. Tannery |. 226. 2-228. δ 


Εὐρεῖν δύο ἀριθμούς, ὅπως ὁ ἀπὸ τοῦ Τρύ τον 
κύβος προσλαβὼν τὸν δεύτερον ποιῇ κύβον, ὅ 
amo τοῦ δευτέρου τετράγωνος προσλαβὼν τὸν 
πρῶτον ἘΠῚ πετραγωνο με, 

Τετάχθω ὁ a" Sao a dpa pm ἔσται M κυβικαὶ 
RAK ἃ. καὶ γίνεται ὁ ἀπὸ τοῦ a™ κύβος, προσ- 
λαβὼν τὸν B™, κύβος. ι 

Λοιπόν ἐστι καὶ τὸν ἀπὸ τοῦ BY [™, 
προσλαβόντα τὸν a, ποιεῖν [Γ]"". LAN Oo 
ama τοῦ pe [1", προσλαβὼν τὸν a, ποιεῖ 
K* KasaMisak'o- (ratra ἴσα ΓῚ τῷ 
ἀπὸ πὸ Κ'α Μη, τουτέστι K*KaK*eM&-y 
καὶ κοινῶν προστιθεμένων τῶν λειπομένων καὶ 


ἀφαιρουμένων τῶν ὁμοίων ἀπὸ ὁμοίων, λοιποὶ 
Κ΄ AB ἴσοι $a: καὶ πάντα παρὰ 5’ AY AB ἴσαι M a. 
Kai ἔστων ἡ M [-|“ καὶ A* AB εἰ t ἦσαν Γ1", λελὺς- 
μένη ἄν μοι ἦν ἡ ἴσωσις" GAN αἱ ΔΑΒ εἰσὶν ἐκ 
τῶν δὶς K* τ τ’ οἱ δὲ K* © εἶσιν ὑπὸ τῶν δὶς MG 
5 vabre ... MES add. Bachet. 


* As with equations of the second degree, these may Bas 
single or double. Single equations always take the 
that an expression in x, of a degree not exceeding the sixth, 
is to be made equal to a square or cube. The general form 


i6 therefore 
Agr +A ye'+ ... +Ag=y* or y’. 
Diophantus solves a number of special cases of different 


ὧς Rael 
double equations, one expression is made equal to a 
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(iL) Indeterminate Equations of Higher Degree 5 
tid, iv. 18, Dioph. ed. Tannery i. 226, 2-995. 5 


To find two numbers such that the cube of the first 
added to the second shall make a cube, and the square 
of the second added to the first shall make a square. 

Let the first number be x, Then the second will 
be a cube number less 23, say 8-23. And the cube 
of the first, added to the second, makes a cube. 

There remains the condition that the square on 
the second, added to the first, shall make a square, 
But the square on the second, added to the first, is 
+2+64-16r5. Let this be equal to («Ὁ +8), that 

él 


is to τῇ ε16χ5 ἐ6ι.} Then, by adding or subtracting 
like terms, 

S27 ar 1 
and, after dividing by x, 

327? — ], 


Now 1 is a square, and if $2z* were a square, my 
equation would be soluble. But $22? is formed from 
2.1627, and 1624 is (2. Βγ τ), that is, it is formed 


cube and the other to a square, but only a few simple cases 
are solved by Diophantus. 
* The general type of the equation is 


af — As? + Be 4 εἴ ay), 
Pot y=27 +¢, then = εχ τ τ᾽ 


eles the right-hand expression is a square, there is a rational 
solution, 

In the case of the equation r*— 16x74 2 4.64=4 jt is ποῖ ἃ 
square, and Diophantus replaces the equation another, 
τὸ τ 1282" +2 44006 =y%, in which it is « square. 
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καὶ τοῦ Κ΄ a, τουτέστι δὶς τῶν M ἥ' ὥστε αἱ AB AT 
ἐκ 8 τῶν ἢ Μ. γέγονεν οὖν μοι εὑρεῖν κύβον ὃς 
δ: γενόμενος ποιεῖ [5 5. 

“Eorw ὅ ζητούμενος K* a: οὗτος δ'" γενόμενος 
ποιεῖ Κ͵ δ io. OC)". ἔστω ΔΕ" καὶ γίνεται ὅ 5 
ΜΕ, ἐπὶ τὰς ὑποστάσεις" fora ὁ ΚῚῚΝ ἐδ. 

Τάσσω ἄρα τὸν BY MESAK* ἃ, καὶ λοιτόν ἔστι 
τὸν ἀπὸ τοῦ β'" [J προσλαβόντα τὸν a” ποιεῖν 
Oj". ἀλλὰ ὁ ἀπὸ τοῦ β'" προσλαβὼν τὸν a™ ποιεῖ 
K"KaM or saaK"pxy to. Ot “τῷ ἀπὸ π΄- 
ΚΤ ἃ ἡ ἐδ- καὶ γίνεται ὁ [" K™K aM 86> Κίρκη 
καὶ γίνονται λοιποὶ K* ore fo. Sa. καὶ γίνεται 
ὦ 5 ἑνὸς &*. 

Ἐπὶ τὰς ὑποστάσεις" ἔσται d a™ ἑνὸς ἐς", ὦ δὲ 


Anite 
BY ae. Bpey 


[εὖ Turony or Newacas: Sums or Sovanes 


fied, fi. 8, Dioph, ed. Tannery i. 10, 6-2] 
Τὸν ἐπιταχθέντα τετράγωνον διελεῖν εἰς δυο 
τετραγιύνους. 
ΤΕ ered δα idle. τὰ ition that Fermat wrote ἃ famous 
note: “On the other hand, it is impossible to rate α 
cube Into two cubes or a biquadrate into two biqu , OF 
Sy any Power except @ square into two powers with 
ne exponent. f{ have πικυιραιρχε αν a tru marvellous 
proof of this. w which, however, the mangin is not large enough 
50 
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There remains the condition that the square on the 
second added to the first shall make a square. But 
the square on the second added to the first = 
44096 +2- 1268 =a square 

(2 ++}, any, 

= 29 +4096 + 128.25, 
On taking away the common terms, 

θᾶ" = 2, 


(¢) Tuxony oy Nomeens: Sums or Sgvanes 
fhid. il, 8, Dioph. ed. Tannery |. 90. 0-21 


To divide a given square number into tio squares. 

to contain,” 
_ Fermat's moves, which established the toler Theory of 
ers, 7 ul [in 1670 in Bachet's second edition 
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ees δὴ τὸν & διελεῖν εἰς δύο τετραγώ- 


Kal τετάχθω ὦ α" Δῦα, 6 ἄρα ἕτερος ἔσται 
Miz ΑΔ’ ἃ: δεήσει ἄ ἄρα. Me AA a ἴσας εἶναι (1. 

Πλάσσω Tov OC)” ἀπὸ 55" ὅσων δήποτε A 
τοσούτων M ὅσων ἐστὶν ἡ τῶν iF Μ πλευρά- 
ἔστω ΞΜ. αὐτὸς ἄρα o ΓΞ ἔσται 
A‘SME ASH: ταῦτα ἴσα Me AA a. κοινὴ 
προσκείσθω a λεῖψις καὶ ἀπὸ ὁμοίων ὅμοια. 


Ζ ἄρα ἔ core τ be καὶ γίνεται o Ξ is πέμπτων. 


"Ἔσται ὁ μὲν δὲ , ἃ δὲ ρηδ' καὶ οἱ Ovo συντε- 


θέντες ποιοῦσι ἢ ἐπ ἤτοι Me, καὶ ἔστιν» ἑκάτερος 
τετράγωνος. 
Τα, v. 11, Dioph, ed. Tannery 1. 342. 15-3446. 19 
Μονάδα διελεῖν εἰς τρεῖς ἀριθμοὺς καὶ προσθεῖναι 
ἑκάστῳ αὐτῶν πρότερον τὸν αὐτὸν δοθέντα καὶ 
ποιεῖν ἕκαστον τετράγωνον, 


Δεῖ δὴ τὸν διδόμενον ἀριθμὸν μήτε δυάδα εἶναι 
μῆτε τινὰ τῶν ἀπὸ δυάδος ὀκτάδι ΒΟΡαΡ ys mcs 


᾿Επιτετάχϑω δὴ τὴν M διελεῖν εἷς τρεῖς ἀριθμοὺς 
καὶ προσϑεῖναι ἑκάστῳ Μ 7 καὶ ποιεῖν ἕκαστον 





Bee 
* Lit. “T take the square from any dibs of ἀριῆμοίΐ 
minus a5 Tuany units as are in the side of 16," 


Εις, αὶ number of the fori Hain +2)+1 or 240 +7 cannot 
be the sum of three squares. In fact, a number of the form 
coat Cannot be the sum of three squares, but there are other 
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Let it be required to divide 16 into two squares, 

And let the first square=z*; then the other will 
be 18 -- αϑ ; it shall be required therefore to make 

16-2? =a square, 

I take a square of the form® (mx -- 4}}Ἄ, m being any 
integer and 4 the root of 16; for exam le, let the 
side be 2r—4, and the square itself μὲ +16 --ἸθΣ, 
Then 
Add to both sides the negative terms and take like 
from like. Then 

5x7 “= li, 


One number will therefore be pies the other —, 


and their sum is oF or 16, and each is a square. 


ibid. v. 11, Dioph. ed. Tannery i, 545, 19-346. 19 


Τὸ divide unity into three parts such that, if we add the 
siime number to each of the parts, the results shall all be 
aquares. : 

It is necessary that the given number be neither 2 
nor any multiple of 8 increased by ἢ.» 

Let it be required to divide unity into three parts 
such that, when 8 is added to each, the results shall 
all be squares, 
numbers not of this form which also are not the sum of three 
squares. Fermat showed that, if $a+1 is the sum of three 

uares, then it cannot be of the form 4" (244 +7) or 4" [ΕΣ «- 7), 
where £=0 or any integer. 
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Πάλιν Get τὸν τ διελεῖν εἰς τρεῖς Cy ὅπως 
ἕκαστος αὐτῶν μείζων ἦ Μ7. ἐὰν οὖν παλιν τὸν 
7 διέλωμεν εἰς τρεῖς ci, τῇ τῆς παρισότητος 
ἀγωγῇ, ἔσται ἕκαστος αὐτῶν μείζων τριάδος. καὶ 
Bernese; ἀφ' ἑκάστου αὐτῶν ἀφελόντες M ¥, 
ἔχεω εἰς οὖς ἡ M διαιρεῖται. 

Λαμβάνομεν ἄρτι τοῦ ἴ τὸ ¥", γί, νυ", καὶ 
ζητοῦμεν τί προστιθέντες μόρων sigan esta 
ταῖς Mi, ποιήσομεν 1% πάντα O°. δεῖ καὶ 


λ προσθεῖναί τι μόριον τετραγωνικὸν καὶ ποιεῖν 
ἐν ὅλον (a 
"Eorw τὸ προστιθέμενον μόριον AY * a> καὶ πάντα 
ἐπὶ Δ΄" γίνονται Δ΄λ M ἃ ἴσ. Or τῷ ἀπὸ πλευρᾶς 
Ξὲ Μᾶ' γίνεται ὅ [" A’ g@siMa ἴα. ATA M a: 
ὅθεν o 8 Ν ἢ, ἡ AY M5, τὸ AT* MS*, 
Εἰ οὖν rats MA προστίδϑεται M5*, ταῖς M γα 


προστεθήσεται AS* καὶ γίνεται ἕο δεῖ οὖν τὸν ὦ 


| oe 


διελεῖν εἰς τρεῖς [15 ὅπως ἑκάστου (]™ ἡ πλευρὰ 


1 "εἶ > 
πάρισος ἡ M 
᾿Αλλὰ καὶ of σύγκειται ἐκ δύο [])™, τοῦ τε ἤ καὶ 


τῆς Μ. διαιροῦμεν τὴν M els δύο, []™ τά τε Ν 


KE fe f > i 
καὶ τὰ ‘= τὸν ἵ συγκεῖσθαι ἐκ τριῶν 1], 


Πα The method has been explained in ¥. 19, where it is 
to divide 13 into nig squares coch>6, It will be 
ciently obvious from this example. The method is also 

esd in τ. 10, 19, 18, 14. 


oH 
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Then it is required to divide 10 into three squares 


such that each of them> 8, If then we divide 10 into 
three squares, according to the method of approxima- 
tion,” each of them will be> 3 and, by taking 3 from 
each, we shall be able to obtain the parts into which 
unity is to be divided. 

We take, therefore, the third part of 10, which is Si, 
and try by adding some square part to 3) to make 
a square. On multiplying throughout by 9, it is re- 
quired to add to 30 some square part which will 
make the whole a square. — 

Let the added part be “3 multiply throughout 
by 27; then | 

80s? +lea square, 
Let the root be 5z +1; then, squaring, 
2527 +102 +1=8027 +1; 
whence 
I 


r=o2, ri =4, =e 

If, then, to 30 there be added Η to 8: there is added 

i= and the result is τὴ It is therefore required to 

divide 10 into three squares such that the side of each 
shall approximate to = 

But 10 is composed of two squares, 9 and 1, We 

divide 1 into two squares, Ms and a so that 10 is 


! | It : 
composed of three squares, 9, 2 ame a5 It is there- 
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ἔκ τε τοῦ ἢ καὶ τοῦ "δι καὶ τοῦ τῷ δεῖ οὖν exd- 


στην τῶν πὸ’ τούτων παρασκευάσαι πάρισον oe 

᾿Αλλὰ καὶ αἱ πὸ: αὐτῶν εἰσιν M7 καὶ ME καὶ 
mM καὶ πάντα A καὶ γίνονται M& καὶ M x6 καὶ 
Stay. τὰ δὲ τὰ = γίνονται M γε’ δεῖ οὖν ἑκάστην 


π᾿" κατασκευᾶσαι νε. 

Πλάσσομεν ἑνὸς πλευρὰν MASK, ἑτέρου δὴ 
5λα MSc", τοῦ δὲ ἑτέρου SAI M Pe". γίνονται 
οἱ ἀπὸ τῶν εἰρημένων 1%, Δ᾽ γῴνε MEMS Br 


ταῦτα ἴσα Mi. ὅθεν εὑρίσκεται ὦ 5 "7" 


"Emi τὰς ὑπυστάσεις- καὶ γίνονται αἱ πλευραὶ 


τῶν τετραγώνων δοθεῖσαι, ὥστε καὶ αὐτοί. τὰ 


λοιπὰ δῆλα. 


Πα, iv. 30, Dioph. ed. Tannery 1. 258, 19-260. 16 
Εὐύρεῖν τέσσαρας ἀριθμοὺς <rerpayeivous), ot 
συντεθέντες καὶ προσλαβόντες τὰς ἰδίας πλευρὰς 
συντεθείσας ποιοῦσι δοθέντα ἀριθμόν. 


* The sides are, in fact, ἢ re ay sao and the squares 
are 1745041 165844 1651225, 
incr) 
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fore required to make each of the sides approxi- 
mate to =. 


But their sides are 3, ; and :. Multiply through- 


out by 30, getting 90, 24 and 18 ; and = [when 
multiplied by 80] becomes 55. It is therefore re- 
quired to make each side approximate to 55, 
Now 5-. °° by 3) 4255, 81.8 δᾶ. 37 
[Now δ τὸ bY 30° 5 “80 DY 30’ 804 5 <g5 by So 


4 313.87 1] 
5 30" * 3p" the sum of the squares would be 3. G ν 
Therefore] we take the side of the first square as 


8 —-352; of the second as ; +312, and of the third as 


Ὁ +372. The sum of the aforesaid squares 


5 
35552" +10-116r=10; 

116 

: a 9555 


Returning to the conditions—as the sides of the 
squares are given, the squares themselves are also 
given. The rest is obvious.4 


ibid, fy. 29, Dioph. ed. Tannery i, 258, 19-260, 1 


Τὸ find four square numbers such that their sum added 
fo the sum of their sides shall make a given number, 
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“Eorw δὴ τὸν ιβ 

"Evel πᾶς (1% προσλαβὼν τὴν ἰδίαν πλ' καὶ 
MS*, ποιεῖ []“, οὗ ἡ πο Μ Ζ' ποιεῖ ἀριθμόν 
τινα, ὅς ἐστι τοῦ ἐξ ἀρχῆς [" πλευρά, of τέσσαρες 
ἀριθῦμοϊὶ ἄρα, προσλαβόντες μὲν τὰς ἰδίας πὸ 
ποιοῦσι Μιᾷ, προσλαβόντες δὲ καὶ ὃ 8*, ποιοῦσι 
τέσσαρας ("> εἰσὶ δὲ καὶ αἱ Μ β μετὰ 8 8-:, 
ἔστι Ma, M ty. τὰς ty dpa M διαιρεῖν δεῖ εἰς 
τέσσαρας [1 πἢ, καὶ ἀπὸ τῶν πλευρῶν, αἀφελῶν 
ἀπὸ ἑκάστης + MZ’, ξξω τῶν 8. [Ὁ τὰς a 

Διαιρεῖται δὲ ὦ ty εἰς δύο [πὶ τὸν τε ὃ καὶ G, 
καὶ πάλιν ἑκάτερος τούτων διαιρεῖται εἰς δύο Le, 


. κὰ ΜῈ: 
καὶ 


εἰς ἐδ καὶ a καὶ μμὲ 


λαβὼν τοίνυν ἐκά- 


στου τὴν πλευράν, of be ΕἾ 9 Kai αἴρω ἀπὸ ἐκά- 


J 
στου τούτων πλευρᾶς M 2’, καὶ ἔσονται ai a+ τῶν 


ζητουμένων ‘ile ne p εἶ ᾿ς αὐτοὶ ἄρα οἱ Be 
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Let it be 12. 

Since any square added to its own side and } makes 
a square, whose side minus ὦ is the number which is 
the side of the original square,* and the four numbers 
added to their own sides make 12, then if we add 
4.4 they will make four squares. But 

12 +4. } (or 1)=13. 

Therefore it is required to divide 15 into four squAres, 
and then, if I subtract } from each of their sides, 1 
shall have the sides of the four squares, 

Now 13 may be divided into two squares, 4 and 9, 
And again, each of these may be divided into two 


squares, os and a? and = and a I take the side 
τ > a . and subtract half from each side, 
and the sides of the required squares will be 

i 7 19 18 

10°10" 10" 10° 
The squares themselves are therefore respectively 


1531 10. 861 1695 
100° 100" 100" 100° 


of each 


. ry gS ie a ie , 

* In iv. 30 and y. 14 it is also required to divide a number 
Into four squares, As erery number is either ἃ spuare or tha 
cum of two, three or four rks theorem stated b Fermat 

Ἶ & square can areaye be 


divided into four squares, It is not known whether Dio- 
{us Was aware of this, 
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(f) Potveoxa, ΝΌΜΒΕΗΒ 
Dioph. Dy poly. nom., Pracf.. Dioph. ed. Tannery 
i, 450. 3-19 


Ἕκαστος τῶν ἀπὸ τῆς Tpidi ἀριθμῶν αὐξο- 
μένων μονάδι, πολύγωνός Ee were ἀπὸ τῆς 
μανάδος, καὶ ἔχει “γωνίας τοσαύτας doov ἐστὶν τὸ 
πλῆθος τῶν ἐν αὐτῷ μονάδων' oe τε αὐτοῦ 


ἐστιν ὁ ἐἑ ς pow Buds, ὅ Β. ἔσται δὲ 
a μὲν het a Friis car ὁ ay o δὲ € 
πεντάγωνος, καὶ τοῦτο ἑξῆς. 

Τῶν δὴ τετραγώνων ee τ τα ὄντων ὅτι καὶ- 
ἐστήκασι τετράγωνοι διὰ τὸ ονέναι αὐτοὺς ἐξ 
ἐριξ μοῦ Twos ἐφ᾽ ἑαυτὸν π λαπλασιασϑέντος, 

κιμάσθη ἕκαστον τῶν πολυγώνων, πολυπλασια- 
ζόμενον ἐπί τινα ἀριθμὸν κατὰ τὴν. ἀναλογίαν τοῦ 
πλήθους τῶν ψωνιῶν αὐτοῦ, καὶ εἰ νρυβειάταδο. 
τετράγωνόν. Twa πάλιν κατὰ τὴν ἀναλογίαν τοῦ 
πλήθους τῶν γωνιῶν αὐτῶν, φαίνεσθαι τετρά- 
sewn a 3 Mae Sah aid ὑποδείξαντες πῶς ἀπὸ 
pas ὁ ἐπιταχθεὶς πολύγωνος εὑρί- 
σκεται, καὶ πῶς δοθέντι πολυγώνῳ ἡ πλευρὰ 
© πρῶτος Bachet, πρῶτον codd. 

* A fragment of the tract On Polygonal Numbers is the 

only work by Diophantus to have paren with the rith- 


mefica, The main fact established in it is that stated in 
Hypsicles’ definition, that the a-gonal number of side πὶ is 
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Cf) Potvcoxa, Numpens 5 
Diophantus, On Polygonal Ν᾽ umbera, Preface, Dioph. 
ed. Tannery i, 450, 3-19 

From 3 onwards, every member of the series of 
natural numbers increasing by unity is the first (after 
unity) of a particular species of polygon, and it has as 
many angles as there are units in it; its side is the 
number next in order after the unit, that is, 2. ‘Thus 
$ will be a triangle, 4a square, 5 a pentagon, and so 
on in order.* 

In the ease of squares, it is clear that they are 
squares because they are formed by the multiplica- 
tion of a number into itself. Similarly it was thought 
that any polygon, when multiplied by a certain 
number depending on the number of its angles, with 
‘the addition of a certain square also depending on 
the number of its angles, would also be a square. 
This we shall establish, showing how any assigned 
polygonal number may be found from a given side, 
and τον the side may be calculated from a given 
polygonal number, 


Β. . ΒΒ 
na). The method οἵ proof contrasts with that of the Arith- 
metica in being geometrical. For polygonal numbers, Ὁ. 

5 The meaning is € Hained in vol. Lp. 66 n. a, especiall 
in the Saaraon p. ig In the example there given, 5 is the 
first A ai unity) of the series of pentagonal numbers 1, ἃ, 
τὰ τς It has 5 angles, and ¢ach side joins 2 units, 
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(a) GeNERAL 
Suidas, #.¢. Πέππος 


Πάππος, ᾿Αλεξανδρεύς, φιλόσοφος, γεγονὼς Kara 
τὸν πρεσβύτερον Θιεοδόσιον τὸν FS ὅτε Kal 
Θέων ὁ φιλόσοφος ἤκμαζεν, ὦ ypailas εἰς τὸν 
Πτολεμαίον Kavova. βιβλία δὲ αὐτοῦ Χωρογραφία 


οἰκουμενική, Εἰς τὰ ὃ βιβλία τῆς Ιτολεμαίου 


® Theodosius | relened from a.p. 379 to 3945, but Suidas 
may have made a mistake over the date. <A morginal 
opposite the entry Diselelion in a Leyden we. of chrono- 
ἰρξίκαϊ, tables by Theon of Alexandrian says, “ In his time 
Pa wrote”; Diocletian reigned from a.o, 264 to 305, 
In Rome's edition of Pappua’s commentary on Ptolemy's 
Syntaria (Studi ¢ Testi, liv. pp. x-xiil), a cogent argument 
is given for believing that Pappus actually wrote his 
Collection about a.o. 320. ᾿ 

 βῖδας obviously had a most imperfect knowledge of 
Pappus, as he does not mention his teat work, the Syn- 
agoge or Collection, It is a handbook to the whole of Greek 
geometry, and is now our sole source for much of the history 
of that science. The first book and half of the second are 
missing, ‘The remainder of the second book gives an account 
of Apollonius’: method of working with large numbers (r. 
supra, pp. 342-347). The nature of the remaining books to 
the eighth will be indicated by the passages bere cited. ‘There 
is some evidence (v. infra, p. GOT n. a) that the work was 


othe laa oF ts αν είναι with ancillary cuuderdal pub: 
of the Collecti call iry | 
rh in three volumes by ἐτάκη Haltech (Berlin ib76- 
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(a) GewenaL 
Suidas, sc. Pappus 


Parrvus, an Alexandrian, a philosopher, born in the 
time of the Emperor Theodosius I, when Theon 
the philosopher also flourished, who commented on 
Ptolemy's Table. His works include a Universal 
Geography, a Commentary on the Four Books of 


1678) was a notable event in the revival of Greek mathe- 
matical studies. “The editor's only major fault is one which 
- he shares with his generation, a tendency to condemn 
on slender grounds passages as interpolated,  —_ 
Pappus also wrote αι commentary on Euclid's Elements: 
nents on Book x. are believed to survive in Arabic 
τ, vol. i, p.456n.a), A commentary by Pappus on Euelid's 
Data is referred to in Marinus’s commentary on that work. 
atid vol. i. p. 301) himself refers to his commentary on 
the Amalemena of Diodorus. The Arabbe Fihrist says that 
he commented on Ptolemy's Pianispharrium. 
The separate books of the Collection were divided by 


Pappus himself into numbered sections, generally preceded 
ee ἔπος, and the editors have also divided the books into 
hapters, Jteferences to the Collection in the selections here 


given (¢.¢., Coll. iii, 11. 28, ed. Hultech 68. 17-70. 8) are first 
to the book, then to the number or preface in Pappus’s 
division, then to the chapter in the editors’ division, and 
finally to the page and of Hultsch's edition. In the 
selections from Book vii. Ete. own divisions are omitted 
as they are too complicated, but in the collection of lemmas 
the numbers of the he ter aaa in Hultsch’s edition are 
added a5 these are often cited. 
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Ans συντάξεως ὑπόμνημα, Ποταμοὺς τοὺς ἐν 
Λιβύῃ, ᾿Ονειροκριτικά, 





(6) Paostems anp ΤΗΈΘΠΕΜΒ 
Papp. Coll. iii., Praef. 1, ed. Hultsch 30, 3-82. 3 

Οἱ τὰ ἐν γεωμετρίᾳ ζητούμενα βονλόμενοι 
τεχνικώτερον διακρίνειν, ὦ κράτιστε Πανδροσίον, 
πρόβλημα μὲν ἀξιοῦσι καλεῖν. ἐφ᾽ οὗ προβάλλεταὶ 
τὶ ποιῆσαι καὶ κατασκευάσαι, θεώρημα δὲ ἐν ᾧ 
τινῶν ὑποκειμένων τὸ ἑπόμενον αὐτοῖς καὶ πάντως 
ἐπισυμβαῖνον θεωρεῖται, τῶν τοῖον τῶν με 
προβλήματα πάντα, τῶν δὲ θεωρήματα εἶναι 
aera ὦ μὲν οὖν τὸ θεώρημα προτείνων, 
συνιδὼν ὄντινοῆν τρόπον, τὸ ακύλουθον τούτω 
ἀξιοῖ ζητεῖν καὶ οὐκ ἂν ἄλλως ὑγιῶς προτεΐνοι, 
ὁ δὲ τὸ πρόβλημα προτείνων [ἂν μὲν ἀμαθὴς 7 
καὶ παντάπασιν ἰδιώτης) κἂν ἀδύνατόν πῶς 
κατασκευασθῆναι προστάξῃ, σύγγνωστός ἐστιν 
καὶ ἀνυπεύθυνος. τοῦ yap ζητοῦντος ἔργον καὶ 
τοῦτο διορίσαι, τό τε δυνατὸν καὶ τὸ αδύνατον, 
κἂν ἦ δυνατόν, πότε καὶ πῶς καὶ ποσαχῶς δυνατόν. 
ἐὰν δὲ προσποιούμενος ἦ τὰ μαθήματά πως 
ἀπείρως προβάλλων, οὐκ ἔστιν αἰτίας ἔξω. πρῴην 
γοῦν τινες τῶν τὰ μαθήματα προσποιουμένων 
εἰδέναι διὰ σοῦ τὰς τῶν προβλημάτων προτάσεις 
ἀμαθῶς ἡμῖν ὥρισαν. περὶ ὧν ἔδει καὶ τῶν 

ld... ἰδιώτης ὁπι. Hultsch. 

ac are Parent : ‘en 4 ἶ , 
ΛΡΔΑΝΣ cickus (Tetrobiblos of Quadripartitum) which 
was in four books but on which Pappus did not comment, 
with the Δ αθηματικὴ σύνταξις (Syntarce or Almagest), which 
ras the subject of a commentary by Pappus but extended to 
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emy's Great Collections The Rivers of Libya, On 
the Interpretation of Dreams. 


(6) Prontems ano Turonems 

Pappus, Collection iii., Preface 1, ed. Hultsch $0, 3-32. 3 

Those who favour a more exact terminology in the 
subjects studied in geometry, most excellent Pan- 
drosion, use the term problem to mean an inquiry in 
which it is proposed to do or to construct something, 
and the term é4eorem an inquiry in which the econ- 
sequences and necessary implications of certain 
hypotheses are investigated, but among the ancients 
some described them all as problems, some as 
theorems. Therefore he who propounds a theorem, 
no matter how he has become aware of it, must set 
for igi he the conclusion inherent in the pre- 
mises, and in no other way would he correctly 
propound the theorem; but he who propounds a 
problem, even though he may require us to con- 
struct something which is in some way impossible, 
is free from blame and criticism. For it is part of 
the investigator's task to determine the conditions 
under which a problem is possible and impossible, 
and, if possible, when, how and in how many ways 
it is possible. But when a man professing to know 
mathematics sets an investigation wrongly he is not 
free from censure. For example, some persons pro- 
fessing to have learnt mathematics from you lately 

ave me a wrong enunciation of problems. It is. 
desirable that I should state some of the proofs of 
thirteen books. Pappus’s commentary now survives only 
for Books v. and vi., which have been edited by A. Ro 
Studie Testi, liv., but it certainly covered the first six books 
and possibly all thirteen. 
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παραπλησίων αὐτοῖς ἀποδείξεις τινὰς ἡμᾶς εἰπεῖν 
els ὠφέλειαν σήν τε καὶ τῶν φιλομαθούντων ἐν τῷ 
τρίτῳ τούτῳ τῆς Συναγωγῆς βιβλίω. τὸ μὲν. οὖν 
πρῶτον τῶν προβλημάτων μέγας τις γεωμέτης 
εἶναι δοκῶν ὥρισεν ἀμαθῶς. τὸ γὰρ Sto δοθεισῶν 
εὐθειῶν δύο μέσας ἀνάλογον ἐν συνεχεῖ ἀναλογίᾳ 
λαβεῖν ἔφασκεν εἰδέναι δι᾽ ἐπιπέδου θεωρίας, ἠξίου 
δὲ καὶ ἡμᾶς ὁ ἀνὴρ ἐπισκεψαμένους ἀποκρίνασθαι 
περὶ τῆς ὑπ᾽ αὐτοῦ γενηθείσης κατασκευῆς, ἥτις 
ἔχει τὸν τρύπον τοῦτον. 


(c) ΤῊΣ Turory or Means 
Ibid. tii, 1}. 28, ed, Hultsch 68. 17-70, 8 


To δὲ δεύτερον τῶν προβλημάτων ἦν τόδε" 

Ἔν ἡμικυκλίῳ τὰς τρεῖς μεσότητας λαβεῖν ἄλλος 
τις ἔφασκεν, καὶ ἡμικύκλιον τὸ ABI ἐκθέμενος, 
οὗ κέντρον τὸ Ε, καὶ τυχὸν σημεῖον ἐπὶ τῆς ΑΓ 
λαβὼν τὸ A, καὶ ἀπ᾿ αὐτοῦ πρὸς ὀρθὰς ἀγαγὼν 
τῇ EY τὴν ΔΒ, καὶ ἐπιξεύξας τὴν EB, καὶ αὐτῇ 
κάθετον ἀγαγὼν ἀπὸ τοῦ ἃ τὴν AZ, τὰς τρεῖς 
μεσότητας. ἔλεγεν ἁπλῶς ἐν τῷ ἡμικυκλίῳ ἐκτε- 
θεῖσθαι, τὴν μὲν ΒΓ μέσην ἀριθμητικήν, τὴν δὲ 
AB μέσην γεωμετρικὴν, τὴν δὲ ΒΖ ἁρμονικήν. 

"On μὲν οὖν ἡ BA μέση ἐστὶ τῶν AA, AT ἐν 


* The method, as described by Pappas. but not reproduced 

bays does not actually solve the em, but it does furnish 
of successive approximations to the solution, and de- 

ress more kindly treatment than it receives from him. 
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these and of matters akin to them, for the benefit 
both of yourself and of other lovers of this science, in 
this third book of the Collection, Now the first of 
these problems was set wrongly by a person who was 
thought to be a great geometer. For, given two 
straight lines, he claimed to know how to find by 
plane methods two means in continuous proportion, 
and he even asked that I should look into the matter 
and comment on his construction, which is after this 
manner,@ 
(ἢ THe Tuxory or Mraxs 
fhid. iti, 11, 28, ed. Hultsch 68, 17-70, 8 

The second of the problems was this : 

A certain other [geometer] set the problem of 
exhibiting the three means in a semicircle. Deserib- 
ing a semicircle ABI’, with centre Εἰ, and taking any 
point ἃ on Al’, and from it drawing AB perpendicular 
to EF, and joining EB, and from A drawing AZ 
perpendicular to it, he claimed simply that the three 
means had been set out in the semicircle, EI" being 
the arithmetic mean, AB the geometric mean and 
84 the harmonic mean. 





! 
That BA is a mean between AA, AT in geometrical 
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τῇ yewpen, sariclar , ἡ δὲ EP τῶν AA, AT 
ἐν ἀρ μηνε μεσότητι, φανερόν. ἔστι γὰρ 
ὡς μὲν ἡ ΑΔ πρὸς ΔΗ, AB πρὸς ΔΙ᾽, ὡς δὲ ἡ 
ΝῊ πρὸς ἑαυτήν, οὕτως ἡ τῶν AA, AE ὑπεροχή, 
τουτέστιν ἡ τῶν ΑΔ, ΕΓ, πρὸς τὴν τῶν ἘΓ, ΓΔ. 
πῶς δὲ καὶ ἡ ZB μέση ἐστὶν τῆς ἁρμονικῆς μεσό- 
τῆτος, ἢ ποίων εὐθειῶν, οὐκ εἶπεν, μόνον Ge ὅτι 
τρίτη « ἀνάλογόν ἐστιν τῶν EB, BA, ἀγνοῶν ὅτι 
ἀπὸ τῶν EB, BA, BZ ἐν τῇ γεωμετρικῇ ἀναλογίᾳ 
οὐσῶν πλάσσεται ἡ ἁρμονικὴ μεσότης. δειχθή- 
σεται γὰρ ὑφ᾽ ἡμῶν ὕστερι ν ὅτι δύο αἱ ἘΒ καὶ 
τρεῖς αἱ ΔΗ καὶ μία. 4 Zé ὡς pio συντεθεῖσαι 
ποιοῦσι τὴν μείζονα ἄκραν τῆς ἁρμονικῆς μεσό- 
, δύο δὲ αἱ ΒΔ καὶ μέα ἡ ΒΖ τὴν μέσην, μία 
δὲ ἡ ΒΔ καὶ μία ἡ ΒΖ τὴν ἐλαχίστην. 
(ἢ ΤῊΝ Panapoxes or Ἐπυσινυβ 
Τὰ, iil, 24. 45, ed. Hultech 104, 14-106. 9 

To δὲ τρίτον τῶν προβλημάτων ἦν τόδε. 

“Eorw τρίγωνον ὀρθογώνιον τὸ ABI ὀρθην 


A 
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proportion, and ET between AA, AT in arithmetical 
propertion, is clear. For 
AA:AB=AB: AP, [Euel. iii. $1, vi. 8 Por. 
and AA: AS =(AA—AE) : (ΕΓ -TA) 
=(AA—EP) : (EP -- ΓΔῚ. 
But how ZH is a harmonic mean, or between what 
kind of lines, he did not say, but only that it is a 
third proportional to EB, BA, not knowing that from 
EB HA, ΒΖ, which are in geometrical proportion, 
the harmonic mean is formed, For it will be proved 
by me later that a harmonic proportion can dius be 
formed— 
greater extreme =2ER +S3AB ΒΖ, 
mean term =8BA + BZ, 
lesser extreme = BA +BZ.9 


(ἢ Tue Panapoxes or Enycrxus 
ibid. tii, 24. 58, ed. Hultsch 104. 14-106. ὃ 
The third of the problems was this : 
Let ABT be a right-angled triangle having the 
* It is Pappus, i iL wh ems to have erred, for BZ is 
ΓῚ scents seit i reer g topiie oan thas be proved 


Since BAE paean led triangle in which ΔῈ is pe 
since BAE is a tangled triangle in which AY is per- 
pendicular to BE, 


B24: BA=BaA: BE, 
it. ΒΩ. BE=BA'= AA. AP. 
Hut BE=}(AA+AT); 
; B2(/AA+AP)=2AA. AT, 
ans AA(BA— AT) =AT(AA — BZ), 
Bs, AA: AT =(AA - BZ): (BZ = AP), 


and .*, BZ is a harmonic mean between AA, AT. 
The three means and the several extremes have thus been 
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ἔχον τὴν B γωνίαν, καὶ διήχθω τις ἡ AA, καὶ 
κείσθω τῇ AB ἴση ἡ AE, καὶ δίχα τμηθείσης τῆς 
EA κατὰ τὸ Z, καὶ ἐπιζευχθείσης τῆς ZT δεῖξαι 
συναμφοτέρας τὰς AZT δύο πλευρὰς ἐντὸς τοῦ 
τριγώνου μείζονας τῶν ἐκτὸς συναμφοτέρων τῶν 
BAT πλευρῶν. 

Kal ἔστι δῆλον. ἐπεὶ γὰρ αἱ ΓΔᾺ, τουτέστιν 
αἱ ΓΖΕ, τῆς ΓᾺ μείζονές εἰσιν, ἴση δὲ ἡ ἡ AE τῇ 
ΑΒ, αἱ ΓΖΔ a ἄρα δύο τῶν ΓᾺΒ μείζονές εἶσιν.... 

"AAN ὅτι τοῦτο μέν, ὅπως ἄν τις ἐβέλοι mpo- 
τείνειν, ἀπειραχῶς δείκνυται δῆλον, οὐκ ἄκαιρον 
δὲ καθολικώτερον περὶ τῶν τοιούτων προβλημάτων 
διαλαβεῖν ἀπὸ τῶν φερομένων παραδόξων ᾿Ερυκίνον 


προτείνοντας οὕτως. 


(εὖ Toe Reovian βουὴ 
τ. ti. 40, 18, ed. Hultsch 132, 1-11 
Eis τὴν δοθεῖσαν σφαῖραν ἐγγράψαι τὰ πέντε 


πολύεδρα, 7 προγράφεται de rade. 
"Eorw ev σφαίρᾳ κύκλος ὁ ABI, of διάμετρος 


ἡ AT καὶ κέντρον τὸ A, καὶ τρακεώθα εἰς τὸν 





represented by jive straight lines (EB, ΒΖ, AA, AD, ΒΑ]. 
Pappas ta ἐς δεν viz lines to solve the problem, He proceeds to 
; inch hg εν fies avd to form all ten means as 
linear fun % ree terms in metrical LOM 
(ve. vol. i. pp. 194-198]. io Sar om 
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angle B right, and let AA be drawn, and let AE be 
placed equal to AB, then if EA be bisected at Z, and 
ΖΓ be joined, to show that the sum of the two sides 
Ad, ZI’ within the triangle, is greater than the sum 
of the two sides BA, Al’ without the triancle, 

And it is obvious, For 


since PZ+ZA>TA, (Buel. i. 20 
Lely PZ +ZE>T'A, 

while AE=AR, 

ap [TZ 4+ ΖΕ + BAm A+ A 

ἐκ. PZ+ZA>TA+AR. . .; 


But it is clear that this type of proposition, accord- 
ing to the different ways in which one might wish to 
pPropound it, can take an infinite humber of forms, 
and it is not out of place to discuss such problems 
more generally and [first] to propound this from the 
so-called paradoxes of Erycinus,® 


(ἢ Tue Recunan βοι ὃ 


In order to inseribe the five polyhedra in a sphere, 
these things are premised. 

Let ABI’ be a circle in a sphere, with diameter AT’ 
and centre A, and let it be proposed to insert in the 


* Nothing further is known of Erycinus. The proposi- 
sas fext investiga ted are more elaborate than the one just 
solve 

" This is the fourth subject dealt with in Coll, iti, For 
the treatment of the subject by earlier geometers, τ, vol, i. 
PP. 216-225, 466-479, 
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κύκλον ἐμβαλεῖν εὐθεῖαν παράλλη λὸν μὲν τῇ ἃ ΑΓ 
rpw, ἴσην δὲ τῇ δοθείσῃ μὴ μείζονι οὔσῃ τῆς 
AT διαμέτρου. 





Κείσθω τῇ ἡμισείᾳ τῆς δοθείσης ἴ ἴση ἡ ΕΔ, καὶ 

τῆ, AT διαμέτρῳ ἤχθω πρὸς ὀρθὰς ἡ EB, τῇ δὲ 

Γ παράλληλος ἡ BZ, ἥτις ἴση ἔσται τῇ δοθείσῃ" 

διπλῆ γάρ ἐστιν τῆς EA, ἐπει καὶ ἴση τῇ ΕΗ, 
ἥλου ἀχθείσης τῆς ΔΗ τῇ ΒΕ, 


(f) Exression or Pyruaconas’s THeores 
Ibid. iv. 1. 1, ed, Hultsch 176, 0-178. 13 


"Pav ἦ τρίγωνον τὸ ABI, καὶ ἀπὸ τῶν ΑΒ, 
ΒΓ ἀναγραφῇ τυχόντα παραλλη λόγραμμα τὰ 
ABAE, PH, καὶ αἱ ΔΕ, ΔΗ ἐκβληθϑῶσιν 


ἐπὶ τὸ ©, καὶ ἐπιζευχθῇ ἡ OB, γίνεται ra ABAE, 
8714 
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cirele a chord parallel to the diameter AT’ and equal 
to a given straight line not greater than the diameter 
ΑΙ, 

Let EA be placed equal to half of the given straight 
line, and let EB be drawn perpendicular to the dia- 
meter Al’, and let BZ be drawn parallel to AI’; then 
shall this line be equal to the given straight line. 
For it is double of EA, inasmuch as ZH, when drawn, 
is parallel to BE, and it is therefore equal to ΕΗ." 


(7) Extension or Pyruaconas's Turonem 
τα. iv. 1. 1, ed. Hultech 176, 9-178. 13 


If ABI be a triangle, and on AB, BI’ there be 
deseribed any parallelograms ABAE, BI'ZH, and 
AE. ZH be produced to O, and OB be joined, then the 


Fee a hngt Sy behest Act ig 8 method of inscrib- 
a Plas lar soli in the case of each 
id certs circular sections of the sphere. In the 
en of the the cube, for example, he finds two ‘equal and parallel 
cireular ῥαξδιτμυιμς the square on whose diameter js two-thirds 
of the square on the diameter of the sphere. The squares 
inscribed in these circles are then op faces of the cube, 
In ench case the method of aay and ane by ἘΣ 
lowed, The treatment is quite 
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ΒΓΖΗ͂ παραλληλόγραμμα ἴσα τῷ ames τῶν AT, 
OB περιεχομένῳ παραλληλογράμμῳ Ae tae 5 
ἐστιν ἴση συναμφοτέρῳ τῇ ὑπὸ BAT, AGB 





"Εκβεβλήσθω yap ἡ OB ἐπὶ ro K, wal διὰ τῶν 
A, Τ' τῇ OK παράλληλοι ἢ θωσαν αἱ AA, ΓΜ, 
καὶ ἐπεζεύχθω i AM. ἐπεὶ παραλληλόγραμμόν 
ἔστιν τὸ ΑΛΘΒ, αἱ AA, OB ἢ ἴσαι τέ εἰσιν καὶ 
παράλληλοι, ὁμοίως καὶ αἱ ΜΡ, ΘΗ ἴσαι, τέ 
εἰσιν καὶ παράλληλοι, ὥστε καὶ at AA, ΜΓ ἢ ἴσαι 
τέ εἶσιν καὶ phot καὶ al AM, AD apa 


ἴσαι τε καὶ παραλληλοί εἰσιν" παρ ληλόγρ μμον 
ἄρα ἐστὶν τὰ ΔΑΝΓ 2 ἐν γωνίᾳ τῇ ὑπὸ τοῦυτ- 
ἔστιν ουναμφοτέρῳ τῇ τε ὑπὸ BAD καὶ ὑπὸ 
ΔΘΒ: ἴση γάρ ἐστιν ἡ ὑπὸ AGB τῇ ὑπὸ AAB. 
καὶ Bats τὸ AABE παραλληλόγραμμον τῷ AABO 


ἴσον ἐστιν [ἐπί τε γὰρ Τῆς αὐτῆς βάσεώς ἐστιν 
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parallelograms ABAE, BI'ZH are together equal to 
the parallelogram contained by Al’, OB in an angle 
which is equal to the sum of the angles BAT’, 
ΘΗ, 

For let OB be produced to K, and through A, I let 
AA, ΓΜ be drawn parallel to OK, and let AM be 
joined. Since AAOB is a parallelogram, AA, OB are 
equal and parallel. Similarly ΜΠ’, ΘΒ are equal and 
parallel, so that AA, MI’ are equal and parallel. And 
therefore AM, AI’ are equal and parallel; therefore 
AAMT’ is a parallelogram in the angle AAT, that is 
an angle equal to the sum of the angles BAI and 
ΘΒ": for the angle AGB=angle AAB. And since 
the parallelogram AABE is equal to the parallelogram 


AABO (for they are upon the same base AB and in the 
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τῆς AB wal ἐν ταῖς αὐταῖς παραλλήλοις ᾿ ταῖς AB, 
ae) ἀλλὰ τὸ ΛΑΒΘ τῷ AAKN ἶσον ἐστίν [ἐπί 


τε γὰρ τῆς αὐτῆς βάσεώς ἔστιν τῆς AA καὶ ἐν 
Aree αὐταῖς ἐγ. nS ταῖς AA, ORK), καὶ τὸ 


ai AN ἴσον ἐστίν. διὰ τὰ αὐτὰ 
καὶ τὸ ἊΣ BHAT τῷ >» ΝΕΓΜ ἴσον ἐστίν: τὰ ἄρα 
AABE, BHZr παραλληλόγραμμα. τῷ AATM ἴσα 
ἐστίν, τουτέστιν τῷ ὑπὸ AT, OB ἐν γωνίᾳ, τῇ thro 
ΛΑΓ, ἢ ἐστιν ἴση συναμφοτέραις ταῖς ὑπὸ BAT, 
BOA. καὶ ἔστι τοῦτο “καθολικώτερον πολλῷ τοῦ 


ἐν τοῖς ὀρθογωνίοις ἐπὶ τῶν τετραγώνων ἐν τοῖς 
Στοιχείοις δεδειγμένου. 


(g) Cincirs INscntRED IN THE ἄρβηλος 
ibid. tv. 14.19, ed. Hultech 208, §-21 


Φέρεται ἔν τισι» apyata πρότασις τοιαύτη" 
ὑποκείσθω τρία ἡμικύκλια ἐφαπτόμενα ἀλλήλων 





τὰ ΑΒΓ, ΑΔΕ, EZD, καὶ εἰς τὸ μεταξὺ τῶν 


περιφερειῶν αὐτῶν χωρίον, " δὴ καλοῦσιν ἄρβηλον, 
δ18 
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same parallels AB, AO), while AABG=AAKN (for 
they are upon the same base AA and in the same 
parallels AA, OK), therefore AAEB=AAKN. By 
the same reasoning BHZl=NKI'M; therefore the 
parallelograms AABE, BHZI’ are together equal to 
AAIM, that is, to the parallelogram contained by 
AI’, ΘΒ in the angle AAT, which is equal to the sum 
of the angles BAT, BOA. And this is much more 
general than the theorem proved in the Elements 
about the squares on right-angled triangles." 


(g) Crrcves Inscarep is THE ἄρβηλος 
Ibid. iv. 14. 10, ed. Hultsch 205. 0-21 
There is found in certain [books] an an“ent pro- 
position to this effect; Let ABI, ΑΔΕ, nZI be 
supposed to be three semicircles touching each other, 
and in the space between their circumferences, which 


. Eucl. i. 47, 0. vol. L pp. 178-185. In the ease taken 

Hepes, he first two ‘lograms are drawn patdiapec nyt 

τὰ, equal to their sum, is drawn inwards. Lf the areas 

of paralbe drawn outwards be: ed as of opposite 

sign to the areas of those drawn inwa the theorem may 

be still further generalized, for the algebraic sum of the three 
parallelograms is equal to zero. 
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ἐγγεγράφθωσαν κύκλοι ἐφαπτόμενοι τῶν τε ἦμι- 
κυκλίων καὶ ἀλλήλων» ὁσοιδηποτοῦν, ws οἱ περὶ 


κέντρα τὰ H, ©, Κ, A: δεῖξαι τὴν μὲν ἀπὸ τοῦ H 
κέντρου edGerow det τὴν AT ἴσην τῇ διαμέτρῳ 
τοῦ περὶ τὰ H κύκλου, τὴν δ᾽ ἀπὸ τοῦ © κάθετον 
διπλασίαν τῆς διαμέτρου τοῦ περὶ τὸ Ὁ κύκλου, 

» δ' ἀπὸ τοῦ K κάθετον τριπλασίαν, καὶ τὰς 
ee καθέτους τῶν οἰκείων διαμέτρων πολλα- 
πλασίας κατὰ τοὺς ἑξῆς μονάδι ἀλλήλων ὑπερ- 
ἔχοντας ἀριθμοὺς ἐπ᾽ ἄπειρον γινομένης τῆς τῶν 
κύκλων ἐγγραφῆς. 


(4) SPIRAL ON A SPHERE 
dbid. iv. $5, 58-56, ed. Hulisch 264, 5-268. 21 


"Ὥσπερ ἐν ἐπιπέδῳ νοεῖται γινομένη τις ἕλιξ 
φερομένου σημείου κατ᾽ εὐβείας κύκλον περιγρα- 
φούσης, καὶ ἐπὶ στερεῶν φερομένου σημείου κατὰ 
μιᾶς πλευρᾶς cw ἐπιφάνειαν περιγραφούσης, 
οὕτως δὴ καὶ ἐπὶ σφαίρας ἔλικα νοεῖν ἀκόλουθόν 
ἐστι γραφομένην τὸν τρόπον τοῦτον. 

Ἕστω ἐν σφαίρᾳ μέγιστος. κύκλος ὁ ΚΛΜ περὶ 
πόλον τὸ Ὁ σημεῖον, καὶ ἀπὸ τοῦ © μεγίστου 





" ‘Three ἘΕΠΠΕ ΤΠΙΤΙ (Nos. 4, 5 and 6) about the eae 
known os the ἄρβηλος from its resemblance to o lea 
worker's knife are contained in ee Liber Asswmp- 
forum, which has survived in Arabic. ay are incloded as 
To on for cases in Pappus's exposition, which [5 unfortunately 
production here. Professor Arey W. Thomp- 


Cann! Revie, hvi. $2), Paid 
thinking th t the Nags ha Ὁ Knife rather ruther 


the a huensakee'a ie spect fsa de 
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is called the “ leather-worker's knife,” let there Baten 


scribed any number whatever of circles 

the semicircles and one another, as those about the 
centres H, 0, K, A; to prove that the perpendicular 
from the centre H to AT is equal to the diameter of 
the circle about H, the perpendicular from © is double 
of the diameter of the circle about 0, the perpen- 
dicular from K is triple, and the [remaining] per- 
pendiculars in order are so many times the accion 
of the proper circles according to the numbers in a 
series increasing by unity, the inscription of the 
circles proceeding without limit." 


(4) Spinan on A Spuene * 
Thiel. iv. 35, Δ5:- δῇ, ed. Hultsch Th4. 5-268, 5] 


Just as in a plane a spiral is conceived to be gener- 
ated by the motion of a point along a straight line 
revolving in a circle, and in solids [such as the cylinder 
or cone,|° by the motion of a point along one straight 
line describing a certain surface, so also a correspond- 
ing spiral can be conceived as described on the sphere 

r this manner. 

" Let KAM be a great circle in a sphere with pole 6, 

and from © let the quadrant of a great circle ONK be 


* After ene ἄρβηλος, ἀρ a devotes the remainder 
of Boolk iv. to tions of the problems of douls ede 
ba i the circle and trisecting an angle. Ti 809) 
been frequently cited msceny (ce. vol. i. irre oe 868). 
His treatment of the spiral is noteworthy becau 
Pick alee is often markedly different from that of Archimedes 
in the course of it he makes this interes 
* Some such addition ad necessary, ‘ommusndirsiea, 
Chasles and Hultsch realiz 
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κύκλου τεταρτημύριαν γεγράφθω τὸ ONK, wal 
ἡ μὲν GONK περιφέρεια, περὶ τὸ Θ μένον ¢ ester 
κατὰ τῆς ἐπιφανείας ὡς ἐπὶ τὰ A, M μέρη, 





ἀποκαθιστάσθω πάλιν ἐπὶ τὸ αὐτό, σημεῖον δέ 
τι φερόμενον ἐπ᾽ αὐτῆς ἀπὸ τοῦ ©) ἐπὶ τὸ K παρα- 
γινέσθω" » £60 δῇ τινὰ ἐπὶ τῆς ἐπιφανείας ἔλικα, 
οἵ @OIK, καὶ ἥτις ἂν ἀπὸ τοῦ ©) γραφῇ 
μεγίστου κύκλου περιφέρεια, πρὸς τὴν ΚΑ περι- 
φέρειαν λόγον ἕ ἔχει ὃν ἡ AQ πρὸς τὴν HO- λέγω 
δὴ ὅτι, ἂν ἐκτεθῇ τεταρτημόριον τοῦ μεγίστου ἐν 
τῇ σῴα κύκλου τὸ ΑΒΓ περὶ κέντρον τὸ A, καὶ 

ἐπιΐ ῃ ἡ TA, γίνεται ὡς ἡ τοῦ ἡμισφαιρίου 
tere πρὺς τὴν μεταξὺ τῆς ΘΟΙΚ ἕλικος καὶ 
s ΚΝΘ Θ περ ρος Gross Pood ἐπυῤάνευιν, 
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described, and, remaining stationary, let the are 
ONK revolve about the surface in the direction A, M 





ἔῃ A 


and again return to the same place, and [in the same 
time] let a point on it move from 6 to Καὶ ; then it will 
describe on the surface a certain spiral, such as OO1K, 
and if any are of a great circle be drawn from 6 [cut- 
ting the cirele K.AM first in A and the spiral first in Ὁ], 
its circumference ® will bear to the are KA the same 
ratio as AO bears toOO. [say then that if a quadrant 
ABD of a great circle in the sphere be set out about 
centre A, and [A be joined, the surface of the hemi- 
sphere will bear to the portion of the surface inter- 
cepted between the spiral OOIK and the arc KN) 
the same ratio as the sector ΑΒΓΔ bears to the 
segment ABI’. 

For let [4 be drawn to touch the circumference, 
and with centre Γ let there be deseribed through A 
the are AEZ; then the sector ABA is equal to the 


* Or, of course, the circuniference of the circle KAM to 
which it is equal, 
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AEZD [διπλασία μὲν yap ἡ πρὸς τῷ A γωνία τῆς 
ὑπὸ eal past δὲ τὸ ἀπὸ AA τοῦ ἀπὸ AT)- 
ὅτι ἄρα καὶ ὡς αἱ εἰρημέναι ἐπιφάνειαι πρὸ: 
ἀλλήλας, οὕτως ὁ AEZT τομεὺς πρὸς τὸ ABr 
τμῆμα. | ΠΤ" 
“Ἕστω, ὃ μέρος ἡ KA περιφέρεια τῆς ὅλης τοῦ 
κύκλου περιφερείας, καὶ τὸ αὐτὸ ΟΣ περιφέρεια 
ἡ ZE τῆς ZA, καὶ ἐπεζεύχθω ἡ ἘΠ᾽ - ἔσται δὴ καὶ 
ἡ ΒΓ τῆς ΑΒΓ τὸ αὐτὸ μέρος. ὃ δὲ μέρος ἡ KA 
τῆς ὅλης περιφερείας, τὸ αὐτὸ καὶ ἡ ΘΟ τῆς 
@OA. καὶ ἔστιν ἴση ἡ ΘΟΛ τῇ ΑΒΓ! ἴση apa 
καὶ ἡ GVO τῇ BY. γεγράφθω περὶ πόλον τὸν 8 
διὰ τοῦ Ὁ πεῤιφέρεια ἡ ON, καὶ διὰ τοῦ Β περὶ 
τὸ Γ κέντρον ἡ ΒΗ. ἐπεὶ οὖν ὡς ἡ AKO σφαιρικὴ 
ἐπιφάνεια πρὸς τὴν OON, ἡ ὅλη τοῦ ἡμισφαιρίου 
ἐπιφάνεια «πρὸς Ὡς τοῦ τμήματος ἐπιφάνειαν οὗ 
ἡ ἐκ τοῦ πόλου ἐστὶν ἡ OO, ὡς δ' ἡ τοῦ ἡμισῴαις- 
plov ἐπιφάνεια πρὸς τὴν τοῦ τμήματος ἐπιφάνειαν, 
οὕτως ἐστὶν τὸ ἀπὸ τῆς τὰ Θ, A ἐπιξευγνυούσης 
εὐθείας τετράγωνον πρὸς τὸ ἀπὸ τῆς ἐπὶ τὰ ©), 
0, ἢ τὸ ἀπὸ τῆς ED τετράγωνον πρὸς τὸ ἀπὸ τῆς 
ΒΓ, ἔσται ἄρα καὶ ὡς ὁ KAO τομεὺς ἐν τῇ ἐπι- 
φανείᾳ πρὸς τὸν OON, οὕτως ὁ EZT τομεὺς πρὸς 
τὸν BHD. ὁμοίως δείξομεν ὅτι καὶ ὡς πᾶντες 
of ἐν τῷ ἡμισφαιρίῳ, τομεῖς οὗ ἴσοι τῷ ΛΘ, οἱ 





* Pappus's method of fis, in the Archimedean manner, 
to circumscribe about the surface to be measured a figure 
consisting of sectors on the sphere, and to circumscribe about 
the serment ABT a figure consisting of sectors of circles ; in 
the same way figrures canbe inseri Geet. The divisions need, 
Bs 


therefore, to be as cunermiges τ parece The conclusion 
can then be reached by the method of exhaustion. 
δ 
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sector AEZT (for angle AAI =2.angle ATZ, and 
AA?=4AT"}; I say, then, that the ratio of the afore- 
said surfaces one towards the other is the same as 
the ratio of the sector AEZT to the segment ABI, 
Let ZE be the same soall Ν part of ZA as KA is 
of the whole circumference of the circle, and let EI 
be joined ; then the are BI’ will be the same part of 
the arc ΑΒΓ." But ΘΟ is the same part of ΘΛ as 
ΚΑ is of the whole circumference ἂν the property of 
the spiral|, And are GOA=are ABI [er construc- 
Hione|, Therefore Ε}0 τὸ ΒΓ. Let there be described 
through Ὁ about the pole © the are ON, and througt 
B about centre "the are BH. Then since the [sector 
of the) spherical surface AKO bears to the [sector] 
ΟΝ the same ratio as the whole surface of the hemi- 
sphere bears to the surface of the segment with pole 
© and circular base ON, while the surface of the 
hemisphere bears to the surface of the segment the 
same ratio as OA® to 0024 or ET? to BI , therefore 
the sector KAG on the surface [of the sphere] bears 
to OON the same ratio as the sector EZT ft the 
plane] bears to the sector BHI’, Similarly we may 
show that all the sectors [on the surface of] the hemi- 


the squares on their radii [Eucl. xii, 2], the surface of the 
bears to the surface of the segment the ratio 
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ἡ ὅλη τοῦ ἡμισφαιρίου ἐπιφάνεια, πρὸς τοὺς 
Te epi misoes περὶ τὴν ἕλικα τομέας ὅμοταγεῖς 


AZ “ei xp aoe é ced ret τῷ ABE 
τὸ ran, στε καὶ ὡς ἡ τοῦ Sewn 


rasta ecamne Paha τοῦ ibe spies (ἐπεὶ 
καὶ ἡ τοῦ ἡμισφαιρίου ἐπυῤέάνεια, τοῦ ΑΒΓΔ 
τομέως), ἡ δὲ μεταξὺ τῆς ἔλικος καὶ τῆς βάσεως 
τοῦ ἡμισφαιρίου ἐπυῤάνεια ἀκταπλασία τοῦ ATA 
τριγώνου, τουτέστιν ἴση τῷ ἀπὸ τῆς διαμέτρου 
τῆς σφαίρας τετραγώνῳ. 


" This τὰ be ae by the method of exhaustion. It 
is proof pric wat τ ai ved by this method in Greek 
apd that aka at fake its validity for granted. 

" For the surface of the hemisphere is double of the circle 
οἵ radios AS [Archim. De sph, ef cyl. i. 33] and the sector 
ABP is one-quarter of the circle ὁ us AA. 

sults Abie: putvtates beteibes, Ube: δέδέν! ated te teen Of toe 
hemisphere is equal to the surface of the hemisphere less the 
surface cut off from the spiral in the direction ΟΝ, 


i. Surface in question =surface of hemisphere -- 
8 segment ABT’, 


m5 sector ΑΒΓΔ -- αὶ segment ABI 
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sphere equal to KAO, together making up the whole 
surface of the hemisphere, bear to the sectors. de- 
scribed about the spiral similar to OON the same ratio 
as the sectors in AZT equal to EZI’, that is the whole 
sector ΑΓ, bear to the sectors described about the 
segment ABI similar to (HH. In the same manner 
it may be shown that the surface of the hemisphere 
bears to the [sum of the] sectors inscribed in the 
spiral the same ratio as the sector AAI’ bears to the 
{sum of the] sectors inscribed in the segment ABI, 
so that the surface of the hemisphere bears to the 
surface cut off by the spiral the same ratio as the 
sector AAI’, that is the quadrant ABTA, bears to 
the segment ABD" From this it may be deduced 
that the surface cut off from the spiral in the direction 
of the are ONK is eight times the segment ABD (since 
the surface of the hemisphere is eight times the 
sector ABTA),® while the surface between the spiral 
and the base of the hemisphere is eight times the 
triangle AIA, that is, it is equal to the squaré on 
the diameter of the sphere.* 


=§ triangle ATA 
Ξε AA 
εἰ 5 ΑΔ}, 

and 2AA is the diameter of the sphere. 

Heath (AGM. 1. 884-385) gives for this enone 
tion an analytical equivalent, which [ have cl ta the 
Greek lettering. If p, ὦ are the spherical co-ordinates of ἢ 
with reference fo @ as pole and the are GNK os polar axis, 
vegaig oat ath the spirals «= =4p. If a is the area of the 
spiral to be measu and the radius of the sphere is taken 
as unity, we have as the element of area 

di =ded | — cos ρ) Ξε Φείρ( ] - cos p). 
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(ἢ Isorznimernic Fievnes 
- Μὰ. v.,. Froef. 1-8, ed. Hultech 304. 5-308. 5 


Σοφίας καὶ μαθημάτων ἔννοιαν ἀρίστην μὲν Kat 
τελειοτάτην ἀνθρώποις Beds ἔδωκεν, ὦ κράτιστε 
Μεγεθίον, ἐκ μέρους δέ που καὶ i τῶν ἀλόγων ζῴων 

ἴραν ἀπένειμεν τισιν. ἀνθρώποις μὲν οὖν ἅτε 
δ κοῖς οὖσι τὸ μετὰ καὶ ἀποδείξεως 
παρέσχεν ἕκαστα ποιεῖν, τοῖς δὲ λοιποῖς ζῴοις 
ἄνευ λόγου TO χρήσιμον καὶ βιωφελὲς αὐτὸ μόνον 
κατά Twa φυσικὴν πρόνοιαν ἑκάστοις ἔχειν ἐδωρή- 
σατο. τοῦτο δὲ μάθοι τις ἂν ὑπάρχον καὶ ἐν ἑτέροις 
μὲν πλείστοις γένεσιν τῶν ζῴων, οὐχ ἥκιστα δὲ 
κἀν ταῖς μελίσσαις" ἢ Te γὰρ εὐταξία καὶ πρὸς 
τὰς ἡγουμένας τῆς ἐν αὐταῖς πολιτείας εὐπείθεια 
βαυμαστή τις, 7 τε φιλοτιμία καὶ καθαριότης ἡ 
περὶ τὴν τοῦ μέλιτος συναγωγὴν καὶ ἡ περὶ τὴν 
φυλακὴν αὐτοῦ πρόνοια καὶ οἰκονομία πολὺ pia. 
βαυμασιωτέραᾳ. πεπιστευμέναι γάρ, ὡς εἰκός, 
παρὰ θεῶν κομίζειν τοῖς τῶν ἀνθρώπων μουσικοῖς 
FN ee ae 


ἐπ 
ες A= 4edpf 1 — C08 p) 


=Yer— 4, 
-- ΙΝ πο τὸ, 
suriace of hemisphere 9π 
ἀπο 
fe 


cement ABT 
sector ABTA” 

@ The whole of Book ¥. in Pappus's Collection is devoted 
to isoperimetry. The first section follows closely the exposi- 
tion of Zenodorus as given by Theon (v. supra, pp. 386-395), 
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(i) Isopmumeratcc Fiaunes * 
Ibid. v., Preface 1-3, ed. Hultsch 304, 5-308, 5 


Though God has given to men, most excellent 
Megethion, the best and most perfect understandin 
of wisdom and mathematics, He has allotted a partia 
share to some of the unreasoning creatures as well. 
To men, as being endowed with reason, He granted 
that they should do everything in the light of reason 
and demonstration, but to the other unreasoning 
creatures He gave only this gift, that each of them 
should, in accordance with a certain natural fore- 
thought, obtain so much as is needful for supporting 
life. This instinct may be observed to exist in many 
other species of creatures, but it is specially marked 
among bees. Their good order and their obedience 
to the queens who rule in their commonwealths are 
truly admirable, but much more admirable still is their 
emulation, their cleanliness in the gathering of honey, 
and the forethought and domestic care they give to 
its protection. Believing themselves, no doubt, to 
be entrusted with the task of bringing from the gods 
to the more cultured part of mankind a share of 


except that Pappus includes the proposition that ofall cirew/ar 
segments having the same circumference the semicircle is (he 
greatest. ‘The second section compares the volumes of solids 
whose surfaces are equal, and is followed by a digression, 
already quoted (swpra, pp. 104-187) on the regular 
solids discovered by Archimedes, After some propositions 
on the lines of Aschikn yedles’ De sph. et eyl., Pappus finall 

proves that of regular solids having equal νὰν Aton that i 


greatest which has mast faces. 
_ The introduction, here cited, on the sagacity of bees is 





rightly praised by Heath {ΗΠ ὦ. ΜΙ. fi, 399) as an example of 
the good style of the Greek mathematicians when freed from 
the restraints of technical language. 
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Tis ἀμβροσίας ἀπόμοιράν τινὰ ταύτην οὗ μάτην 
ἐκχεῖν εἰς γῆν καὶ ξύλον ἢ τινὰ ἑτέραν ἀσχήμονα 
καὶ ἅτακτον ὕλην ἠξίωσαν, GAN’ ἐκ τῶν ἡδίστων 
ἐπὶ γῆς φυομένων ἀνθέτων συνάγουσαι τὰ κάλλιστα 
κατασκευάζουσιν ἐκ τούτων εἰς τὴν τοῦ μέλιτος 
ὑποδοχὴν ἀγγεῖα τὰ καλούμενα κηρία πᾶντα μὲν 
ἀλλήλοις ἴσα καὶ ὅμοια καὶ παρακείμενα, τῷ δὲ 
χήματι ἐξάγωνα. 

Τοῦτο δ᾽ ὅτι κατὰ τινὰ γεωμετρικὴν μηχανῶνται 
πρόνοιαν οὕτως ἂν μάθοιμεν. πάντως μὲν γὰρ 
ὥοντο δεῖν τὰ σχήματα παρακεῖσθαί τε ἀλλήλοις 
καὶ κοινωνεῖν κατὰ τὰς πλευράς, ἵνα μὴ τοῖς 
peracy παραπληρώμασιν ἐμπίπτοντά τινα ἕτερα 
υμήνηται αὐτῶν τὰ ἔργα" τρία δὲ σχήματα εὐθύ- 
ραμμα τὸ προκείμενον ἐπιτελεῖν ἐδύνατο, λέγω 
i τεταγμένα τὰ ἰσόπλευρά τε καὶ ἰσογώνια, τὰ 
δ᾽ ἀνόμοια ταῖς μελίσσαις οὐκ ἤρεσεν. τὰ μὲν 
οὖν ἰσόπλευρα τρίγωνα καὶ τετράγωνα καὶ τὰ 
ἐξάγωνα χωρὶς ἀνομοίων παραπληρωμάτων ἀλλὴ- 
λοις ϑύναται παρακείμενα τὰς πλευρᾶς κοινὰς 
ἔχειν [ταῦτα' γὰρ δύναται συμπληροῦν εξ αὐτῶν 
τὸν περὶ τὸ αὐτὸ σημεῖον τόπον, ἑτέρῳ δὲ TreTay- 
μένῳ σχήματι τοῦτο ποιεῖν ἀδύνατον). ὁ γὰρ 
περὶ τὸ αὐτὸ σημεῖον τόπος ὑπὸ F μὲν τριγώνων 
ἰσοπλεύρων καὶ διὰ Κὶ γωνιῶν, ὧν ἑκάστη διμοίρου 
ἐστὶν ὀρθῆς, συμπληροῦται, τεσσάρων δὲ τετρα- 
γώνων καὶ--ὁ ὀρθῶν γωνιῶν [αὐτοῦ], τριῶν δὲ 
ἐξαγώνων καὶ ἐξαγώνου γωνιῶν τριῶν, ὧν ἑκάστη 
ἃ γ᾽ ἐστὶν ὀρθῆς. πεντάγωνα δὲ τὰ τρία μὲν οὐ 
φθάνει συμπληρῶσαι τὸν περὶ τὸ αὐτὸ σημεῖον 
τόπον, ὑπερβάλλει δὲ τὰ τέσσαρα" τρεῖς μὲν +a 
τοῦ πενταγώνου γωνίαι 5 ὀρθῶν ἐλάσσονές εἶσιν 
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ambrosia in this form, they do not think it proper to 
pour it carelessly into earth or wood or any other 
unseemly and irregular material, but, collecting the 
fairest parts of the sweetest Howers growing on the 
earth, from them they prepare for the reception of 
the honey the vessels called honeycombs, [with cells] 
all equal, similar and adjacent, and hexagonal in form. 

That they have contrived this in accordance with a 
certain geometrical forethought we may thus infer. 
They would necessarily think that the figures must 
all be adjacent one to another and have their sides 
common, in order that nothing else might fall into the 
interstices and so defile their work, Now there are 
only three rectilineal figures which would satisfy the 
condition, [mean regular figures which are equilateral 
and equiangular, inasmuch as irregular figures would 
be displeasing to the bees. For equilateral triangles 
and squares and hexagons can lie adjacent to one 
another and have their sides in common without 
irregular interstices. For the space about the same 
point can be filled by six equilateral triangles and six 
angles, of which each is {-right angle, or by four 
squares and four right angles, or by three hexagons 
and three angles of a hexagon, of which each is 
1} .right angle. But three pentagons would not 
suffice to fill the space about the same point, and four 
would be more than sufficient ; for three angles of 
the pentagon are less than four right angles (inasmuch 


l ταῦτα... ἀδύνατον om. Hultsch. 
*“atrod spurium, nisi forte αὐτῶν dedit seriptor "— 
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τῶν λοιπῶν αὐτὸ χωρεῖν ὑπολαμβάνουσαι μέλι 
ὕναται πλεῖον μέλι τῆς ἴσης εἰς τὴν ἑκάστου 


ἐχόντων περίμετρον ἰσοπλεύρων τε καὶ ἰσογωνίων 
ἐπιπέδων σχημάτων μεῖζόν ἐστιν ἀεὶ τὸ πολυ- 
γωνότερον, μέγιστος δ᾽ 


ἐν πᾶσιν ὁ κύκλος, ὅταν 


ἴσην αὐτοῖς περίμετρον ἔχῃ. 


(7) Avranexr Form or a Cricte 
Τὰ. vi. 46. 90-91, ed. Hultech 68), 12-27 


_ Eorw κύκλος o ABI, οὗ κέντρον τὸ E, καὶ 
ἀπὸ τοῦ E πρὸς dpllas ἔστω τῷ τοῦ κύκλου ἐπι- 
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as each angle is 1} . right angle), and four angles are 
greater than four right angles. Nor can three hepta- 
gone be placed about the same point so as to have 
their sides adjacent to each other; for three angles 
of a heptagon are greater than four right angles 
(inasmuch as each is 1}. right angle), And the same 
argument can be applied even more to polygons with 
a greater number of angles. There being, then, 
three figures capable by themselves of filling up the 
space around the same point, the triangle, the square 
and the hexagon, the bees in their wisdom chose for 
their work that which has the most angles, perceiving 
that it would hold more honey than cither of the 
two others. 

Bees, then, know just this fact which is useful to 
them, that the hexagon is greater than the square 
and the triangle and will hold more honey for the 
same expenditure of material in constructing each. 
But we, claiming a greater share in wisdom than the 
bees, will investigate a somewhat wider problem, 
namely that, of all equilateral and equiangular plane 
Figures faving an equal perimeter, that which has the 
greater number of angles ts aleays greater, and the 
ried of them all is the circle having is perimeter equal 
fo them, 


(7) Apparent Form or a πε 
ibid, vi.* 48. 90-01, el. Hultsch 580. 12-27 
Let ABI be a circle with centre E, and from Εἰ let 
E24 be drawn perpendicular to the plane of the circle ; 
in the Littl Astronomy [ν᾿ supra, p. 4068 πὶ δ). The proposi- 
tion bere cited comes from a section on Euclid's Optics. 
vou. 1 29 593 
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πέδῳ ἡ ἘΠ: λέγω, ὅτι ἐὰν ἐπὶ τῆς ΕΖ τὸ ὕμμα 
τεθῇ ἴσαι αἱ διάμετροι φαίνονται τοῦ κύκλου. 


“ 





Τοῦτο δὲ δῆλον: ἅπασαι yap at ἀπὸ τοῦ Z πρὸς 
τὴν τοῦ κύκλου περιφέρειαν προσπίπτουσαι εὐθεῖαι 
ἔσαι εἰσὶν ἀλλήλαις καὶ ἴσας γωνίας περιέχουσιν. 

Μὴ ἔστω δὲ ἡ EZ πρὸς ὄρθας τῷ τοῦ κύκλου 
ἐπιπέδω, ἴση be ἔστω τῇ ἐκ τοῦ κέντρου. τοῦ 
κύκλου: λέγω, ὅτι τοῦ ὄμματος ὄντος πρὸς τῷ Z 
σημείῳ καὶ οὕτως αἱ διάμετροι ἴσαι ὁρῶνται. 

Ἡχϑωσαν γὰρ δύο διάμετροι αἱ Al’, BA, καὶ 
ἐπεζεύχθωσαν ai ZA, ZB, ZF, ZA. ἐπεὶ αἱ 
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Tsay that, if the eye be placed on EZ, the diameters 
of the circle appear equal.* 


7 





ἤν 


This ts obvious ; for all the straight lines falling 
from Z on the circumference of the circle are equal 
one to another and contain equal angles. | 

Now let Ε be not perpendicular to the plane of 
the cirele, but equal to the radius of the circle ; I 
say that, if the eye be at the point Z, in this case also 
the diameters appear equal. 

For let two diameters AI, BA be drawn, and let 
ZA, 78, ZI, ZA be joined. Since the three straight 


* As they will do if they subtend an equal angle at the eye. 
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τρεῖς ai EA, EF, ΕΔ ἴσαι εἰσίν, ὀρθὴ ἄρα ἡ ὑπὸ 

AZT γωνία. διὰ τὰ ae hy Ry 

ὀρθή ἐστιν" ἴσαι φανήσονται at AP, BA 
Sistine ἐν be 


διάμετροι. ἰξομεν ὅτι καὶ πᾶσαι. 


(4) Tue “Treasury or Anarysis” 
ibid, vil., Praef. 1-3, ed. Hultsch 634. 3-636. 30 


‘0 καλούμενος ἀναλυό ἐνὸς, μόδωρε τέκνον, 
κατὰ σύλληψιν ἰδία τὶς es Sin ropeonoeabn 
μετὰ τὴν τῶν κοινῶν στοιχείων ποίησιν τοῖς 
βρυλομένεο; ἀναλαμβάνειν ἐν “γραμμαῖς δύναμιν 
εὑρετικὴν τῶν προτεινομένων αὐτοῖς προβλημάτων, 
καὶ ἤΡ ἘΠΕῚ tires μόνον χρησίμη καθεστῶσα. γέγρα- 


ἀνδρῶν, Εὐκλείδου τε τοῦ 
δι τω, τ ΤᾺ ons τοῦ Περγαΐου καὶ 
᾿Αρισταίου τοῦ πρεσβυτέρου, κατὰ ἀνάλυσιν καὶ 
σύνθεσιν» € ἔχουσα τὴν ἔφοδον. 

᾿Ανάλυσις τοίνυν ἐστὶν ἀδὸρ ἀπὸ τοῦ ζητουμένου 
εὡς ὁμολογουμένου διὰ τῶν ἑξῆς ἀκολούθων ἐπί 
τι ὁμολογούμενον συνθέσει" ἐν ἼΜΕΝ yap τῇ ἀναλύσει 
τὸ ζητούμενον ws γεγονὸς ὑποθ evor τὸ ἐξ οὗ 
τοῦτο συμβαίνει σκοπούμεθα a πάλιν ἐκείνου 
τὸ προηγούμενον, ἕως ἂν οὕτως ἀναποδίζοντες 
καταντήσωμεν. εἷς τι τῶν ἤδη γνωριζομένων 7) 
τάξιν ἀρχῆς ἐχόντων" καὶ τὴν τοιαύτην € ἔφοδον 
ἀνάλυσιν καλοῦμεν, οἷον ἀνάπαλιν λύσιν. 

Ἔν δὲ τῇ συνθέσει ἐξ ὑποστροφῆς τὸ ἐν τῇ 
ἀναλύσει sehr nis ὕστατον. ὑποστησάμενοι γε- 
γονὸς ἤδη, καὶ ἑπόμενα τὰ ἐκεῖ [ἐνταῦθα)" mpo- 

τ ἐνταῦθα om. Hultach, 
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lines EA, EI’, EZ are equal, therefore the angle AZT’ 
is right. And by the same reasoning the angle BZA 
is right ; therefore the diameters AI, BA appear 
coal Similarly we may show that all are equal. 


(4) Tox ” Treasuay or Anatysrs " 
Ibid. vii. Preface 1-8, ed. Hultsch 634, 3-636, 30 


The so-called Treasury of Analysis, my dear Hermo- 
dorus, is, in short, a special body of doctrine furnished 
for the use of those who, after going through the usual 
elements, wish to obtain power to solve problems set 
to them involving curves," and for this purpose only is 
it useful. It is the work of three men, Euclid the 
writer of the Elements, Apollonius of Perga and 
Aristaeus the elder, and proceeds by the method of 
analysis and synthesis. 

Now analysts is a method of taking that which is 
sought as though it were admitted and passing from 
it through its consequences in order to something 
which is admitted as a result of synthesis; for in 
analysis we suppose that which is sought to be already 
done, and we inquire what it is from which this comes 
about, and again what is the antecedent cause of the 
latter, and so on until, by retracing our steps, we 
light upon something already known or ranking as a 
first principle ; and such a method we call analysis, 
as being a reverse solution. 

But in synthesis, proceeding in the opposite way, we 
suppose to be already done that which was last 
reached in the analysis, and arranging in their natural 


* Or, perhaps, “to give a complete theoretical solution of 
problems set to them”; ©. avpra, p. 414 n. a, 
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| pte eg = Doe icowlate’ cee 
ξητουμένου κατασκευῆς" Kal τοῦτο ἰδ θυ 
Ἰεσιν. 
Aerrdv 6° ἐστὶν ἀναλύσεως γένος. τὸ μὲν 
Tio τἀληθοῦς, ὅ καλεῖται θεωρητικόν, or 
ποριστικὸν me προταθέντος [λέγειν 6 καλεῖται 
προβληματικό ἐπὶ μὲν οὖν τοῦ θεωρητικοῦ 
υς τὸ ζητούμενον ὡς ὅν ὑποθέμενοι καὶ ὡς 
ἀληθές, εἶτα διὰ τῶν ἑξῆς ἀκολούθων ὡς ἀληθῶν 
καὶ ὡς ἔστιν wall’ ὑπὸ ἐσιν προελθόντες ἐπί τι 
ὁμολογού ν», ἐὰν μὲν ἄλη θὲς ἐκεῖνο τὸ 
ὁμολογούμενον. ἄληθες ἔ ἔσται καὶ ἶ tyre ὕμενον, 
καὶ ἡ ἀπόδειξις ἀντίστροφος τῇ ἀναλύσει; ἐὰν δὲ 
ψεύδει ὁμολογουμένῳ ἐντύχομεν, ψεῦδος ἔσται καὶ 


τὸ ἴητούμενον. ἐπὶ δὲ τοῦ προβληματικοῦ es 
ον 
fas ἀκολούβων ὡς ἀληθῶν. προελβόντες ἐπὶ 
Any ὕμενον, ἐὰν μὲν τὸ ὁμολογούμενον 
δυνατὸν 7) καὶ ποριστόν, ὦ καλοῦσιν of ἀπὸ τῶν 
μαθημάτων δοθέν, δυνατὸν ἔσται καὶ τὸ προταθέν, 
καὶ πάλιν ἡ & ἀπόδειξις ἀντίστροφος τῇ ἀναλύσει, 
ἐὰν δὲ ἀδυνάτῳ ὁμολογουμένῳ ἐντύχομεν, ἀδύνατον 
ἔσται καὶ τὸ πρό μα. 

Τοσαῦτα μὲν οὖν περὶ ἀναλύσεως καὶ συνθέσεως. 

Τῶν δὲ προειρημένων τοῦ ἀναλυομένου βιβλίων 
y τά ἐς he τ age Εὐκλείδου Ἐν sane 
πολλιωνίου ‘ov an ἐν LOL 
ἄἅποτο ῆς , Διωρισμένης τομῆς Ns Pee 
δύο, Ἑύὐκλείδου Ἰ]ορισμάτων τρία, "Ἀπ ολλωμίοῦ 
Νεύσεων δύο, τοῦ αὐτοῦ Τύπων ἐπιπέδων δύο, 


| 1 λέγειν οἵα. Hultsch. 
508 om, {τὸ 
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order as consequents what were formerly antecedents 
and linking them one with another, we finally arrive 
at the construction of what was sought ; this we 
eall synthesis. | 

Now analysis is of two kinds, one, whose object is 
to seek the truth, being called theoretical, and the 
other, whose object is to find something set for find- 
ing, being called problematical. In the theoretical 
kind we suppose the subject of the inquiry to exist 
and to be true, and then we pass sinus its con- 
sequences in order, as though they also were true and 
established by our hypothesis, to something which is 
admitted ; then, if that which is admitted be true, 
that which is sought will also be true, and the proof 
will be the reverse of the analysis, but if we come 
upon something admitted to be false, that which is 
sought will also be false. In the problematical kind 
we suppose that which is set as already known, and 
then we pass through its consequences in order, as 
though they were true, up to something admitted ; 
then, if what is admitted be possible and can be done, 
that is, if it be what the mathematicians call given, 
what was originally set will also be possible, and the 
proof will again be the reverse of the analysis, but if 
we come upon something admitted to be impossible, 
the problem will also be impossible. 

So much for analysis and synthesis. 

This is the order of the books in the aforesaid 
Treasury of Analysis. Euclid’s Data, one book, 
Apollonius's Cutting-off of a Ratio, two books, Cutting- 
off of an drea, two books, Determinate Section, two 
books, Conlacts, two books, Euclid'’s Poriems, three 
books, Apollonius’s Mergings, two books, his Plane 
Loc, two books, Conics, eight books, Aristacus’s 
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Ιζωνικῶν Ne ᾿Αρισταίον ‘Tere στερεῶν πέντε, 
Εὐκλείδου Τόπων τῶν πρὸς ἐπιφανείᾳ δύο, 
Ἐρατοσθένους Περὶ μεσοτήτων δύο. γίνεται 
βιβλία Ay, ὧν τὰς περιοχὰς μέχρι τῶν ᾿Απολλωνίου 
Κωνικῶν ἐξεθέμην σοι πρὸς ἐπίσκεψιν, καὶ τὸ 
πλῆθος τῶν τόπων καὶ τῶν διορισμῶν καὶ τῶν 
πτιύσείων καθ' ἕκαστον ιβλίον, καὶ τὰ 
λήμματα τὰ Oy ὑμένα, καὶ οὐδεμίαν ἐν τῇ πραγ- 
ματείᾳ τῶν βιβλίων καταλέλοιπα ζήτησιν, ὡς 
ἐνόμιζον. 





(ἢ Locus witt Respecr τὸ Five on Six Lines 
hid. vil. 38-40, ed. Hultsch Gao. 9-30 


"Eo ἀπό TLPOS μείουι ἐπὶ θέσει δεδομένας 
εὐθείας πέντε καταγῶσιν εὐθεῖαι ἐν δεδομέναις 
γωνίαις, καὶ λόγος 7 “δεδομένος τοῦ ὑπὸ τριῶν 
κατηγμένων περιεχομένου στερεοῦ παραλληλε- 
πιπέδου ὀρθογωνίου πρὸς τὸ ὑπὸ τῶν λοιπῶν δύο 
κα μένων καὶ εἴσης τινὸς ee 


ϑέσει δεδομένης γραμμῆς. ἐάν τε ἐπὶ F τ, eat A 
7) δοθεὶς τοῦ ὑπὸ τῶν τριῶν περιεχομένου προειρη- 


μένου στερεοῦ πρὸς τὸ ὑπὸ τῶν λοιπῶν τὶ 
πάλιν τὸ σημεῖον aiperae Βέσει δεδομένης. ἐὰν δὲ 
ἐπὶ πλείονας: τῶν F, οὐκέτι μὲν ἔχουσι λέγειν, 


ἐὰν λόγος ἡ ἢ δοθεὶς τοῦ ὑπὸ τῶν 5 περιεχομένου 


τινὸς πρὸς τὸ ὑπὸ τῶν ey. " ἐπεὶ οὐκ ἔστι τι 


® These ἘΣ ΓῊΣ Κ follow a the locus with 
respect to three or four lines whic βόε been quoted 
ἔν, vol. L pp. 496-480). Mite paltdees chee Pappus's 
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Solid Loci, five books, Euclid's Surface Loct, two books, 
Riratoethenes! On hea two books. In all there are 
thirty-three books, whose contents as far as. Apol- 
lonius's Comes I have set out for your examination, 
includ not only the number of the propositions, 
the conditions of possibility and the cases dealt with 
in each book, but also the lemmas which are required ; 
indeed, I believe that I have not omitted any inquiry 
arising in the study of these books. 


(ἢ Locus wirn Respecr to Five on Stx Lives * 
Ibid. vii, 38-40, ed. Hultsch 680, 2-30 


If from any point straight lines be drawn to meet 
at piven δῆ ἐν. five straight lines given in position, 
and the ratio be given between the volume of the 
rectangular parallelepiped contained by three of 
them to the volume rt - rectangular parallelepiped 
coutained by the remaining two and a given straight 
line, the point will lie on a curve given in oe 
If there be six straight lines, and the ratio | 

between the volume of the aforesaid solid fontandby ee 
three of them to the volume of the solid formed by 
the remaining three, the point will again He on a 
eurve given in position. If there be more than six 
straight lines, it is no longer permissible to say “ if 
the ratio be given between some figure contained by 
four of them to some figure contained by the re- 
mainder,” since no figure can be contained in more 
account of the Conics of ΑἹ ius, who had worked out 
the locus with respect to three or four lines, It was by 


reflection on this passage that Deseartes evolved the system 
of co-ordinates deacribed in his Géomdétrie. 
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περιεχόμενον ὑπὸ πλειόνων ἢ τριῶν διαστάσεων, 
συγκεχωρήκασι δὲ ἑαυτοῖς οὗ βραχὺ πρὸ ἡμῶν 
ἑρμηνεύειν τὰ τοιαῦτα, μηδὲ ἐν μηδαμῶς διάληπτον 
σημαίνοντες, τὸ ὑπὸ τῶνδε περιεχόμενον λέγοντες 
ἐπὶ τὸ ἀπὸ τῆσδε τετράγωνον ἢ ἐπὶ τὸ ὑπὸ τῶνδε. 
παρῆν δὲ διὰ τῶν συνημμένων λόγων ταῦτα καὶ 
λέγειν καὶ δεικνύναι καθόλου καὶ ἐπὶ τῶν προειρη- 
μένων προτάσεων καὶ ἐπὶ τούτων τὸν τρόπον 
τοῦτον" ἐὰν ἀπά τινὸς σημείου ἐπὶ θέσει δεδομένας 
εὐθείας καταχθῶσιν εὐθεῖαι ἐν δεδομέναις γωνίαις, 
καὶ δεδομένοξ ἢ λόγος ὁ συνημμένος ἐξ οὗ ἔχει 
μία κατηγμένη πρὸς μίαν καὶ ἑτέρα πρὸς ἑτέραν, 
καὶ ἄλλη πρὸς ἄλλην, καὶ ἡ λοιπὴ πρὸς δοθεῖσαν, 
ἐὰν ὦσιν £, ἐὰν δὲ ἢ, καὶ ἡ λοιπὴ πρὸς λοιπήν, 
τὸ σημεῖον ἅψεται θέσει δεδομένης γραμμῆς" καὶ 
ὁμοίως ὅσαι ἂν ὦσιν περισσαὶ ἢ ἄρτιαι τὸ πλῆθος. 
τούτων, ὡς ἔφην, ἑπομένων τῷ ἐπὶ τέσσαρας 
τόπῳ οὐδὲ ἔν συντεθείκασιν, ὦστε τὴν γραμμὴν 


εἰδέναι, 
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than three dimensions. It is true that some recent 
writers have agreed among themselves to use such 
expressions,* but they have no clear meaning when 
they multiply the rectangle contained by these 
straight lines with the square on that or the rectangle 
contained by those. “They might, however, have 
expressed such matters by means of the composition 
of ratios, and have given a general proof both for 
the aforesaid propositions and for further Propor 
tions after this manner: Jf from any point 

lines ‘be drown to meet αὐ given angles straight ps 
given in position, and there be given the ratio com- 
pounded of that which one atraaght line so drawn bears 
to another, thai which a second bears to a second, that 
which a third bears to a third, and that which the fourth 
hears to a siraight line—if there be seven, or, if there 
be eight, poetry which the fourth bears to the fourth—the 

ἐπὶ will fie on a curve given in position ; a ecg 

{τὸν er many the straight lines be, and whether 

or even. Though, as I said, these propositions ae 
the locus on four lines, [geometers] have by no means 
solved them to the extent that the curve can be 


recognized.® 
* As Heron in his formula for the area of a triangle, given 
the sides (supra, pp. theca = 
Ss ! can thus be stated: If p,. p, 


Fite the lengths of stralicht lines drawn to meet ἢ 
given stra τ eneler-pethi ol pen τοῖς ihe act te 
a given 


a traight Hines then 
Fi Pa. et 
Pa Pa +, 


This will also be true {{ πὶ is even and 


Ρι δὰ = BS 
Pa "Μὲ Ps 


where A is a constant, the point will fe on ἃ curve given in 
Position, 
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(m) Anticipation or Guiorn's ΤΉΞΟΒΕΜ 
Ibid. vil. 41-42, ed. Hultsch 680. 30-652, 90 


Tat οἱ ἔποντες ἥκιστα ἐπαίρονται, καθάπερ 
οἱ πάλαι καὶ τῶν τὰ κρείττονα γραψάντων ἕ ἕκαστοι" 
ἐγὼ δὲ καὶ πρὸς ἀρχαῖς ere τῶν μαθημάτων καὶ 
τῆς ὑπὸ φύσεως προκειμένη ΣΝ νου βαρ ὕλης 
κινουμένους ὁρῶν ἅπαντας, αἰδούμενος ἐγὼ καὶ 
μυρίῳ γε πολλῷ κρείσσονα. καὶ πολλὴν προφερό- 

jw... ta δὲ μὴ κεναῖς yepoi τοῦτο 
ἀϑεγξάμενο: Ὁ ade χωρισθδῶ τοῦ λόγου, ταῦτα 
σαν ταῖς ἀναγνοῦσιν" ὦ μὲν τῶν τελείων ἀμῴοι- 


στικῶν λόγος συνῆπται €x τὲ τῶν ἀμφοισμάτων 
καὶ τῶν ἐπὶ τοὺς ἄξονας ὁμοίως κατηγμένων 
εὐθειῶν ἀπὸ τῶν ἐν αὐτοῖς κεντροβαρικῶν σημείων, 
ὅ δὲ τῶν ἀτελῶν ἔκ τε τῶν ἀμφοισμάτων καὶ τῶν 
περιφερειῶν, ὅσας ἐποίησεν τὰ ἐν τούτοις κεντρο- 

κὰ σημεῖα, ὁ δὲ τούτων τῶν περιφερειῶν 


συνῆπται δῆλον. εὡς ἔκ τε τῶν κατηγμένων 
καὶ ὧν περ seas at τούτων ἄκραι, εἰ καὶ εἶεν 


πρὸς τοῖς om ἀμφοιστικῶν, γωνιῶν. περι- 


“ Paul Guldin (16577-1643), or Guldinus, is generally 
credited with the of the celebrated theorem here 
enunciated by Pappus. [t may be stated: Jf any plane 
figure revolre about an erternal axis in its plane, the volume 
of the solid figure ao. od ia equal to the product of the 
aréa of the figure an the distance travelled by the contre pd 
gravity of the fgure, There is a corresponding t 
AFeta.. 

* The whole passage is ascribed to an interpolator 
Anise but without justice; and, as Heath ote (ALG. Ἢ 
ἢ, 403), it is difficult to think of any Greek mathematician 
after - ‘6 time who could have discovered such an 
δεῖνα: proposition, 

Though the meaning is clear enough, on exact translation 
θυ, 


Γ᾿ 
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᾿ (m) ANTicIpaTion or Gutorr's Turoney 4 
fbid. vii, 41-42, ed. Hultsch 660, 30-682. 20 ® 


The men who study these matters are not of the 
same quality as the ancients and the best writers. 
Seeing that all geometers are occupied with the first 
principles of mathematics and the natural origin of the 
subject matter of investigation, and being ashamed 
to pursue such topics myself, 1 have proved proposi- 
tions of much greater importance and utility. . . and 
in order not to make such a statement with empty 
hands, before leaving the argument I will give these 
enunciations to my readers, Figures generated by a 
complete revolution of a plane figure about an axis are 
in a ratio compounded (x) of the ratio [of the areas] 
of the figures, and (b) of the ratio of the straight! lines 
ον j drawn to* the axes of rotation from the respect- 
ive centres of gravity, Figures generated by incomplete 
revolutions are in a ratio compounded (a) of’ the ratio 
[af the areas] of the figures, and (b) of the ratio of the 
arcs described by the centres of Sravity of the respective 
jigures, the ratio of the arcs being tself compounded 

1) of the ratio of the straight lines similarly drawn 
[] the respective centres of gravity to the axex of 
rofation| and (2) of the ratio of the angles contained 
about the axes of revolution by the extremities of these 
straight lines. These propositions, which are practi- 


is impossible; I have drawn on the translations made by 
Halley (vr. sp Coll, ed. Hultech 663 πὶ 2) and Heath 
(4.0.0. ii. 403). The obscurity of the language is 
presumably the only reason why Hultsch brackets the pass- 
ee, ashe says: “exciderunt autem in codem loco pauciors 
ens genuina Pappi verba.” 
* i, drawn to meet at the same angles. 
* The extremities are the centres of gravity. 
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ἔχουσι δὲ αὗται αἱ προτάσεις, σχεδὸν οὖσαι μία, 
πλεῖστα ὅσα καὶ παντοῖα θεωρήματα γραμμῶν 
τε καὶ ἐπιφανειῶν καὶ στερεῶν, πάνθ' ἅμα καὶ 
μιᾷ δείξει καὶ τὰ μήπω δεδειγμένα καὶ τὰ ἤδη 
ὡς καὶ τὰ ἐν τῷ δωδεκάτῳ τῶνδε τῶν στοιχείων. 
(mn) ΕΜ ΜΑΒ τὸ THE TREATICES 

(i.) Τὸ the“ Determinate Section "' of Apollonius 

Jbid. vii. 115, ed. Hultsch, Prop. 61, 756. 25-760. 4 
Τριῶν δοθεισῶν εὐθειῶν τῶν ΑΒ, Br, TA, 
ἐὰν γένηται ὡς τὸ ὑπὸ ABA πρὸς τὸ ὑπὸ ΑΓΔ, 


Ζ 





οὕτως τὸ ἀπὸ BE πρὸς τὸ ἀπὸ ἘΠ᾽, μοναχὸς λό 
καὶ ἐλάχιστός ἐστιν ὁ τοῦ ὑπὸ AEA πρὸς τὸ ὑπο 
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eally one, include a large number of theorems of all 
sorts about curves, surfaces and solids, all of which are 
proved simultaneously by one demonstration, and 
include propositions never before proved as well as 
those already proved, such as those in the twelfth 
book of these elements." 


(n) Lewmas To THe Treatises * 
(i.) To the “ Determinate Section" of Apollonius 
Ibid. vii. 115, ed. Hultsch, Prop. 61, 756, 28-760. 4 


Given three straight lines AB, BP, ΓΔΕ if AB. BA: 
AT .TA=BE*: El", then the rato AE. EA: BE. Er 


4 If the be genuine, which there seems little renson 
to oe ἐρόβ τυ εῷ is evidence that Pappus's work ran to twelve 


part of Book vii. is devoted to lemmas 

he preaer part of Book vi is de 4dnal yis as far as 
Core Conies, with the exeeption of Fuclid’s Dafa and 

the addition of two isolated lemmas to Euclid np ertieer 


The lemmas are Pas ee table bard "Bae ro ber 

τὰ from the atienatieal point of two here 
cited are given only ps samples af thie tarpoctant collottion 

the first lemma to the Surface-Loci, one of the two passages 
in Greele referring to the irectrix property of a conic, 
has already been given (vol, sok p. 492-0. 

Set AR eRe been ee t they are in one straight 

AA 


GOT 
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BET: λέγω δὴ ὅτι ὦ αὐτός € ἔστιν τῷ τοῦ ἀπὸ τῆς 
AA πρὸς τὸ ἀπὸ ὑπεροχῆς ἡ ὑπερέχει ἡ 
δυναμένη τὸ ὑπὸ AT’ BA τῆς ἃ ἐπὶ ὑπὸ 
AB, PA. : ᾿ 
w περὶ τὴν AA xin os, καὶ σαν 
se0al at BZ. r Ἧ ἐπεὶ οὖν ἐστιν Ὁ ων ὑπὸ 
ΠΑ πρὸς τὸ ὑπὸ ΑΓΔ, τουτέστιν ὡς τὸ ἀπὸ 
BZ πρὸς τὸ ἀπὸ ΓΗ, οὕτως τὸ ἀπὸ ΒΕ πρὸς τὸ 
ἀπὸ ἘΓ, καὶ μήκει ἄρα ἐστὶν ὡς ἡ BZ πρὸς τὴν 
DH, οὕτως ἡ ΒΕ πρὸς τὴν ED: εὐθεῖα ἄρα ἐστὶν 
ἡ διὰ τῶν ᾧ, Ε, Η. ἔστω ἡ ZEH, καὶ Sip eee 
μὲν HI ἐπὶ τὸ Θ, ἐπιζευχθεῖσα δὲ ἡ £0 ἐκ- 
τῆν ἐπὶ τὸ K, καὶ ἐπ᾽ αὐτὴν κάθετος ἤχθω 
καὶ διὰ δὴ τὸ προγεγραμμένον 
em νην ὑπὸ AD, ΒΑ ὦ ἶσον τῷ ἀπὸ ZK, τὸ 
ὑπὸ ΑΒ, ΓᾺ τῷ ἀπὸ ΘΚ- sana ὅρα ) 28 
ἐστὶν ἡ ὑπεροχὴ ἡ ὑπερέχει. 7p προ πῆς τὸ ὑπὸ 
AT, BA τῆς δυναμένης τὸ ὑπὸ AB, TA. “ie 
οὖν διὰ τοῦ κέντρου ἡ ZA, καὶ ἐπεζεύχθω ἡ A 
ἐπεὶ οὖν ὀρθὴ ἢ ὑπὸ ZOA ὀρθῇ τῇ 3 EPH 
ἐστὶν ἴση, ἔστιν δὲ καὶ ἡ πρὸς τῷ A τῇ πρὸς τῷ 
H γωνίᾳ ion, ἰσογώνια ἄρα τὰ τρίγωνα" ἔστιν 
dpa ὡς ἡ AZ πρὸς »ν» OL, τουτέστιν ὡς ἡ ΑΔ 
πρὸς τὴν 20, aes ἢ EH πρὸς τὴν ΕΓ΄- καὶ ὡς 
ee τὸ ἀπὸ ΑΔ πρὸς τὸ ἀπὸ ZO, οὕτως τὸ ἀπὸ 
πρὸς τὸ ἀπὸ ET, καὶ τὸ ὑπὸ HE, EZ, τοῦυτ- 
ἔστιν τὸ ὑπὸ AE, ΕΔ, πρὸς τὸ ὑπὸ ΒΕ, ΕΓ. καὶ 
ἔστιν ὁ μὲν τοῦ ὑπὸ AE, ἘΔ πρὸς τὸ ὑπὸ BE, 


* For, became ΒΖ: PHBE ΕΙ ear tien 
are similar, ancl | Sere 
oa line with | TE [ened L ih Conv]. 
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it singular ond a minimum; and 1 say that tis ratio ἐξ 
equal fo AA? (ΑΓ, BA— (AB. CAP. 

Let a cirele-be desoribed about AA, and let BZ, TH 
be drawn perpendicular [to AA], Then since 


AB. BA: AI. PA=BE?:Er2, [ἐπ hyp. 





ἘΥ B2* : ΓΉΞ- BE? : ΕΓΞ͵ 
[ἔπε]. x. 33, Lemma 
a BZ : ΓΗ Ξ ΒΕ : Er’. 


Therefore Z, E, H lie on a straight line.* Let it be 
ARH, and let HI be produced to ©, and let 20 be 
jataad and produced to K, and let AK be drawn per- 
pendicular to it. Then by the lemma just proved 
| Lemma 19] 
AD, BA=ZK?4, 
AB.(TA=0K?; 
[on taking the roots and] subtracting, 
(ZK -OK =]Z6=4/Ar. BA-4/AB.TA, 
Let ZA be drawn through the centre, and let OA be 
joined. Then since the right angle 240A =the right 
angle ETH, and the angle at A=the angle at H, 
therefore the triangles (7 A, EPH) are equiangular ; 
1.0.5 AA:ZO=x£EH ἘΠ: 
ἊΝ ΑΔΕ: 26#=EH*; El 
a HE .E#: BEE? 
=AE.EA: BE. Er, 
[Bucl, iti, 35 

And [therefore] the ratio ΔῈ, ΕΔ: ΒΕ, ΕΠ is 

* Because, on βουτπιηὶ of the Ered of the triangles 
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Er μοναχὸς καὶ ἐλάσσων λόγος, ἡ δὲ ZO ἡ 


ὕπερο ὑπερέχει 7 ὃ δυναμένη τὸ ὑπὸ τῶν AT. 
ΒΔ Κα μένης τὸ ὑπὸ AB, PA ἱτουτέστιν τὸ 


ἀπὸ τῆς ZK τοῦ ἀπὰ τῆς ©K)," ὥστε é μοναχὸς 
καὶ ἐλάσσων λόγος ὦ αὐτός ἐστιν τῷ ἀπὸ τῆς / 


πρὸς τὸ ἀπὸ τῆς ὑπεροχῆς ἡ ὑπερέχει ἡ δυναμένη 
τὸ ὑπὸ ΑΓ, BA τῆς δυναμένης τὸ ὑπὸ ΑΒ, DPA, 


ὅπερ 1." 
(1.) To the “ Porisms " of Euclid 
Πα. vii. 198, ed. Hultsch, Prop. 130, 872. 23-874. 27 
το σα οἷ ἈΑΒΓΛΔΕΖΗΘΙΚΑ, ἔστω δὲ εὡς 


πρὸς τὸ ὑπὸ ΑΒ, ΓΖ, οὕτως τὸ 


ais 





ὑπὸ AZ, ΔῈ πρὸς τὸ ὑπὸ ΑΔ, EZ: ὅτι εὐθεῖά 


ἔστιν ἡ διὰ τῶν Θ, H, Z σημείων. 
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singular and a minimum, while [, as proved above, | 
£0=4/Al". BA-—4/AB.TA, so that the same 
singular and minimum ratio= 

AA: (,/Al. ΒΑ τ ΑΒ ΤΡ. 9.0.8 


(ii.) To the " Porisms of Euclid ® 
Ibid, vii. 198, ed, Hultsch, Prop. 180, 879. 99-874, 97 


Let ABPAEZHOKA be a figure," and let AZ, BI: 
AB, PZ=AZ,A4E:A4.EZ; [I say]. that the line 
through the points 0, H, Z isa straight line. 


* Notice the sign:~ used in the Greek for ἔδει δεῖξαι, 
In all Pappus proves this property for three different positions 
of the points, and it supports the view (c. supra, p. 341 n, a) 
that Apollonius’s work formed a complete treatise on in- 
volution. 

"τ vol. i, pp. 478-455, 

* Following Breton de Champ and Hultsch I reproduce 
the second of the eight figures in the sss., which vary accord- 
ing to the disposition of the points, 





1 τουτέστιν... τῆς OK om. Hultsch, 
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"Eset ἐστιν ὡς τὸ ὑπὸ AZ, ΒΓ πρὸς τὸ ὑπὸ 
ΑΒ, TZ, οὕτως τὸ ὑπὸ AZ, AE πρὸς τὸ ὑπὸ 
+b dad AZ. AE, πότ ts 4 BY” rela 


a ὁ pre ps por pe 
fay διὰ τοῦ: i τῇ AZ π LAAT ytthy 


ἔκ τε τοῦ ΒΓ x, 
καὶ ἔτι ἜΤ ΚΗ is AE, fue me ὑπὸ ΑΒ, 
ΓᾺ π τὸ ὑπὸ AA, EZ συνῆπται ἔκ τε τοῦ ς 
ἊΣ hes AA. καὶ τοῦ τῆς ΓΖ πρὸς τὴν ZE. λον 
κεκρούσθω ἃ τῆς BA πρὸς AA ὁ αὐτὸς ὧν τῷ 

ee ἐπικαα Me λοιπὸν ἄρα ὁ τῆς Papi 
τὴν ZE συνῆπται ἔκ τε τοῦ τῆς ΒΓ πρὸς τὴν. 
τουτέστιν τοῦ ΘΓ πρὸς τὴν K@, καὶ τοῦ τῆς 
KM π “εὗδε εἶ, τουτέστιν τοῦ τῆς KH πρὸς 
τὴν HE εἴα ἄρα: ἡ διὰ τῶν ©, Η, Z. 

᾿Εὰν γὰρ διὰ τοῦ K τῇ OP mopd olor ἃ ore 
τὴν ΕΞ, καὶ ἐπιζευχθεῖσα ἡ ΘΗ ἐκβληθῇ ἐπὶ 
Ξ, ὁ μὲν τῆς ΚΗ πρὸς | τὴν HE λόγος ὁ phe 
ἐστιν τῷ τῆς ΚΘ πρὸς τὴν ΕΞ, o δὲ συνημμένος 
ἔκ τε τοῦ ΕΝ ΓΘ πρὸς τὴν ΘΚ καὶ τοῦ τῆς OK 


ΗΝ, ΕΞ eis τὸν τῆς GT πρὸς 

λόγον, καὶ ὁ τῆς ΓΖ πρὸς ZE λόγου ὁ αὐτὸς 
τῷ τῆς ΓΘ πρὸς τὴν E "παραλλήλου οὔσης τῆς 
ΓΘ τῇ he, εὐθεῖα Apa, Ἔῦγιν ἢ διὰ τῶν ©, Ξ, ἃ 


(γοῦστο γὰρ φανερόν), ὥστε καὶ ἡ διὰ τῶν Θ, Η, Ζ 
εὐθεῖά ecriv, 





" Tt is not perkins obviows, but is easily proved, and is in 
rhe cane y¥ Pappus in the nee oe re 1, ed. Hultsch 212, 
. OY drawing an auxiliary parallelogram. 
* Conversely, if HORA be any. quadrilateral, and any 
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Since AZ. BD: AB. "ΓΖ ΑΖ. AE: ΑΔ. EZ, 


permutando 
AZ. Br: AZ.AE=AB.TZ:AA. EZ, 
ἔνε... BI’: ΔΕ - ΑΒ. ΓΖ : AA, EZ. 


But, if KM be drawn through K parallel to AZ, 
ΒΓ : AE =(Bl:KN).(KN: KM). 
(KM : AE), 
and 7 
ΑΒ. ΓΖ: ΑΔ. ΕΖ = (BA : AA). (CZ: ΖΕ}. 
Let the equal ratios BA : AA and NK : KM be elimi- 
nated ; 
then the remaining ratio 
PZ: ΔῈ (ΒΓ : KN). (KM : AE), 
Et. ΓᾺ : 28 Ξ (ΘΓ ; KO). (KH : HE); 
then shall.the line through 6, H, Z be a straight line. 
For if through E I draw E= parallel to OL, and if 
OH be joined and produced to =, 
KH : HE=Ké: ΕΞ, 
and (TO: ΘΕ. (6K: ΕΞῚ - ΘΓ : ἘΞ, 
as ΓΖ : 2 - ΓΘ :ΕΞ : 
and since ΓΘ is parallel to EZ, the line Reich 
=, 415 a straight line (for this is obvious), and t aie 
fore the line through ©, H, Z is a straight line.* 


transversal cut pairs of then BY sAE™AB-1Z AR. ΒΖ, 
the paints A, Ζ, Δ, T°, B, ea pci Pa: AA. EZ, 


Saas DRE Of the wey 5 οἵ expressing the proposition enunci- 
} ΠΡ δ χει The Fares pairs of opposite sides ὁ Be 


of Pooja δ Geometry. tr. ΒΥ δ Lendesdort, 1885, 
of special cases are alvo proved by 


ppus. | 
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(o) Mectantes 
Ibid, viii., Proef. 1-3, ed. Hulisch 1022. 3-1028. 3 


Ἢ μηχανικὴ θεωρία, laud guna πρὸς 

Wa καὶ tla τῶν ἐν τῷ βίῳ χρήσιμος ὑπ- 
ἄρχουσα πλείστης εἰκότως ἀποδοχῆς ἀξίωται πρὸς 
τῶν φιλοσόφων καὶ πᾶσι τοῖς ἀπὸ τῶν μαθημάτων 
περισπούδαστός ἐστιν, ἐπειδὴ σχεδὸν πρώτη τῆς 
περὶ τὴν ὕλην τῶν ἐν τῷ κοσμῳ στοιχείων φυσιο- 
λογίας ἅπτεται. στάσεως γὰρ καὶ φορᾶς σωμάτων 
καὶ τῆς κατὰ τόπον κινήσεως ἐν τοῖς ὅλοις hbase IE 
ματικὴ τυγχάνουσα Ta μὲν κινούμενα κατὰ φύσιν 
αἰτιολογεῖ, τὰ δ' ἀναγκάζουσα παρὰ φύσιν ἕξω 
τῶν οἰκείων τόπων εἰς ἐναντίας κινήσεις μεθίστησιν 
ἐπιμηχανωμένη διὰ τῶν ἐξ αὐτῆς τ ὕλης ὑπο- 
πιπτόντων αὐτῇ θεωρημάτων. τῆς δὲ μηχανικῆς 
τὸ μὲν εἶναι λογικὸν τὸ δὲ χειρουργικὸν ot περὶ 
τὸν “Hpwra μηχανικοὶ λέγουσιν" καὶ To μεν 
λογικὸν συνεστάναι μέρος ἔκ τε goed καὶ 
᾿ ἀριθμητικῆς καὶ ἀστρονομίας καὶ τῶν φυσικῶν 
Ava τὸ δὲ λρυ πΥ τάν, ἔκ τε χαλκευτικῆς καὶ 


οἰκοδομικῆς καὶ τεκτονικῆς καὶ ζωγραφικῆς καὶ 
τῆς ἐν πρέτος κατὰ χεῖρα ἀσκήσειως" τὸν μὲν οὖν 
ἐν ταῖς προειρημέναις ἐπιστήμαις ἐκ παιδὸς yeva- 
μενον κἂν ταῖς προειρημέναις τέχναις ἕξιν εἰληφότα 
πρὸς δὲ τούτοις φύσιν εὐκένητον ἔχοντα, κράτιστον 
ἔσεσθαι μηχανικῶν ἔργων εὑρετὴν καὶ ἀρχιτέκτονα 
φασιν. μὴ ϑυνατοῦ δ᾽ ὄντος τὸν αὐτὸν μαθημάτων 





5 After the historical preface here quoted, much of Book 
vill. is devoted to arrangements of toothed wheels, arenes 
encountered in the section on Heron (awpra, pp. 488-007). A 
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(0) MecHanics ® 
léid. viii., Preface 1-3, od. Hultsch 1022. 83-1028. 5 


The science of mechanics, my dear Hermodorus, 
has many important uses in practical life, and is held 
by Bilesophers to be worthy of the highest esteem, 
and is zealously studied by mathematicians, because 
it takes almost first place in dealing with the nature 
of the material elements of the universe. For it deals 
poneraly with the stability and movement of bodies 
[about their centres of pravity |" and their motions in 
space, inquiring not only into the causes of those that 
move in virtue of their nature, but forcibly trans- 
ferring [others] from their own places in a motion 
res to their nature ; and it contrives to do this 
a using theorems appropriate to the subject matter. 

e mechanicians of Heron's school*® say that 
mechanics can be divided into a theoretical and a 
manual part; the theoretical part is composed of 
geometry, arithmetic, astronomy and physics, the 
manual of work in metals, architecture, carpentering 
and ae and anything involving skill with the 
hands. The man who had been trained from his 
youth in the aforesaid sciences as well as practised 
in the aforesaid arts, and in addition has a versatile 
mind, would be, they say, the best architect and 
inventor of mechanical devices. But os it is impossible 
for the same person to familiarize himself with such 


number of interesting theoretical problems are solved in the 
course of the book, I includi ing the constroction of a conic 
ig a τὰ five points (viii. 18-17, ed. Hultsch 1072. 30-1084. 2), 
t is made clear by Pappus later (vil., nee 5, ed. 

Holtch 1030. 1-17) that dopa has this meani 
* With Pie tae this is practically eqotva! nt to Heron 

himself: ef. vol. i. p. 184 0. ἃ. 
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τε τοσούτων περιγενέσθαι καὶ μαθεῖν ἅμα τὰς 
προειρημένας τέχνας παραγγέλλουσι τῷ τὰ μηχα- 
νικὰ ἔργα μεταχειρίζεσθαι βουλομένῳ χρῆσθαι 
ταῖς οἰκείαις τέχναις ὑποχειρίοις ἐν ταῖς παρ᾽ 
ἕκαστα χρείαις. 

Μάλιστα δὲ πάντων ἀναγκαιόταται τέχναι τυγ- 
χάνουσιν πρὸς τὴν τοῦ βίου χρείαν [μηχανικὴ 
προηγουμένη τῆς ἀρχιτεκτονῆς!' ἥ τε τῶν μαγ- 
γαναρίων, μηχανικῶν καὶ αὐτῶν κατὰ τοὺς ἀρχαίους 
Ceca a (ueydAa γὰρ οὗτοι βάρη διὰ μηχανῶν 
παρὰ φύσιν εἰς ὕψος ἀνάγουσιν ἐλάττονι δυνάμει 
κινοῦντες), καὶ ἡ τῶν ὀργανοποιῶν τῶν πρὸς τὸν 
πόλεμον ἀναγκαίων, καλου ἔνων δὲ καὶ αὐτῶν 
μηχανικῶν ἰβδη γὰρ καὶ Aifwa καὶ σιδηρᾶ καὶ 
τὰ παραπλήσια τούτοις ἐξαποστέλλεται εἰς μακρὸν 
ὁδοῦ μῆκος τοῖς ὑπ᾽ αὐτῶν γινομένοις ὀργάνοις 
καταπαλτικοῖς, πρὸς δὲ ταύταις ἡ τῶν ἰδίως 
πάλιν καλουμένων μηχανοποιῶν (ex βάθους γὰρ 
πολλοῦ ὕδωρ εὐκολιώτερον ἀνάγεται διὰ τῶν ἀντλη- 
ματικῶν ὀργάνων ὧν war τυ σ ει τσ, 
καλοῦσι δὲ μηχανικοὺς οἱ παλαιοὶ καὶ τοὺς 
βθαυμασιουργούς, ὧν οἱ μὲν διὰ πνευμάτων φιλο- 
τεχνοῦσιν, ὡς ρων Πνευματικοῖς, of δὲ διὰ 
νευρίων καὶ σπάρτων ἐμψύχων κινήσεις δοκοῦσι 
μιμεῖσθαι, ὡς ρων Αὐτομάτοις καὶ Ζυγίοις, 
ἴλλοι δὲ διὰ τῶν ἐφ᾽ ὕδατος ὀχουμένων, ὡς “Apyi- 
μήδης ᾿Οχουμένοις, ἢ τῶν δι΄ ὕδατος ὡρολογίων, 
ὡς Ἥρων ‘Yapetos, ἃ δὴ καὶ τῇ γνωμονικῇ 

1 μηχανικὴ . « - ἄρχιτεκτονῆς om. Hultsch. 

* μέγγανον is properly the block of a pulley, κα in Heron's 
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mathematical studies and at the same time to learn 
the above-mentioned arts, they instruct a person 
wishing to undertake practical tasks in mechanics to 
use the resources given to him by actual experience 
in his special art. | 

Of all the [mechanical] arts the most necessary for 
the purposes of practical life are: (1) that of the 
makers of mechamcal powers," they themselves being 
ealled mechanicians by the ancients—for they lift 
great weights by mechanical means to a height con- 
trary to nature, moving them by a lesser force ; 
(2) that of the maters of engines of tar, they also 
being called mechanicians—for they hurl to a great 
distance weapons made of stone and iron and such- 
like objects, by means of the instruments, known as 
catapults, constructed by them; (5) in addition, that 
of the men who are properly called makers of engines 
—for by means of instruments for drawing water 
which they construct water is more easily raised from 
a great depth; (4) the ancients also describe πα me- 
chanicians the wonder-workers, of whom some work by 
means of pneumatics, as Heron in his Prewmatica,® 
some by using strings and ropes, thinking to imitate 
the ἐπε τιῖς of living ‘te 5, as Heron in his 
Automata and Balaneings,* shia μὲ means of floating 
bodies, as Archimedes in his book On Floating Hodtes* 
or by using water to tell the time, as Heron in his 
Hydria,? which appears to have affinities with the 
Be ca, ed. Schneider 64. 12, (reek Popyri tn the ΒΥ 
Museum i (ed, irae and Bell) {18} vot τρις ΤῊΝ 

ἧς mupra, p. nh. i. ἦι fupra, pp. 242-257, 

‘ This is mentioned in the Pradapuniien: day bis 
title Περὶ ὑδρίαν ὡροσκοπείμν, as ΠΆΗΙ, heen in four books. 
Fragments are preserved in Proclus el ap 4) and in 
Pappus'’s commentary on Book v. of Ptolemy's Syntaris, 
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θεωρίᾳ κοινωνοῦντα φαίνεται. μηχανικοὺς δέ 
καλοῦσιν. καὶ τοὺς τὰς σφαιροποιΐας [ποιεῖν], 
ἐπισταμένους, Op ὧν εἰκὼν τοῦ οὐρανοῦ κατα- 
cg hee δι᾿ ὁμαλῆς καὶ ἐγκυκλίου κινήσεως 


Πάντων δὲ τούτων τὴν airiav καὶ τὸν λόγον 
ἐπεγνωκέναι φασίν τινες τὸν ee pian "Apyt- 
Bly: μόνος γὰρ οὗτος ἦν τῷ wl" Wile Bip 
ποικίλῃ πρὸς πάντα κέχρηται | ἢ φύσει καὶ Τῇ 
ἐπινοίᾳ, καθὼς καὶ Γέμινος ὅ pall ματικὸς ἐν τῶ 
Περὶ τῆς τῶν μαθημάτων. τάξεώς φησιν. άρπος 


δέ πού φησιν ὦ ᾿Αντιοχεὺς ᾿Αρχιμήδη τὸν Συρα- 
κύσιον ἔν μόνον βΚὶ v συντέταχ μηχανικὸν 
Soe κατὰ τ ΣΝ σφαιροποιΐαν, τῶν τῶν δὲ ἄλλων οὐδὲν 


évat συντάξαι. καΐτοι παρὰ τοῖς πολλοῖς 

ἐπὶ ἃ μηχανικῇ δοξασθεὶς καὶ μεγαλοφυής τις γενό- 
μενος ὁ θαυμαστὸς ἐκεῖνος, ware διαμεῖναε παρὰ 
πᾶσιν ἀνθρώποις ὑπερβαλλόντως ὑμνούμενος, τῶν 
τε προηγουμένων γεωμετρικῆς καὶ ἀριθμητικῆς 
ἐχομένων θεωρίας τὰ βραχύτατα δοκοῦντα εἰ 
σπουδαίως συνέγραφεν" ὃς φαίνεται τὰς εἰρημένας 
ἐπιστήμας οὕτως ἀγαπήσας ὡς μηδὲν ἔξωθεν 
aria αὐταῖς ἐπεισάγειν. αὐτὸς δὲ Κάρπος 
i i τινὲς συνεχρησαντο ὠμετρίᾳ καὶ εἰῷ 
τέχνας τινὰς εὐλόγω᾽ ἐραρθβ δ τιμίαν το ᾿βλά- 
πτεται, σωματοποιεῖν πεφυκυῖα πολλὰς τέχνας, 
ΤΣ τοῦ συνεῖναι αὐταῖς μήτηρ οὖν ὥσπερ οὖσα 

av οὔ βλάπτεται διὰ τοῦ φροντίζειν ὀργανικῆς 
Bee ἱτεκτονικῆς" οὐδὲ yap διὰ τὸ συνεῖναι 
γεωμορίᾳ καὶ γνωμονικῇ καὶ μ ηχανεκῇ καὶ σκηνο- 
γραφίᾳ βλάπτεται τι] ἢ ὀβκίτσρι Χο δὲ προάγουσα 
: ae om. Hultsch, 5 μήτηρ... τι ὅπι. Hultech. 
if 
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science of sun-dials; (3) they also deseribe as mechan- 
Icians the makers of spheres, who know how to make 
models of the heavens, using the uniform circular 
motion of water. 

Archimedes of Syracuse is acknowledged by some 
to have understood the cause and reason of all these 
arts; for he alone applied his versatile mind and 
inventive genius to all the purposes of ordinary life, as 
Geminus the mathematician says in his book On the 
Classification of Mathematics.* Carpus of Antioch® 
says somewhere that Archimedes of Syracuse wrote 
only one book on mechanics, that on the construction 
of spheres," not regarding any other matters of this 
sort as worth describing. Yet that remarkable man 
is universally honoured and held in esteem, so that his 
praises are still loudly sung by all men, but he himself 
on purpose took care to write as briefly as seemed 
possible on the most advanced parts of geometry and 
subjects connected with arithmetic; and he obviously 
had so much affection for these sciences that he 
allowed nothing extraneous to mingle with them. 
Carpus himself and certain others also applied geo- 
metry to some arts, and with reason ; for geometry is 
in no way injured, but is capable of giving content to 
many arts by being associated with them, and, so far 
from being injured, it is obviously, while itself 


* For Geminus and this work, ©. supra, p. STO π΄ ¢, 

* Carpus has already been encountered (vol. i. p. 334) aos 
the discoverer (according to Iamblichus) of a curve arising 
from a double motion which ean be used for squaring the 
cirele, He is several times mentioned by Proclus, but his 
date is uncertain. 

* This work is not otherwise known, 
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δεόντως ὑπ᾽ αὐτῶν. 





4 With the great f of Pappus, these sel i ἤτω» 
trating the h of ¢ reek mat cies may a aly 
come ("an themnatieal works con to be 


written in Bee atest eas of the Renaissance, and 
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advancing those arts, appropriately honoured and 
adorned by them." 

they serve to illustrate the continuity of Greek influence in 
the intellectual life of Europe. But, after Pappus, these 
works mainly take the form of comment on classical 
treatises. Some, such as those of Proclus, Theon of Alex- 
andria, and Eutocius of Ascalon have often been cited 
already, and others have been mentioned in the notes. 
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Cochlias, 335, ii, 351 π. a; ara of lie 
Cochloids, 301 n. a, 335 and sepment found by Archi- 
n.°, 297 ΠῚ δ medes Sherpa ii. 


Archimerion, Ἐς sumed by 








πὐξγε αι, τεωῤοράδος i 
and n, a, ii. 331 n.a; con- 
jugate Asati ii. #20 ee 


ii, 328-999 (Inch | 


eee ee 

Fen 

areas, 11,309 nay “figure” 

ΕΚ ΟΣ ΕΝ Ν᾿ aon 
lafve rectum, ii. 300 


alse art: S17 and na: | 


transverse side, ii. $17 and 


pee Dionysodorus = und 
pet τῆ εκ ον ραῦν ἐσ ohne rg 


Conon rg γρτςρς i. 855 n. 4, 
ι aD 
Sa recnceiat Gacaneneyy 3 00 


n. α 
Cube: one of five regular 


solids, 217, 225, 370, 447- 


475; inscription in sphere 


π 


: 15, th. S75 πὶ αἱ 
πρὶ | OF cube — 
‘set to Delians and 
Plato's adview sought, 257 
Psiyirsuety g of two 






sie eed a τα Shatene by 


. Eutoclis, 263 n. a; by 


Pappus, ii. 581 πὶ ὁ 


Cube root: 394/100 found. by 


Heron, 61-63; Heron's 
Mi al et 
ap ma } 
oF tium, 63 n. ot 


Byzan 
Cuble equations : ec. arisi 


out of Archinect" 
Sph. o Gp ih 188 αι. εἰ; 
by = Archimedes 
ταλδν οἵ contes, Ii. 
13T- 159 (esp. 14] n. bol 
oe eee 
"1 ne πὲ 
can eth Ma tn owt 


n. Nay “his book On the 


fi, 165, i, 183-185 - Apal- 
lonius’s d., 11, Sa5-240 : 


091 


INDEX 


Heron "sd., ii. 467-471: : Dio- | 


*s d., i. 519-523 
De Fortin D'Urban, Comte, 


his Traifé d'Aristarque de | 


ἜΡΟΝ rll b 
. Seth: his F 


ς 
Demetrius ‘4 
9 and n. ἢ 
a life and works, 
209 πὶ a; reficctions on 
the indefinitely small, 220 ; 
enunciated formulac for 
_ volumes of cone and pyra- 
mid, 229-231, 411 π. a 
De Morgan, 447 n. a 
Descartes, system of radi’ 


study of Pap 1s 2 ool 


xvi, 5, 73, 75, 113, 173, 217 
Digamma: ns¢ a5 numera 
Dimension, 85, ii. 411-413, Ei. 

414, ii. 601-605 
Dinostratns, 155 and πὶ d 


Diocles: his date, 11. 865 n.a; | 


his ἃ τ' of the cissold, 
vili, 270-270; his solution 
ofa cubic equation, ti. 135, 


Tionysodorus: of Caunus ?, 





fi, 364 n.a; his solution of 
scabies equator ii, 135, ti. 
cf his book (hn the 


on “the unit, ii, BIS: on 
reckoning, fi. S15; his 
Arithmetiva, ti. 61T and 
n. b+ his ee (7) entitled 
Poriams, ii. SIT and πὶ δὶ 
his treatise On Pol 

Nwabers, fi, 515, ii. 561 ; 
his contributions to alpre- 
bra—notation, ii. 519-525: 


ratic, ii, 5511 cubic equa- 
tion, fi. 599-541; Indeter- 
minnate analysis, 130 n. 4: 
indeterminate equations of 
the second degree, tl. 541- 
547; indeterminate equa- 
Hons of r degree, ἢ, 





realing it, 923-995: com- 


ΕΣ ΣΡ the icosa- 
ron, ti. 


Dosithens eg Pelusium : 
works dedicated to him by 
Archimedes, ii. 41, ii, 229 

Dyad, ΤΆ and n. a, 427 n. ὁ 


Earth: circumference caleu- 
cena Posidonius, ii. 267; 
Kratosthenes, il, 267- στῇ 
Eel . 149 π. @ 
Eeph tus, i, io. ὁ 
Feeke, Panl Ver, τ. Ver 
, becke 
method of reckon- 
ing, 17, 21, ii. 415-517 


one a ce papyrl, calcula- 


ae sr 165 πὶ ἢ 
Blane τ Safed Eek of term, | 


Leon's oollec- 
Eucticd'’s Hle- 
. a, il 151, ih. 158; 
pus's Collection so de- 
ἂς dah GOT 
Enestrim, ἔτ, 64 πὶ, a 


Enneagon : relation of side | 





of to diameter | 
(=sin ih. ve n. a 
τ “bloom,” of 
hymaridas, 130-141 
Equations : ©. Cubic 
Featosthends τ΄ τ᾿ Lite Ξ τις 
achievements, 156 and n.a, 


+ "Contes, at ! 





ii. 261 and n. αἱ his work 


his Platoniews, 257 and il, 
965-267 ; his wiere for find- 
ing successive odd num- 
bers seen letter of 


261; 
blem of two mean 

pai οι 201-207 τι δεῖς 

solution derided by ΝΊΟυ- 


cumference | 
ii, 267-275 : Δι 
Cattle Problem 


not to. connuned -erikh 
Euclid of Megara, 155 
π. ἃς his school at 


. in geometry, 
145 (but vr. πὶ 6); mat 
tempt for those who 
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tions, 67-7 shears 
a, ἅ1-1}: th 
of Incommmensurables, 


48 fn. as an- airing’ ‘ 


commentary, 185 πὶ 4; 
Scholia, 215-917, 379, 





“based on Av 


ii, 281 no ay Pappus on 
ρον mason 
457-180; cllipse ob- 
tained as section οἱ 


and = Theon's recen- 
sion, 503 and n. 4, 147 
and n.¢; proof that 
ton a:tan BP <a: f, 


S03-505 
On Divisions of Figures: 


Proclus's ἘΣΘ i 181 5 


INDEX 


157 ἢ. δι -xhmi 


of Book fii. ob nea 


Metrics, li, 485 n. a; 
division ofa circle into 


treatise doubtfully at- 
tributed to Eu,velid, 
157 hc 

Introductio Harmonics, 


postlates— Ss space an in- 
MareneOUs con- 
eearene ae a 


nF ἘΣ Proclus’s obinc- 
the postulate, u 


i. 385-985; | 





“gape Sy PN 


tothe, 145 n, ἂν ἢ, 981. his 
History af ἢ 


Ie, 153: 
theorcnons about the ne 
tion,” 168: 


inedee™ 411 πὶ a, li, O51 3 
established pga of ex- 


οἵ concentric raring to 
account — for planetary 
motions, 411-415: Με. 
naechmes his pupil, Be 
Yahi of 

rms Caleahine. 
: otherwise mentioned, 

nh. @ 
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translated Ptolemy's Optics 


into Latin, i. 411 π. ¢ 
Furipides, 259 π, a 
Eutocius: fhe. Archimedes’ 

Sphere and Cylinder, 263 


nn. a and 4, 277 π. a, | 


200 τὶν @, ii, 150 nm. a, ii. 


austion, 
ted by Anti 
415 n. a; Sal yeni 
Hi tes, 411 π,͵, αἱ 
established by Enudoxus, 


ΡΝ te en a: usedto | 


prove that circles are to 
one another as the syuares 
on their diameters, 239 
ον ὃν 450-465; used for 
imating to area of 
. SIS-315 


Fermat: reconstruction of 
Apollonius'’s On Plane 
Loci, 1. 345 nc; his notes 
on Diophantus, ἢ, 451 πὶ as 
suma of squares, ti. 549 


n. ὦ 
Practians in Greck mathe- 


mnties, 45 


Getponicus, Liber, ti. 467 
| oot wba orate 
Geminus: life and 
S71 nm. δ: on the. elnsai- 
fication of curves, il. S61- 
363, ἢ, 364 on. a and ὃς 
his attempt to prove the 


parallel-postulate, ii. 371 
πι © 


works, ti. | 





Geometry: a 
(incl. n. 5)-1 
summary, 145-161 : "Plato 

nature, 9-11; in- 


n.d, fi. 269-271 5 gnomons 
of dots in fyrured numbers, 
ΒΤ n, a, 93 π. a, #5 and 
rp yaaa ig 


185 
and n, 4, 191 n. a 
Sips J,, A Short History of 
reek Mathematics, 43 πὶ ὁ 
Gulia Paul, iL, 605 n, a 
Guldin’s ii. 604 
{inel. n. a) 


Halley, Εἰ, 485 n. 6, ii. S57 
τιν a, fi, S39 π΄. ὁ 

Harmonic mean: τ, Means 

Heath, Τὶ L. (later Sir 


Thomas 
‘freak Mathe- 






}e 
AH 
mea 95 


n. a, 457 na, 465 nm. 4, 
ἢ, 163 π΄. a, fi. 23 mn. a, 
Hi. 273 π΄ ες i, Sh π' α, 


i. 351 π΄ a, ii. 551 n. a, 
il. 371 π. ¢, i, 407 n. a, 
il. 467 ἢ. a, ii. 499 n, a, 
il, 425-n, by fi. 457 π, 6, 
ii, 589 π, a, ἢ, 605 n, ὁ 
af Manual ἢ f Greek Mathe- 


nm. ἃ, Tl n, ὁ, 85 π΄ ἃ, 155 
n. ὦ, 140 π΄ ὁ, 167 n. b, 
181 π΄ o, 195 π΄. ὦ, 91} 
π. @, 215 π΄ a, 437 nn. ἃ 
and ¢, 441 n. a, 447 n. a, 
457 n. a, Tl. B67 nh. a 


Aristorchus of Samos, 411 
μι | 


n. & 415 


πι ἃ 
The Works of Archimedes, 
ee hot beng ly n.d, 
5.41 τι, ὁ, 403 πὶ ὁ ii, 25 


πι ὁ, iL 


πι a, i. 111 n. ὁ, ii, 163 | 
181 πὶ a, fi. 


n. a, ἢ, 
05 


9 ἢ, ὃ, ii, 813 ἢ’ Ρὴ 
ἐς S17 π. ¢, ti. 519 πὶ a, 
i, 5955 n. a, ti. 551 n. ν᾽ 


n. a, 3}} πὶ ὃ; 481 n. δ, | 


503 n. 6, ii. 81 πὶ a, iL 85 


ἢν. i. 89 n. a, i. 149 na, | 


tL. 173 n. a, fi. 221 π. ὁ, ii. 


243 ἢ. a, 785 nm. a, il 
S58 ne. i. $57 noo. ἢ 466 
πι ἃ 





Helicon of Cyzicus, 263 πὶ ἢ 


Hendecagon, ij. 409 ἢ, a 
inner Diarra 5n.b 


respondent 


Life i puted 

: . his late a diss 
uestion, it. 467 nm. af 
escribed as“ the ἔπε ποτ 
δξ Ino turbine,” Hi. 467 


Works, li. 467 π, a: 
ventions: based on 
imclid, fi, 467; de- 
finition of ἃ point, ii. 
469: of a aie; ii. 


clus’ a, i. 471 noo | 


το ηέγοιῆ rel Scan Se py 


ἐν ies H. Schiine, 
ii, 407 mn. ay has re- 
served tts 

form more closely 
than Heron's other 
pfeometrical works, if. 
467 πὶ, ay formula 
Asie — ake -- δὴζε — ec) 
for area of a triangle, 
li. 411-477, ii. nt 
mn. a: formula for 
approximation to a 
My Oare root, fs 471- 
472 {inel. on. a): 
volume of a spire, ii, 
477453: division of 
a crele into three 
equal parts, ji, 483- 
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ΒΗ ς simile Loe solution of the problem 
-Euclid's book Ow tionals, 267-271; ‘pos 
Divisions of Figures, sible censure by Pappu, 
i. 485 mn. a; extrac- fi, 603 and nm. a; on 
Bay Avcniae’ te Weis Ae 

: Are les" ἃ 
proximation to =, S48 Hexagon, ts we by bees Πν 


ἘΡ' ἀπλλλιλας like er Hippenten : life and 
dolite, 467 πὶ ay pining Shir erent ee 
. anenoe Of ἢ 





| Ἔτι covered: precession: οἵ the 
5 ath ae equinoxes, li, 407 πῃ. ἘΣ 
toothed wheels, ii. is Commentary on the 
450-497: similar FPlesomena of FEudorus 
solutions found in the amd stratus, ih, 407 n, a, ii. 
Mechonice ond in | #145 n.a 

Pappus, ii. 489 n. ας Hippesis, τὰ ΡΥ 


ἘΝ 





2 467 | ἴοι Arisictls andi the δόμα: 
addition to fo “ tha- tures, 311 and . 6; first 
goras’s Theorem,” 181 | reduced the problem of 
n. anand 185 πῃ. 6; his doubling the cube to the 


problem of finding two " bloom. " of Thymaridas, 
mean proportionals, 253, 139. ὁ τ on a property af 
259; possibly able to the pytimen, 109 n. ὦ 

solve α' quadratic equa- ornare nee 221 and πὶ «4, 


that circles are to one | Incommensurable; τὶ Irra- 
another as the squares on tonal 
their diameters, 239 and | fn 


Problem, ii. O2-S04 ᾷ 
Heron's problems, ἢ, 4035- 
ag; ΤῊ itus's prob 
lema, ti, 541-551 
Indian mathematics, 181 πὶ a 
Involution, ii, S41 ἢ, a, ii, 
611 π. ἃ 


tetus of irrationality of 4/3, 
& +. . 4/17, 381-383, 
Pinto on irrational pun- 
bers, 401-403; Aristotle's 
s division of cle | proof of irrationality οὔα, 8, 
into 360 degrees, ii, 995- 111 ¢ Euelid’s theory, yi 
307; his continuation of δ: Apollonius’s ‘theory 
Euclid's Hlements, ii. 340 of unorderee 2 
nn. a and ¢, ii. 397 n. a; ii. $51 
his definition of a poly- | Isocrates: on matheinatios 
‘onal number, ii. 397 πὶ a, in Greek edueation, 27-20 
il. 515 and n. ὁ lsoperimetric Poh li. 387- 


| 395, ἢ, 580- 
famblichuss, on squaring of 
the circle, 895; on the | Karpinski, b. C., 75 πὶ ἃ 


us 





Keil, 45 n. ὃ 


Kepler, his investigation of 
semi - lar solids, ii. 


regu | 
197 0.4; on planets, 411 0.6 


. used as erst: 43 
tschek, 55 π ὦ 


Laird, A. G.. on Plato's 
nuptial number, 399 n. ὃ 
oy on Greek alpha- 


ἣν. collec- | 


Lemmns 
rset ἢ ΣΝ nb) -Ἰ ἡ, 
Ι ἈΠ ἀκ 5 


παν, ἡ ates 181: 
said to have hited 
poe method of analysis 
to him, 181 nee 


Leon : of 
Elements, and Meanieened 
dioriami, 151 and n. A 

Line: defined, 487 ; straight 
line, 499 and πὶ a; different 
species of cu lines fi. 
361-363 

* Linear ™ loci and prob- 
lems, ὃ 


or four lines, 481-188 : 

with respect to five or six 

lines, ii. 601-603 
Lapistic, T, 17-19 





evatte nell’ antica Grecia, 
AT πι. ὦ, 104 fh. a, 130 fl. b, 
271 τι. ἃ 

Locian, 91 π. ἃ 


Mamercus, 141 πὶ 6 

Marinus, his commentary on 
Euclil's Data, Vi. 340, ἢ, 
S65 n ἃ 

Mathematics, meaning of the 


ceo 
metric, τὸς aca ne 111- 
114; subcontrary renamed 
harmonic, 113; three sub- 
contrary means added, 
119-121 (incl. mn. αὖ τ five 
further means discovered, 
121-125; Pappus’s equa- 
tons between means, 125- 
129; Plato on means be- 
tween two squares or two 
cubes, 120-131; oe 
ion of cube reduced to 


ti. 263 : loci with reference 
to means, li, 265 and π. a; 
representation of means by 
lines in a cirele, ἢ. 560-571 
_ finel. πὶ a) 
Al echanics 


INDEX 


powers, li. 480 n.a; Archi- 
modes’ mechanical inven- 


619; ΠΝ 
Mechanics, 431-438 Are 


Plane E με - | 


tang) GAR c GaF and εοὰ 
ὁ, fi. 281 na 
Menelaus of Alexandria : 


i. 40T ἢ, a: dis 
ah cure called 


oxicnl,” 
inl n.¢); his Sphaerica, 
᾿ 40T n. a, ti, 463 π. a; 
407: ἢ Menelaus’s Th il. 
᾿ἀρρνάγρβις ῆῃ Theo- 


‘angle en 1 the sides, ti, 
471477; volume of spire, 
iL, 477-483 : rae 2st 
of irregular orea, ii, 485 


489; area ΠΥ ἐμ one περ 


ment, ἢ, 225-220, ii, 243 
VOL. 11 


| Myriad : 


$415. 4340 | 
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Alecton, 300 and πὶ a 
Mises" Diinters n, ἢ 
ἔπνας buss 
for, ti. 595 "Ἐπ 
Moeris, 118 
Multiplication in Greek 


3. δ. 19 π΄ ὡς full diseus. ; 
=i excluded, x: inchided 


quadri- 
cium, ἂς in Plato's curri- 
culum for the Guardians, 
17; popular music, 3, 19 
Musical interval, 3 n. 6, 115 
n. ἡ, 175— 


erat in Archimedes' 
notation, ti. 199-2001 


Nagl, A., 350. 6 
an-Nairizl, Arabic comemen- 
tator on Fueclid’s Ele 
απ, 185 πὶ ὁ, ἢ, 67 na 
Neoclides, 151 and n. ἃ 
Nesselmann, G. ΕΠ. his pie 
=p pide der Grischen: Iso 
ii. S15 ἃ. a, ii, 511 mn, ὁ 
Newton, Sir Isaac, ti. 343 πὶ, ἢ 
ee Rhabdas: τς Rhab- 


Sicomachus of Gerasa, GT n. 
1, 69 nn. ἃ and αὶ TS αἰ. ἃ, 
19. a. Β] πὶ ας ΕἾ πι a, 85 
π΄ 6, 101 oa, 108 na, LOS 
n. a, OF π, a, 121 πὶ ἃ, 
123 ne 


G41 


INDEX 


Nicomedes: date, 297 πὶ δὲ 
his onachold and its use for 


and ! 
67-69, 101, 391; Par 


of sqUAres, ii, 551-550: on 
i! numbers, ii, 515, 


Numerals: Greek, 41-45 


ne, "numbers, 15 (inel. 
oe in Archimedes’ sys- 


of enumierntion, 1]. 
190-201 
ron, one of the five 
nig solids, 217, 99] 
el ἢ. 
Odd and even numbers: τ. 


Number 
Oenopides of Chins, 149 and 


nc 

Olympiodorus, of 
equality of Angles of incl 
Setar 


42 


Optics: Enelid's treatise, 


161 πὶ ὃ, ἀπ mn. by his 
theorem about ἢ nt 
sines of equal magnitudes, 
S0S-505 : Ptotenie’s treat: 
be, fi. All and ἢ; a, il, 508 
n. ας Heron's treatise, li. 


ii. 4097-508 Darsianus’ > 
treatise, il. 497 ἢ, α 


Pamphila, 167-160 (inel, 
ni. a) 
Poppus of Alexandria : 


Jjfe: Suidas’s notice, fi, 
565-567 1 «lote, ii, 565 


Kasuaiags or Collection, 
145 mn. a, fh. 505 ἢ. 


a: contents—Apallo- 
nius' scontinived ruuilti- 


paradoxes 
οἵ Erycinus, ii, δ11- 
4573; regular solids, 
il, 573-575 : extension 
of Pythagoras’ thes 
rem, ii. ST5-570; 
circles inscribed in the 
τ, ti. STO-GHL 3 

on lication of 
» 290-300 : squar- 
sie of the eirele, 557- 
S47; spiral on ἃ 


INDEX 


sphere, fi, 581-587; 
trisection of an angle, 
347-308 ; iseperitnet- 
Fic figures li. 580-505 : 
i 





60], 479 n. a, 481 n, -, 
401 noe, ii, 263, i. ΜΙ: 
on the works of Apol- 
lonius, ii. 337-347, 
487-459; locus with 
respect to five or mix 
lines, ti, 601-608 + an- 


Hcipation of Guldin's 
theorem, lis 605-607 ; 
lemmas to the Deter- 
rebapan ge im ed ae: 
onius, ii. GOT-G11 : 

the Porisma of Euclid, 
ti. 611-613; ἢ 


lta Mgr Loci πόπερα 


chanics: ii, él 1 
Commenta on Pte 


aes 45, 
ll, 565-567, 
i, G17 n. d 


Commentary on Enelid's 
Elements, il, S05 nh, a, 
457 n. a 
Commentary on 
feria 
1, i. 565 na 
Other. works, il, S565 
(incl. n. a), 567 
Paradoxes. of Legh 
ST1-5T3 i 
Ares of welocitics, 


Ἐν S07 Β. ἃ 


elaa- 


mts, i, 





Diodorus, | 


Pebbles, used for ealeulating, 


“ Perfect! πεῖν ΤΙ, 1 87 

Persrus: life, ii. 885 ἢ, a: 
discovernd Spirie curves, i. 
iS ἢ 


Phenomena of Budorus and 

FMegtand ae n. ας for 

aT Ἱ ΜΕ, δ, 
ΙΕ ΠῚ 


ri. She 
Philon of Byzantium: soln- 


tion of problem of two 
Thea shee ppchangccer 263 
n.d, 267 πὶ ὅς cube root, 
Π. εἰ 
| Philoponus, Joannes, on 
ae of lunes, S11 
ῃ 


the cometer,”" $7 ξ 
his dislike of riebuaniaels 
co 5 S48 nm. ὁ, 
239; his identification of 


INDEX 





263-267; his ir of 
νι to theorems about 


Guardians in the Rewublin 
7-17; Proclus'’s notice, 
151; taught by 
dorus, 151 Beh his pupils 
—Eudowus, 14), Amyelas 
of Heraclea, ΠΣ 
aechmua, 1688. ῬΉΠΙ 
155; Euclid said to 
been a Platonist, 147 sind 
n. ὧς modem works on 
Plato's nuithemuatios, S87 n. 


Bier Axiom,” ii. 371 


Plutarch + on parallel sec- 
tion of a cone, 229 and 
n, a7 on. Plato's - 
matics, 263 n. ὁ, 387-380 

Point, 437, ti. 469 ond n. a 

Folygonal numbers, 05-90, 
li. 396 n. a, ih. S15, ii, 56 

Pontus, paradoxical eclipses 


Men- 





Posidonius: life and works, 
i. ΤΙ πὶ ὁ : on the sige of 
the earth, his detinition of 

rallels, ii. 371-873 

Postulates: o. Axioms and 

Hilabes. 


| Prime numbers: τὶ Number 


tory of geometry, 145-161; 
his Commentary on Plato's 
πεδία, 300 mn, a; his 
criticism of the parallel- 
prgetarcte raed iet fe 
ofternnpt = 
lel-postulate, i. 889-835 
Proof : Aristotle on τ por of 
proof, li. S60; 
on mechani- 


means, 111. 195, 149; Eu- 
s"s new ape 
plicable to all magnitudes, 
409 and 447 ma; Fuclid's 
treatment, #65-151; -υἰ 
olse Wears 
Psamunites : κ᾿, Archimedes : 
Works: Sand-reckoner 
Psellus, Michnel, 3 n. a, fi, 
515 and n,¢, ii S17 n, a 
Prewdaria: οὶ ἘΠ ἢ: Works 
Ῥνεηδο- Eran letter 
pc » 25T- 
iL 


INDEX 


Ptolemies: Evergetes [, 257 


and πὶ a, ii. 261 and πὶ δὶ | 


Philopator, 257 n. a, 207: 
_ Epiphanes, ii. 26] and n.d 
Ptolemy, Claudius: life and 
works, ii. 409 and ἢ, b; his 
work On Halencings, ii, 
411; bis Optics, ij. 41] 
fh. a, ii, SOs n. αἱ 


gest), ti. 409 and πα, ὃς 


his Planisphaerium, ii, 545 
n. a; his Analemma, 50] 
n. ὁ, fi. 400 n. 4; his value 


for ν 8, δῚ π᾿ δὶ on the 
allel-postulate, ti. 37 

ΕΥ̓ΓΑΠΙΙ - v. Tetrahedron 
“hh 198; called geometry 
enawiry, 21; transformed 


lif, 185; “* Pythaporas’s 
Theorem,” 179-185; ex- 


570 


“General: ute. of narie 
mathemntics, 3: esoteric 





ras: = life, | 140 Π. 





tension by Pappus, ii, 515- 


i - Po 3 
ὅτ Pythagorean quadri- 
vane Sand a. 6,7 mn. αἱ 
stercometrical investiga- 
tions, 7 πὶ a@; declared 
harmony and astronomy 
to be sister sciences, 17 
and πὶ δὲ how geo- 
metry was divulged, 21; 
views on monad and 
undetermined dyad, 115: 


93-73 : εἷς τίσει 


131-180  τγ6 “ bloom " 
of Thymaridas, 1-141 


L ren cometry 2 
definition of “point, ik. 


469 > sum of angles of a 
trinngle, 177-170 ; * Py- 
thayroras’s Theorem," 
178-185: application of 
areas, IST-215: the irra- 


O45 


INDEX 


onal, ere pets 
regular 511, 91] 
π. a, 223-224; Archy- 


ee of the circle, 


Otherwise mentioned : 245 
n. a, 4004 nn. ὁ and ὦ 


Quadratic equations: τ. Al- 


zebra: mdratic = equm- 
thoes 
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Avrdpara, τὰ, ttle of 


work by Heron, fi. 818 





cure bw generated, il. 
Εἰς τὴς is (Heron): ὦ ta be browapht 
βαρουλκὸς (sc. μηχανή, ἡ, ahowt by multiplicat 


feat pac invented by ἤὰ; eer (of the 
imedies, tithe: of wor multiplication) i, ii. 450 


by Heron, ii. 459 πὶ a (Heron) ; iat ΟΡ bey τὰ 
base; ofa geo- 3 γενόμενα, the prodwet, il. 
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rah peal eb ons be required; dm ἔδει 
dual, i. ((Cleom, δεῖξαι, rag 
geometrical foe knoe strarmnedien, Whisks tous fa ha 
aa gnomon, eeares added I the end- 
to a figured number to ret to ἃ theorem, 184 

next number, 8 (Enel.) < ~~ 
(Immbl.} ἔδει δεῖξαι, ii, G10 ( Papp.) 


γραμμή, 7, fine, curce, 488 yuo, Γ᾽ lar 
cee)” εὐθεῖα γι (often — “plana Aiguresith ten angles, 
without ee straight line, decagon, ti, 196 (Archim.) 


458 (Buel): ἐκ τῶν δῆλος, ἡ, oF, also ὡς, ov, tee 
arial rigorous yiook by pinay obeiows: ὅτι 
c rical arguments, οὖν αὖταὀ συμπίπτει, 
412 (Ptol. , HL. 192 (Archim.) 
ρμαμμεκάς, πὶ, or, linear, S45 sige, to drone through, 190 
(Papp) (Encl.), 290 (Entoc.) 
describe, 442 διάγραμμα, arog, To, Agu 
uch), Ἢ 382 (Papp.), 298 diagram, 425 tit: ) 


Entoc.); fo prove, 380 διαιρεῖν, fo divide, oul, ik. 
(Plat.), 260 (Entoe.) 286 (Apollon. ); διηρημένος, 
γραφή, ἧ, dercription, ac- or, dirided: §.° drake 
count, 260) ρα ¢ wrif- discrete propertion, 269 
ing, treatise, 260 (Eutoc.) | (Eutoc.); διελάντι, Tit. to 





ht, obtuse, acute et separation, 368 (Aristot.); 
rai, ob ) 6. λόγου, transformation of 
a ratio dividends, 445 
Acuriva, fo proce; δέβεικται (Fuel) 
yap τοῦτο, orthis hasbeen | diapdenr, fo remain, fo re 
roved, il, 220 (Archim,) ; main  «ationary, 258 
or ὅτι, if se oe Eutoe.) 
fo rote that, 168 aT pes, or, diagonal, dia- 
Arch metrical τος met, By 


ao be γραμμή, ἡ, diagonal ; 
ἀν, dow rey let it a parallelogram, ii, 918 
66] 
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(Archim.): 
circle, 435 (uel) of a 
sphere, 466 (Eucl.); prin- 
opal aris of a conic: 

in Archim., ii, 148 (Ar- 
chim.) : dicmatee of an 


iene curve in Apallon., 
#85 (Apollon.); πλαγία 


ἢ... transverse diner is | 


286 (Apollon.) ; 
| rani 


δι. 

283 ( Apollon.) 7 
διάστασις, tan, ἧς dimension, 

412 (Simpl) 


συξυγεῖς 
néfera, ti. 





ζόνων ὅρων 8, 119 
Archytas ap. bial 
dimension, 85 ( 
δια ᾿ pep bien ne 
(Nicom., 
διδόναι, to give 3 aor, part, 
ς, «ico, ἐν, given, fi. 


508 se oop ἃ we Hi 


56} el.) 
“iy, ie determing, fi. 
466 (Papp.): As 


diameter of a | 


 διπλασιασμότ, dy 





. Determinate Seetion, 
title " of work by Apol- 
lonius, ii, 593 (Papp.) 

are ‘ ν ὐρσώνηστε of an 
imita of porbility of a 
solution of a rk 
diortamas, 1 δὲν (Procl.) 

&itrAccifey, fo dowhle, 255 


( Futoe.) 
mar eary 
eae) : κύβου ὃ, 


gg if id abeaige at ! 
Ml : Ὑ et upli- 
baie ratios 446 ᾿ 
διπλασίων, oF, Tice ak for 
Silken: double, S26 


oe vn (Enel. , : ᾿ 
ι 4h 


ἧς εἰἐτ ἐν ἔπ. 

pom! of bisection, il. 
216. (archi) Dicho- 
fomy, first of ἢ feno's argu- 
ments on motion, 365 
(Aristot.) 


ba » oul ime, 
“halved mas (Aristarch.)” 


(Papp.) αἱ πέντε &., the 
(wheel aod axle, lever, 
pulley, screw), ἢ, 
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the algebraic sense, esp. 
aquaré; δυνάμει, im porer, 
etsy squared, a22 (Ar- 
snes di δυνέμει σύμμετρον, 

mmensurable in suare, 
430 (Eucl,); δυνάμει ἀσείμ- 
μβετρὸς, incommensurable 


in square (ibid) 
‘sient eos, 4, fourth 


sont oe ii, 599 


tee of the wobnown 


fraction ἢ, it, 

_ (Dioph.) 
hatte ὃ, τα minlis- 
pa acule, fifth power 

. τ nkomen quantity 
of, the ΠΕ 522 ire 
τὰ, the Frac- 
fiom Be ii, 599 (Dioph.) 


δυναμοστόν, τό, the fraction 
ἀν li, 522 (Dioph.) 
πρώραν ta, be Δ to be 


δειραστεύειν 


equivalent fo; δύνασθαι τι, 
fo ἐπ equitalent when 
équeréd fo a nuntber or 


nates to the diameter ZH, 
ii. 308 (Apollon.) 
» fo be powerful ; 


pass., fo be concerned with 





a es dae 


t.) 
δυνατός, ἡ, ὄν, pawrible, ti. 
δδὺ (ῬαΡ0ρ.} 


solid with ninety-tieo 
ii, 196 (Archim.) 


 ᾿βδβομηκοστόμονος, oF, 


seventy-firat; τὸ ἃ, 


(Arch 


a part, $30 
boats 6 inscribe, 470 
wecl.), ἢ. 418 (Archim.) 


λιος, ἂν, A 


ane li, B18 (Pa: 


i, om, cnr 


ΡΟ) 
shape OF 
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εἰκοσαπλάσιος, ον, tinenty- 
fold, ii 8 (Aristarch.) 


ii, 612 (Papp. 
iminate, 613 Mona 
aros, τὸ, (had 


whieh ὦ spread of, un- | 


ded ; hone title 


sawn out of a cylinder, 
mafie sécfion, ii. 470 
(Heron) 
5, fo sef oul, UL. 568 
“(Papp.) 
ashes Μάνα eritéwaet, outside ; 


(Simp Aa 
=i) peste ba: 


664 


ad, ᾿ 





the triangle, fi, 
310 lt (Apollon, ) 
fdocur, ov, smaller, less, $A) 


fone} fin 
tne i 


eat, 


ἐλάχιστος mh 


arog, τῷ, Niet 
ah clency, 208 ah 


ἐλλείπειν, fo 
cog fit anor (Plat.), me 


a rectangle whose | ht 
is equal to the sbscissa 


spied τὶ the γκάηθτραῦ 
(eo I a lapel 





i. ὅτι zo ) " multiply, 


LP apetre 
fo cut, 4 (Eucl.), ii. 58 


Brame ΒΕ or 
ι were 
in: σπεῖρα ἐμπεπλεγμένη, 
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inferlaced spire, ii, 364 wvence, li, 566 (Papp.); 
(Procl.) es τὰ ἐπόμενα, star δ 
7 adv. often used ments il... 15 (ΑΡΟΙσπ.}: 
adjectivally, transforma- n theory ὦ | τὰ 
tion of a ratio according to pa eon 8 i eee ἢ 
the rule of Euct. vy. Def, 12, consequenta, 445 (Euel.) 

permutands, 445 (Eucl.), | ἐπέ prep. with ace., upon, on 
ii, 144 Co geht d. | to, fom, eevia:. ἐπ᾿ εὐδεῖαν 


μμάψζειν, fo fil in, to insert, ἴσαι it, απ ἐπ 
84 (Eutoc,) Ne ines, 23 (os) 





cinched my, 
li. 412 (Ptol.) 
lane; é. ἐπι- 


astron., πρῶτον ἑξηκοστόν, tien; condition, ἢν, 50 
τὸ, fret sixtieth, minute, Las rypery ΜΝ, ΝΘ ΤΙσΡΑ 
pow ἕ,, second sixtivth, beng Habathy ee 
weond, 50 (Theon Alex.) a 
ἑξῆς, ody. i order, succes- πραντπώς Ἢ SH "340 (Papp), 





sively, ii, 566 (Papp.) ἐπίτριτος, oF, COM an 
éradd, 9, fouching, tangency, infeger and ward, ‘in 
contact, 314 (Simpl) : the ratio 4:3, ti, ‘220 
"E On Te cies, (Archim.) 


ΠῚ ΕἼ 

tite of a book br Apol- ἐπυῤέίνεια, surface, : 

lonius, iL $30 (Papp) to (Euel.); ΝΣ δ ‘cal 

to be or come after, aera (double coney ἢ = 
286 ( Apollon.) 


follow 5 τὸ ἑπόμενον, con- 
665 
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iraiateay, fo touch, ii, 190 (fc. εὐθεῖα), fangenf, 322 
Arco): copes | (Actin) 
(i, rT fangent, a τ . Coren 






#08 (Archim. -| 
ddetae, ady., in order, ΕΝ 
tou, after the thar: succiiated 
ine, 4885 312 (Them.); used oe 
γραμμή), | jectivally, as af ἐ, γωνίαι, 


ii. the adjacent angie 485 455 

of κα i 
circle, iL #12 (Ptol.) : dia fo sof wp, erect; 
second, ebe.) in perf. orjadra,  intr., 
a spiral seh rhea βι etand, and perf. part. act., 
εὐθείας, along a ma, os, atand- 


straight line, fi, 380 


peat) to have : Acyowr ἢ, 
Aare a 





roportion or rie 
wipes, ews, 9, disco acovery, il, 14 τὴ τινε γένεισιν 
solution, ii, S18 (Diophs.), a, fo δὲ generated (of a 
Dae) (Euutoe,) | curve), 348 (Papp.) | 
eens, discovery, | ἕως, as far as, fo, ii. 290 
(Schol, in Eucel,) (Apollon.) 
sale, il. 626 (Diophy), 510 Ζητεῖν, to seck, invest 
iF, : i a4 Oo a? * ar e 
(Papp.), . (Fartoe.) ¢ is ete eatin toro 
ὅπερ ἔδει εὑρεῖν, which was μετὸν, the thing acught, 
to be fownd, 983 158 =(Procl.), ἢ, 
fart my to solve, ii, wo 1% inquil 
#26 (Dioph.). ᾿ a vestigation, 192 (Prost 7 
: Ι fouch e Hs | Cv, = τ : 23-4 
(Archim.); ἐδ re (Anchim.,) 
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ζυγόν, τὸς vam of a balance, | 
lance, Hi, 234 (Archim,} 


ὕῤδιον, 76, dim, oa cone al 


Zodiae 
κον 


τα: obo, ' 
, λίκδριον, τῆς Ae (eae 
. 2, OF, containing cnn 
~~ a half, half as vinages or 
as large enfgnre ὁπ σα πε 
half trmes, ii, 42 (Archim) 
ἥμισυς, «ra tt, Ὁ, half, id 10 
(A ristarch.); as subst., 
ἥμισυ, τὸ, 220 (Archin.) 


Odo, «ne, a setting, posi- 
fiom, elite! Eutoc.) : ΒΕ Ogee 
δεδόσθαι, to be gis [ 


ie) 
ition, 478 (E 
an fo look Gee investi- 
gate, i, 222 (Archim.) 
. ΤΣ, τὰ, theorem, 
(Archim.). ii. ues 


sedi Ε ἄν, cle fe 
evite, ee a tive, opr 
nese thearetieal : applied 
of annlysia, 1]. 
508 {Pa pp.) 


sary ἥ, ἐπ » theoretical 
spn ae te πενίᾳ, ii. 
222 (Archim.), 568 


(Papp.) 
for | ἢ ὧς dy a 400) Enel 
eilijae, ἢ 380 (Crock) 
Ἰσάκις, adv., the same num- 


ber af rie az μι 
times; πὰ ἰ. 


ἀνιῶς, ὧν τὰκ μές saa ii, 
ae oo (Pion . 


ἰπόπλευρον, oe, Aoving all its 
vides equal, ge mt : F 


Tplycero, 


Enel. 
fe marten: 





lly ba- 

anced, bv in ποεῖν δὲ 
falance, il. 206 (Archimm.) 
‘Tooppomurd, vd, tithe of work 
on equilibrium by Archi- 

medes, il, 226 (Archim.) 

2 OF, iid 

carianonn 
wp 268 


(Eutoc.): ἐξ fave, evenly, 
667 
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436 (Buel); δι᾽ ἔσου, « 
aequals, transformation of 
a ratio according to the 
rule of Evel. ν, Def. 17, 


Exh brchim. 


περιεόντα ἊΜ ΕΝ 


Kaferos, ov, fet down, perpen- 
diewlar 5 ἢ κι (ac. 5 ‘A, 
iculor, 435 (Eucl,)}, 

1. 450 (Pap we 


motor, He # 
μέθοδος, Y ato llinen} δ 
uscd ᾿ gare hon i. 


all 
ἣν i 57. (Pay ao 
pene οἷν. ὁπ Hp. whale, 


on 





theory of music 
668 





cinonic, 16 (Anatolius) ; 
κ, ἔκθεσις, ai. im the 
form of a table, ii, 412 
'Ptol, 


β ὁ rod, 

δ 264 

(Eutoe.) 3 rule, standard, 
fable, ii, 408 (Sulidas) 

| eee to draw down or owl, 






a Pp. 


wg68 (Aristct.) 
vor, fo lear, 454 
{Ἐπ}. ii. 216 (Archim.), 
ik. 5a ae acd τὰ κατα" 
the remainders, 
4.8} orsign’ 


καταρρεῖν, fo meourwre, ἔνε, 
ἀπε ncetaland ieee 


ber of Himes, 


ἃ προτὶ 
of work seerihed bo 
Ewelid, 156 (Procl.) 
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κάτοπτρον, To, mirror, i. din 
(Heron) 

κεῖσθαι, fo lie, i. 908 

(Cleom.); of points on a 


ns poss. 
placed or made ἃ Bi ne 


angle, $26 (Archim.); | 


ὁμοίως κι. to be aeellarly 
ἧς, ἡ, ov, of Or per- 


taining to ἃ centre of 


mats on 


a) i To =, eh 
wa circle, i 40 (Archi) 
x. Tol + 


κογχοειδός, ἐς, resembling a 
muse; =. γραμμαί (often 


t lin Eat | 
ae ee ( } 


κρίκον, & 





withoul γι), cenpredans 
curves,  concheicde, 
(Eutoe,) 
open Ἧι OF, ΘΝ tact 
Ki, COHCDE ἐμ the 


duel.) 3 κ' ‘ron li. 
$50 (Apollos. : τὸ κοινόν, 
common element, SG 
ng 
mop .teriex; of n cone, 
ii. 286 (Apollon.); of α 
& cUrre, Ἢ: ae ΤΕΣ 
stalk of ik | 
li. 40 ( Archin.) 
a Mot anail “swith 
epieel th hence ἀν" 
thing ἐμ apirally ; 


etl rn Heron) ; 
es, i, 34 
(pind. ἃ Sie): Περὶ τοῦ κι 


ἀρῶν ξεη af te ported 

xo i H 

ag on, sp it. a 
γραμμή), bata pi 4 
(Simpl.) § oie, 


Kas elcinate io of 


cylinders, ii, 470 (Heron) 
κυβέζειν, fo make info a cwhe, 

μὸν, roise fo the third 

power, il, 504 (Heron) 
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κυβικότ, ἢ, ὧν, of or for a 
cute, cubic, " ) (Plat.) 
ἰκυβος, ὦ, Bey multiplied 
oy a cube, sicth power ὃ 
eunknown quantity [5]. 
li. 422 (Dioph.) 
kupaieBowray, τὸ, the frac- | 


tata ape to take, ii. 112 
tion τῷ ti. 522 (Dioph.) rien τὰ 
ἂν εἰληώνιι 
εὖβος, ὅ, ube, 258 (Eutoe.) ἃ ners lt the centres ἧς 
(Dioph third pace Nor uAlesihae cae cee 

1 third power Alen.) s τ a 
wninown, i. 522 (Dioph.) fake the tee means, 99 4 (Eu- 
κυβοστόν, τό, the fraction toc.); fo receive, portu- 
ἢ 522 (Dioph.) fate, i. 444 (Archim.) 
Δ ate Ss λέγειν, fo choome, i, 108 
κυκλικός, ἡ, ὄν, circular, ii. (Archim.) 
00 (Proel,) λείπειν, fo leave, iL, 62 
κύκλος, εἰ circle, 392 {Ἐ8}.}ν (Archim.); λείποντα εἴδη, 
at | ἷ rd, ἡ ive ΚΗΘ ΠΡΌ 
a sphere), 
Ἢ 5 Sea ii. 


315: 


adv. ἐπ α apecial 
arudoyia, 


lemamay i608 (Pa 5). 
λημμάτιον, τὰ Ke 5 eo 


weg aka hold, 
εξ, tor, ἢ, fo ing 
το αἱ θη po. ΓΕ 


os μα γος ἐπ, logiatec, 
11 (Schol, ad Plat. 
CAarn,) 
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Myr, & ratio, M44 (Ruel) 


fre ape ae tae of wart Ee 


gata ii. 596 Papp.) 
Pap 


ict eae 
ι ἰδίως μι. 2 (Anatoiius) ; 
(Proch.), Π 42 (Ar- 
chim.), ἢ. oer (Papp) Ἶ 
. mathe- 

rome 
mathentician, 12 (ABt.), 
ii. 61 Pip uglbe ἡ μαθημα- 
τικὴ (ac ἘΠ Στ μη}, πα έ- 
matics, ἃ (Archytas); τὰ μι. 
eae gi ‘ 
a ΒΕ on. . F 
eo es itude, it (Encl, he il. 
50 Archim.), iL. 412 (Ptol.) 


burg et | 





dor, ἡ, follow vter, 
sage gation lon, πλοῦν $6 
με ὼς δῷ ἦτε r, wore, 
518 (Arehim.); ἤτοι μ' 
iv ἢ ἐ fr i. 1 
(Archim.): p. ie. 
reater than αὶ right i, 
435 (Euel.) Γ alo 
dic), ΠΟ in Kaa * 
clossitication of trrationals, 
aah ἐκμυοὶ 


τι fa) ae 
μερίζειν, fo can τι Ti, 

lex.) 
rainy ti diktions . 16 
Me in Pint Charm.), 
ii, 414 (Ptol.) 


μέρος, ov, lon. cox 
of a number, vou νι οἱ 


μεσημβρινέε, 
μερινότ, ἢ; 


or en NOON 5 
μ. (ae, dy 1 
dia ii. 265 τ leon. 


2Tz 

καὶ ps 
Grae ext ind) ane 
wi iad ae 
{ i ἘΠ Τα, 
nied μι ΔᾺΝ Eolas yeaa 


671 


INDEX OF GREEK TERMS 
fication of irrationals, 455 
ἐκ δύο | 








μῆκος, Dor 


tance of from ful- 
crum of a lever, ii. 206 
(Archim. 
serpy wes, crearenl-shoped 
Jigure, lune, 235 (Eudemus 
ΒΡ, min 





616  (Papp.) : 7 Keone 
(with or Jet pn 


eda il. 614 (Papp. 


as subst., is (Papp) 
aC a a 616 


(Papp.), ii. 496 (Damian.) 


χανροπονότ, ὅ, maker 
οὐ esa il. G16 heed γῇ 
672 





pmo, fof, Toy 
length, 436 f (Eel) ¢  dita- | 


pepe, d, dv, amall, little; 

cat gol ie. 
oat vittle Astronomy, 
| sed b 


mixed ; 
: auf ie 360 (Proc) Ai 
ἐπιφάνεια, ii, 470 Pieroe) 
eee: Fas, degree 
— Alc) we rom 
il. 558 ype) 
bay ate 
68 (Fuch) 
ing 
cca ‘Nyon i. ἐν 
ΤΠ, 


panier, tas Pert 6 (Plat.) 


198 (Ατολπι) ες, ‘= πως 

Sur ark, © myriad 
rained wate first poms 
o the second power, an 
soon, ti, 355 na 

μύριοι, a, a, fen thousand, 


μι : 
nyricd myriads, 188 


Νεύειν, fo bein the diréetion 
of, ii. ὃ (Aristareh.) ; of α 
a nde line, fo rerge, iw., 
to be so drawn as to pass 
through a given point and 


ke «A sim 
δι (κυεῖν ap. 5 " 
420 (Aristot.), ii. 
(Archim.) 
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inclination, 
P lem in which 
line bee be 


lid verging, 350 ( pp.) 
Νεύσεις, tithe of work by 
Apollonius, ii. 496 (Papp.) 


er 
τὰ ἢ Ϊ 

. requfor plone 
with 6 (Ar πέσαν, 


Pasi 


ii. 196 (Archim.) 
ics He a, ov, eightfold, 


Se Paha aes εἰ λδῆ av, δἰσὴ- 
teen-fold, ii. G Aristarch.) 
indie gers thet! 
7 thirty-eight 
Archim.) 


fire; as subst., 
τά, integer, il. 8: ΤΥ ΚΗ 
ip? Ἐν whole; τὰ ἄ,, 


τ, ἢ, he, fren, uniform, 


Ἢ. 618 (Papp.) 

Pa tess aiformly, 338 

ear) ov, like, similar: 
ὅ. τρίγωνον, 588 (Eutoc.) ; 


VOL. Τί 


2x 


ὅμοιος ἐπέπεδοι Γ. 
i, 70 TERY 
— odv,, sinuloriy, «ib 


terms, Hl. 
4. aye to thes mening wg 


. that eksehe ia earl 
miffed, premiv, ii, 496 
(Papp.) 

! ov,  correspond- 
roy t “ds μεγέθεα, ΤῊ 66 
(Archim.) : ὦ. πλευ; 

ii, 208 (Archim. Berge = 

c ἐς, ranged tn the 

eS or line, co-ordi- 
nate with, corresponding ta, 
atmilar fo, ih, ὁ8δὺ (Pa my 

ἄνομα, [πὰ τῷ, ἩΜΠΗΠΗ͂ καὶ a, 
εὐδεϊαὶ ἐκ δύο ὁ Todt, bi- 
nomial in Ewelid’s elassi- 
oa of feats 458 
Sue ᾿ 

. OF, acule~anupled i: 
. κῶνος and ᾧ, κώνου τομήν, 
ii. 918 (Eutoe.) 
, εἴα, ὦν αὐ τ d, 
acufe angle, often with 
γωνία, omitted, 448 (Fuel.) 
ὑπτικύς, adh abry bet OR Sor pI} 
cory of lows 
of nights, ; OS prop. name, 
tithe of ‘work by Euclid, 
156 (Procl.} 


| Opyorueds, 7, ὄν, δ ἢ as 


instruments; ὦ, Arles, 
mérhonieal solution, 260 


(Futoe. ) 
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ὀργανικῶς, πεῖν... by means of 


inatruments, 202 (Eutoc.) 
omer τὸ, ἀρ iden νυ i+ 


.}. dim dovarton, ] 
enw 4 (Eutoe.) a | 

εἰ 7} " : = 1" : 
ὄρθιος ας ov, Mprig erect | 


(ar. 


πλευρά), the erect side of | 


the rectangle formed by 
tee apeie te suet 
tion ap to the para- 
meter ns base, lalus réeiwm, 
an alternative name a 
i. Ἰ 


Ali 302 "{Apol ; 


reve: MS, ov, basing all its 
ΤΙΣ ΓΗ Ppt “aang 
pirat ν τετρέψωνον, 
440 (Euel.); ὁ. 





ent def ne, 982 (Plat) : 
εὐθεῖα 


_ straight line, 188 ΠΝ 
438 


> Uh : 5 
μ.}, 114 “theca 
Fas as 


yi i ia, 
title of wn Maing ἐς rchi- 
medes, li. G16 (Popp) 
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| Ulapa, dewide ; 


of the | 
trica 





aur 

to apply fo κα 
are: Tine, 158 vroreay 
to 


te rapt ἴοι ure 
Nina, 188 

(Enel) hence, | 

apply a rectangle 

straight line = is to ΝΥ νας 

ay by 2, πι ξία divade, li. 

482 (Heron). 

: ἡ, ἡ, juataposition ; 

division ἵν. : ¥). 

hence gqwotien?, ij. 


(Dioph.); application of 
an ares to a straight line, 
186 (Euecl.); the conic sec- 
tion parabola, so called 
because the square on the 
ordinate is equal to a rect- 
whose height is 


(Eittoe 

πα οὐκ δι ro, fig 
pads fey three pairs of 
parallel. planes, ' 


epiped, ΤΙ ΤΥ 
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(Eucl.) 
Ληλος, ov, bende ona 


sie nd Dor. παρα- 


σῴαιρον | 


εἰδὲς ay ii. δὲ Arca Ἷ 


» ΤΩΝ, τό, infers 


ongle, 488 
patois rar, png hole, 


any; π΄ σημεῖον, 
point 442 (Euel.) “ig 


roy, oF, pentagonal ἃ 


on (N 
dois, & (Nicom.); 


πεντάγωνον, τὸς 
pentagon, 222 (Larmbl.) 
— fo es fo am end; 
ated 3 280 (Eutoe.) ; 
: ae 


see , ἘΡΟΕΒΜΑΣ τς 





fermin= | 


γράφειν, fo cireumeerife 
ἯΙ, 49 (Achim) 
πρίχαν, to esd antag bound ; 


caletaas ὃν a 
sins αἱ περι- 





spool αἱ πτρς 

(Eel. τὰ περιεχό: 

inal τ " wie γι 
wile, dk 

chim.) ims 

περίμετρος, ov, tery large, 

well. fitting : i ἴω 


1} = περί 
chim), ii. 502. (Fon), 
Theon Alex.) 


περισσός, ΔῊ. περιττός, ἡ, 
ὃν, #uperfwour; subtle: 
(eons πον ld number, 66 


ree 
aroun istot.) 
περυῤέρεια, ay ¢ aa 


O75 
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Η of a stra 
schist = 


» OF, On, sia 


ps ebb cc w ᾿᾽ 


Dio igh of a ΩΣ τὸ 
i db: πλαγέα π΄, lotus 
reclum of a conic section, 
i. S29 Capoten § T. καὶ 
διαμέτ 59. (Theon 


λῆθας, Ton. | toy, τὸ 
τ caus ἀμ, δ 
(Euel.) 


μένην sabe rp Tr ἂν, ὦ 
ar: Π 


of work by Heron, ii. 616 


) 
went do patoanlagend ii. ἀδ 
(Papp.}; tamake, πὶ τομήν; 
ii: 20. (Apollon. ἢ: fo he 
‘Dioph fa, fo equal, ii, 5206 
(Dioph.) 


676 


all; of points, ii. | 





πολλαπλασιάζειν, fo multiply, 
τὸ (Eucl.) as 
λέσιος, ἃ, oF, MEY 
times aa large arg, Pagpe ated 
= a number, 66 (Fuel): 
a magnitude, a 
(Eucl.) ; ΓΗ subst., πολ- 
λάσιον, τὸ, multiple; 
τὰ ante wr, equinnultinles, 
66 (Buel, 


pp.) 


| BE raceatlgi ov, horing many 


angles, polygonal ; comp., 
rs, ov, ii, 502 
(Papp.); as subst., πολι- 


τὸς on, ih. 446 
| ae Sy τε το 
deipor, ov, Aarimg ma 
haste: as subst, 
eliaoy,. τὸς polyhedron, Ii. 


572 (Papp.) 

: rAamacuos, oO, mulli- 
ἔς 16 (Sehol, in 
lat. eta i, 414 


πορίζειν, to bring about. ind 
either by pe or by ie 
struction, ii, 598 (Papp.), 
282 (Prosi) oe 
ropug aro, c at 
= ton. 40 (Prec, hy 
wih (Apollon.); kind of 
position intermediate 
< a theorem end 
problem, porism, 480 
(Proel.) 
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; % de, able to 
supply OF find: ge 
sporatiirros, 


, ov, clear, manifest, | 


sey 496. (Heron) 
προηγεῖσθαι, to ne the lead α 


we ee Chae ie oe 
ints, te. those lying on 
the same side of a cadiok 
vector of on splral a4 the 
direction of its motion, i. 
184 (Archim.) 
te 


struct Sejorshand, τῷ 
{Eutoc.) 
neatorne εἴ, Fein ended 
ene aie 

_ Dor. lias pre 


(Papp) 
Tie, fo odd, 444 
(Fuel.) 
mporagy, can, ἣν Proparition 
enuncntion, ii. 566 (Papp,) 
YO, O 





ΕἾΝ {κι 


~pysarant ty 
geom., πὶ εὐθεῖα, γε 
distance of a spiral, ii, 189 
(Archim.) 


fi, 34 


fo ineling; of the 
ct on a balance, ii, 


pyres, ‘. ὄν, rational, 598 
ilo, "lon, de 3 root 
ἀρχικωτά im pila, 90 
(Sitcom) 

77] 
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Compr arteae OF ‘the Piece 
Elgrurer, Bee of ΝΕ by 
Aristacus, ii 


$48. (Hyp- 
| sic.) 
συζυγής, és, cages fagather, 


conjugate; σ. 
rei ii, 2&8 (Aneto 
, oF, ΚΤ ΠΤ ΓΙ 
a conmmuriunurable arith ἃ 
208 (Archi 452 (Eucl.), i. 
208 (Archim.) 
συμοτυλου νριον £9 fo atrefch owt 
| moneutde ef, 188 (Proel.) 
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σεν, olf 


ΩΣ of, Β. 84 


ἐραῦμα, ater, τὸ, ἐθη- 
clusion, Hl. 228 (Archim,) 





arcs, i ed | 


τμπτωμα, 
of a curve, 336 (P ape) 
πὐμπτωμσς, cus, fal ing to- 


gither, meeling, fi, G4 


(Archim), pred a0 (Recon) 
ΤΡΒΕΤΕ utoe. 
, Ms a ection : Utle 


a work by Pappus, i. 465 | 


{δὰ Ρ 
feos ov, the awm af, 
338 (Archim, ] 
συμάπτειν, με collect, gather ; 
._ Som 
PTAA: Hi. 602 


τανεγγίζειν, fo approximate, 
ἢ 414 (Ptol.j), iL 470 
Heron) 





. ἀν, Near, approri- 
moti ἢ 11, 488 (Heron) 
omnis confinuows, ἢ 

vie ὦ. ἀναλογία, com- 
fine pip pets i. Siti 
ay 0 


ee eri i 38 


σύνθεσις. pit ἥν petting to- 


gither, composition: ὦ. 





im, compovite polume, 
collschion title of work 
by Ptolemy, ii. 408 (Sui- 


: shy ean 


title oboe 
and” 
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hy , iL. 288 
Colon 






Are, 


arog, To, shape, : 
iss ΠΡ δὲν ii. is tae 


cheat TET Ope τὸ, 
σχηματοποιεῖν, fo sey antes solid with. | yoann Faces, 
a peat di or SET ii. 196 (Archim,) 


‘mean to rik Pag Se in order, 









τεταγμένεως, Ὁ. τάσσειν 
bell tt or, ©. Tapde- 


rerapransp Ty th part, 
ere hes 


εἶδαρ 


curse, iehuwel parecer a ΣΝ 
S60 {ὈἙ 





rao {Ruel} 


epee gi aquaring, 
L(A at.) : τοῦ κύκλου 


imente-iee, fi. 286 τον 208 (Plutjs τοῦ 
(Apollon.}; αἱ καταγόμεναι σκὸῦ τῷ 160 ( ) wie 
pe os, or, apuare, S08 
ciralght line 9 Fistophanes), il. 504 
me, ἢ re : ἀριθμὸς τις myuare 
ater, of a | ἯΙ, ice i, 514 (Dioph.): 
ii, 308 (Apollon.); τετα- τ. κρίκοι, aqeore rings, ii, 
pea ἡ Γ 594 470 (Heron) ms slit, 
Archim.) 7d, ἔχανε, 440 
thao, a, oF, haan cn (Eucl.) : a Tumber, 
fief app.): τ. pd ssid rhea 
5! ay ; ti 
eparaeess | “ate 
rer Os, ἃ, 7 JSour-fold, 
ls sag ate of straight our fi 
tines a stralj pas (Archin.) τεὸν γήρει 
Apollon.) of «a salons ov, later form 





218 B (Eutoc.) : ᾿ δ sold 
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rrtist 
( bier oh 

ῷ ἢ, A+E plared at 7%, 
i, 214 (Archim.) 


Tha, Dor, r, s Grog, τῶ, | 
segment κα ePwel circle, fi, 554 


ee of a sphere, ti. 
Higuera in astron., 

diameter of a 
ἐπ ii. 412 (Ptol.) 


ἕως, 4, melor of a | 


ἐντός δὲ ἜΡΟΝ Capp.) Ts 

fee stoke or ὦ aphe 
(intercepted bry sca with 

vertex at centre), 
rehim. 


(A 

Tear, ἢ, end left after ae 
fing, section; section of 
straight line, 268 (Eutoc.) ; 


section of a Fi conic 


7 opposite 


κοινὴ τις COMMON nection 
386 (Eutoc.): Me érq 
Ti ΠΡ ΗΠ ὁ 


ra re Ηρ τι, ΓΕ ΠΣ 
about the section (? of a 
Hine cut in extreme and 
mean ratio), 152 (Procl.) 
τοπικός, a ere of OF perfain- 
ing fo place oF r= 
"ὸ βρῆς to ts Ῥεμας "90 


(Papp.)% μοῖρα τι, eve | 





δεν ep (Hyp- 


τόπος, 6, place, region, space, 

Τὰ locus, 518 
a ΕἼ ἘΠῚ ἐπίτπε 

δίκην fen, ἘΠῚ of Joe 


ny llonius, ii, δῆ 
ery T. orgs Solr 
bes work by 


Avainiaa: ii. ‘G00 (Papp) 
T pate (Lor, +, frapezium, 4 
ἸΔῈ Euel.), ii. 155 (Heron) 
Teds, ddos, ἡ, the number 
theres, triad, 90 (Nicom.); 

Μεναιχμεῖαι τι, the three 
conic sections of Men- 
acchmus, 206 (Erat. ap, 

Eutoc, 


) 
τρί . th 
triangular τ deduct τα 
ῬΌΜ ὯΙ aacraloer τ 
aS 51] Pi τὰς fri- 
aagle, ἀ μὴ (nel), 
Archim.); τὸ 
ror T., Oxia) 
ii. 285 (Apollon.) rong 
Tper. ι a, OF, thrice πὰ 
win, i rice as great is 
ὌΝ (Archim.), ἢ. S80 


PP: 
τριπλασίων, ov τε τριπλάσιος, 
220 Archim.) a ἀύγαε, 
448 (Fuel,) 
τρίπλενρος,, or, three-ridded, 
trilateral; σχήματα τις 440 


(Eucl.) 

τρέχα, thrice, ἷν three parts, 
_ feet the ang angle ὃ 300 (Papp se 
hor. =alles + 
τυχόν, any, ba “er τὴν ws ΠΩΣ 


681 
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(ree sar ae fi. 456 
τοῦ 
chanct, 264 (Eaton τοῦ 


apne τὸ, bucket, pitcher: — 

. YVdpeta, tithe of work 

etek by Heron, 

. 8. 816 (P ap 

I Γ i} OPT 5 | 
518 (Di 

rm, ii. 526 | hi.) 





cotinglowi it height ἘΝ 


ti δ το κοι ἢ 


ἢ. 810 Apollon.), 188 





ὑπερπίπτειν, fo fall beyond, 
excerd, ii. 436 (Ptol.) 
ὑπό, bys ἡ ὑπὸ HBE γωνία, 


angle HBE, i 
(Eucl.); arene yen 


record te AE, Er, 268 = 
, (Eutoc.) 


» Corp, Ha δι ΡΟΙ hess " 

420 πων  {ῳα 
(Archim .} 

ὑποπολληπλάσιο ὃν, mule 

paint ἡ of ‘another ; as 


, τῷ, 
rubmultiple, 78 (Theol. 


πο 


ὁ ὑπὸ Bo aa πη 
Ὁ μλευρὸε τοῦ ἔα, 


the ‘stralirht line subtend- 
. or subtended by, two 


ides of the n, li, 96 
sro a en i pees . 
side 


mre cage ae 
178 178 (Εἰμὶ. hence ἡ 
gee ἢ renal. hapa use af 
inet) ea et τὸ 

frm, pass. ὑποκεῖσθαι, 


to av “ὃ, casueie, manke ἃ 
hypotheria, i. 2 (Archim.), 
ii. 34 (Apollon,) 


ὕπτιος, d, Gy, esi on oles 
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batch, ney ὕπτιον, τὸ 
" ¢ quadrilateral wath μὴ 


of a triangle, fi. 222 | 
chim.): of a cylinder, ti, 49 
(Archim,); of a cone, ii. 
118 (Archim.) 


Darepes, a, or, clear, mani- 


feat, ii. ἐξ εἴ Archim.), ii. | 


των (Pa 

peur, fof a5, 

fn in Poop someriad: Borie 
recales : σημεῖον 
ii, 582 (Papp): 
μενον, mormg object, S66 
(Aristot.) 

¢opd, 4, mafion, 12 (Pint) 


Χείμ, χειράς, ἡ, band or num- 
her of men, 30 n. a 

Xtipoxpyuds, ἡ, ov, marual, 
i. G14 (Papp.) 


pouaror, 
τὸ φὠερό- 


ς ena ἡ, ti of or pertain- 
ing fo fine μοῖρα 
ares Al inal $64 
(Hypsicl.) 
τὸ, #pact, area, 394 
Pie. }, il. "Fa | (Dioph.) 
Favtew, edgy bi (Eutoc.) 


: Por 
᾿ δάρια, τά, tithe of work by 


Euclid, 160 (Procl,) 


Printed in (reat Arifain ὃν RL & BR. Cuame, Listen. fdiebur gl 
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revised.) 
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Awstrotie: Pourrnes. HH. Rackham. (Sra Jin 

Δεστοτοτν Proocems. W. 5. Hett, 9 Vols Mol. 1 Gnd 
aT a 

Apeterce: Eueropica ap Atexanpuum, H. Rackham. 
(With Problems, Vol. [1.) 

Ausgtay: Hrrony or ALexannen anp Iwpica, Fev. E. 
lliffe Robson. 2 Vols. (2nd simp.) | 

Atvewacus: Derrewosoruistar. fc B. Gulick. T Vols. 
(Vol. I, V and VI 2nd Imp.) 

St. Bastn: Lerrens, BR. J. Deferrari. 4 Vols, (Vols. I, Il 
and IV 2nd Trays.) 

CatuMacntis axp Lycortuow A. W. Mair: ἀπάτα, 
Gr. Ht. Mair, 

oe or Acexaxpua. Rev. ὦ, W. Butterworth. (2nd 


Detierhoe Of Orrrax. 

Daraxi axp πεσε. Cf. Lowavs. 

Dewosrmexes 1: Onveruiuacs, Parurrics ano Mrxor 
Ouattons: I-XVII awn XX. J. Η. Vine. 

Deworrmexes 11: De Conowa axon De Facsa Leaatioxn. 
C. A. Vinee and J. H. Vinee, (2nd πῆρ, revised.) 

Dewostmenss Il]: Merotias, Axnuotiox, AmsToceaTes, 





7 tecichne aoa . Ameroontrox, J. H. Vince. 
Dewosrirenra 1V-VI: Parvate Onatioss asp ls Nearnau. 
A. T. Murray. (Vol. ΓΝ 2nd Imp.) 

Dawseucres ΝΠ: Fowenat Sreecn, Exotic Essar, 
Exons asp Lerreus, N. W..and N.J, DeWitt. 

Dio Cassivs: Romwaw Herony, EF. Cary. 9 Vols. ( Vols, 
L and 11 Sud snip.) 

Dio Coursostom. ἢ Vols. Vols Land I. J. W. Cohoon. 
Vol. ΠῚ. J. W. Cohoon and H. ame Crosby. Vals. 1V 
and V. H. Lamar Crosby. (Vols. 1 oe AE Ole 

Diopowus Stevies. 12 Vols. Vol, I-V. C se) Ohifather, 
Vol. TX. Russel M. Geer, (Vol. [ and 

Dioceses Lacativs. KF. D. Hicks, oVolee "Wool, Ι “ἢ 
fmap., Vol. 1 Sra Jnep.) 

[Tyowvers or Haticauwasave: Rowax Asriaurrizs, Spel- 
man's translation revised by E. Cary. 7 Vola. (Vol. nV 
fuel Sng.) 

Ericrerus. W. A. Oldfather, 2 Vols. MG I Sad Jim 

Evurrtoxrs. <A. 5, ΤΑΝ 4 Vols. (Vol. 1 Tih Seep, δ 
H-IV 6th Imp.) Verse trans. 
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Evseoivs: Eoctmastican Herony. Kirsopp Lake and 
J. E. L. Oulton, 2 Vol. (Vol. [ 2nd fmp., Vol. It 3rd 


fimp.) 

Gatex: On tox Natunan Facorties, A.J. Brock. (3rd /mp.) 

Tue Gaeex Awtuotocy. W. Kt. Paton, & hed (Vols. 1 
and ΠῚ 4fh fp. Vols. ΠΠ] and IV 3rd Jp, 

Tue Gurex Beeoue Porrs (Tueocurres, ἐὰν ΔΙ Ομ 5], 
J. Μ. Edmonds. (7th Imp. revised. 

Greek ΠΥ avo Lasnvs witn tue Asacurontes, J. Μ. 

ual 2 Vols. (Vol. [ 2nd pie 

Gurxx Maruematican Wonks, Ivor Thomas, 2 Vols. 
(2nd Jimp.) 

Hesonoron, “A. Dr Godley, 6 Vole (Vane FAIL 4th f 
ἘΒΟΤΟΤΙΙ. 4 Vo - be 
Vol. IV rd J Imp.) ee 

Hestop axp THe Homentc Hraws. H. G. Evelyn White. 
(Tih mp. revised and enlarged.) 

Berean τον ers ting. ὦ ayy rai : WwW. a 5. 

4 Vo ard finp., 
Vols ILIV 3nd Imp. ; 4 

Homen: Inman. <A. ΕΝ 53. Vols. (6th Imp.) 

Houen: Opvssey, A. T. aera 2? Vols. (tth I Jump.) 

Inacus. E.S. Forster. (2nd a 

[socuaTEs. George Norlin and ar Van Hook. 3 Vols, 

.Jonus Dawascene: Bantaam ann loasaru., Rev. G. Fe. 
Woodward and Harold Matting] eae inp. revised.) 

Jomanes. H. St. J. Thackeray anc h Marcus, ἢ Vols. 
Vols. I-VIL. (Vols, 1, V and V1 dad mp.) 

Jocus. Wilmer Cave Wright. 3 Vols. (Vol. 1 2nd Jmp., 

Loyeus: Darasi asp ὕπτιον. Thornley's translation 
revised by J. M. Edmonds; and Pantoxsis. §, Gaselee, 
(Sra re ) 

Lucas, A. M. Harmon. § Vols. Vols. 1-Ὑ, (Vols. I and 
ΠῚ ond oe Vol. ΠῚ Sra Simp.) 

Lycornrox. ὍΝ CaLuMAcHUs, 

Lives Gnarca, J. M. Edmonds. 3 Vo SNS I Srd Imp., 
we I ad Ed. revised and enlarged, Vol. 111 Sra Inup. 


ceraa ty. R. M. Lamb, (2nd ἤπερ.) 
Maxerno, W.G. Waddell; Proveuy: Teraauretos, FE. 
Robbins, (2nd Jmp.) 
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Mancus Avani, C, RB. Haines, di imp. revised.) 

Mirvaxom, F.G. Allinson, (29d revised, 

Mixon ἅττ Onatons. 2 Vols. Vol. [ (Antiphon, Ando- 
cides). K. J, iene 

Nowxos: Dioxysiaca. W. H. ἢ. Rouse. 3 Vols. (Vol. 
ΠῚ πε! Jnep.) 
retax, Cottotivs, Tuyvrarononvs, A, W. Mair. 

Parva Now-Liresany Sxcecriovs. A. S. Hunt and C. Ὁ. 
on 2 vo eet I aoe imp.) Lireoany Sececrions. 


Page, (8rd Jmp.) 
Panruexies, yy pees 
a pctagaer Recent arranged by RE Weakrle 
mpanion Va iv i 
(Vols. 1 and ΠῚ 2nd ie) r 
Punto. 11 now: Vols. 1- ne H. Colson and Rev. G. H. 
Whitaker; Vols, VI-IX. ΕἸ H. Colson. (Vols. I, O, ¥. 
V1 and Vil nal Παρὰ Vol. IV νὰ imp, revised.) 
LosTnaToS? Toe Lore or abi ype ad or Tyawa. F, C. 
Conybeare. 2 Vols. (8rd Jnop.) 
Purosteatus: Imacmes; Canustaarce: Descurnrioss. 
Ὁ airbanlks. 
PatLostiatus = hora arf Lives or tare Sorntsts. 
Wilmer Care Wright, (2nd [περ 
gene Sir J. E. Sandys. (7th ‘Tato. ents, Tu 
Poato: μ᾿ μι πε, Rear ονέμτο Hirranca ee Epo tiie ae 
‘Treacs, Minos axon Ερμα. W, 
Prato: Cratrivs, Panwexroes, Gove ‘ocean ‘Lessee 
Hirrtas, H.N. Fowler. (Sra Imp.) 
Prato: Evrurruso, Aronoor, rein Puarno, Puaronvs. 
att 3 Fowler. (0th Jip.) 
Laces, Protraconas, Mexo, Eucruvoeuva. 
We. R. M. Lamb. (2nd Jip, revised.) | 
Prato: Laws. Rev. BR. ὦ, Bury. 2 Vols, (2nd Jrnp.) 
Prato: Lysis, Syarosmum, Gonctas, W. EK. M. Lamb, 
(4h frp. revised.) dé 
Phato: Masiptie. Paul Shorey. 2 Vols. (Vol, I 4th Jmp., 
Vol. IT Srd Jnep.) 
Prato: Srareaway, wiper H. N. Fowler: low, 
W. πὶ Μ. Lamb, (3rd Jimp.) 
Prato: Taeartervs axp Sorusr. Ἡ, N. Fowler, (Sral Simp.) 
Prato: Tiwaxes, Curttas, Crrrorno, Mevexexvus, Epi 
stutak. Kev. ἢ, ὦ, Bury. (2nd frp.) 
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Peorarcu: Monatra. 14 Vols. Vols. 1-V. F.C, Babbitt, 
Vol. V1. W: ἢ ἜΒΟΙΣ αι Vol. X. H.N. Fowler, (Vols, 


Bineincd : Pag, πέμος  Lrves, Perrin 
(Vols. I, in roa VII ord. haga Vols, iL [V, VI, ΤῊΣ 
Qnd Imp.) 


ean ἢ W. FE. Paton. 6 Vols. 

Paocorrvs: Hisrony or rar Wans. H. B. Dewing. T Vols. 
(Vol. I θη fmp.) 

Protveay: Ternantacos. Cf, Mawerno. 
wisTus SMVaNarvs, ἡ. Hy ay et (2nd Imp.) Verse 
Sexrus Exrtarces. Rev. ἢ. G. Bury, 4 Vols. (Vols. pe iad 
HI 2nd Jmp.) 

Sornociss, Εἰ, Storr. 2 Vols. (Vol, [ 8th Imp., Vol. ΠῚ Sth 
- 1mP:) Verse trans. 
nano: Groonarny. Horace L. Jones. § Vols. (Vols. I 
and VIII Srd imp. » Vols, If, V sep x tad ἰώ lg? ΗΝ 

ΤῊΗΚΟΡΉΠΑΒΤΌΒ: Coanacrens. J. δ ODES, 
ele. A.D. Knox. (20 /mp.) 

Turorneastus: Esqumy mro Prawrs. Sir Arthur Hort. 
2 Vols. (2nd Jmp.) 

Tuvcrmines. ι F. Smith. 4 Vols. (Vol. 1 Srd Jnep., Vols. 
ΠῚ 2nd tmp. revised.) 

Tovrmopnonus. Cf. Orrray. r, 

Xexornos: Crnoraroia. Walter Miller, 2 Vols. (Vol. I 
9nd Imp., Vol. If Sra Imp.) 

Xexornox;: HeELeewica, roy ees Arotooy, axp Syracpo- 
stum. C. L. Brownson and Ὁ. J. Todd. 3 Vols. (Vols, I 
and [1] 3rd fmp., Vol. 1 444 Imp.) 

Aexoruow: Mewonanrma axp Oecowomrcus. E. C. Mar- 
chant. (2nd Jmp.) 

Agvoruos: Scorra Mrvona. E,C. Marchant. (2nd Imp.) 





VOLUMES IN PREPARATION 
GREER AUTHORS 
Auntorte: De Muwpo, ete. D. Furley and ἘΠ, 5. Forster. 
Agtstor 


ce: Hisrour or Axiwats. A. L. Peck. 
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